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Abstract. The paper focuses on constructing and investigation of cost-effective difference schemes for the numerical solution of
the two-dimensional three-phase non-isothermal flow problem without capillary and gravitational forces. In this paper, the finite
difference method is used to solve the problem numerically. The method of energy inequalities is applied to examine the stability of
the finite difference scheme with respect to the initial data and the right-hand sides of the equations. Three cost-effective difference
schemes are constructed on the base of the studied scheme. The efficiency of the proposed algorithms is analyzed on the basis of
comparing the average time spent on the numerical implementation of one time layer.

INTRODUCTION

The urgency of a rigorous theoretical justification of numerical methods for solving the problems of the three-phase
non-isothermal flow theory is due to its practical importance in the oil industry when predicting the extraction of high-
viscosity paraffin or resinous oil. This is due to the fact that currently the reserves of this category of oil are higher
than the reserves of so-called light oils, which leads to the need to apply secondary or tertiary methods. However, due
to the rather high cost of these methods, studies aimed at increasing its effectiveness are of great practical importance.
At present, it is possible to reach this only using methods of mathematical modeling of hydrodynamic processes
occurring in oil reservoirs during the development of deposits.

The model considered in the present paper consists of the mass conservation equation, equation of motion in the
form of the linear Darcy’s law, energy equation, equation of state, and phase balance equation. The model with various
assumptions about physical data was studied, for example, in [1, 2, 3]. In [4], a new “global” formulation of the three-
phase non-isothermal flow problem was proposed, which is based on the introduction of a change of variables for the
pressure, called “global” pressure, to eliminate the gradients of capillary pressures from the equations for pressure
and temperature. As a result, the initial equations were reduced to a system of five partial differential equations with
respect to pressure, temperature, velocity, and two saturations.

The main difficulty in the numerical solution of the obtained problem is connected with the complexity and
strong non-linearity of the equations. Therefore, the issue of the development of computational algorithms for the
numerical implementation of this problem, which requires less computational operations, becomes relevant. In the
present work, the main attention is paid to the construction and investigation of cost-effective difference schemes
for the three-phase non-isothermal flow problem. Under the cost-effective schemes we mean schemes for which the
number of arithmetic operations for the transition from the n-th time layer to the (n + 1)-th one is proportional to the
number of unknown values. In order to simplify the calculations when obtaining a priori estimates, the coefficients
in the equations are linearized, or taken to be constant. A priori estimates are obtained using the method of energy
inequalities which prove the stability of the constructed difference scheme. The proof of the stability is based on five
preliminary lemmas. In the last section of the paper three efficient difference schemes are constructed on the base of
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the constructed scheme. The efficiency of the proposed algorithms is analyzed on the basis of comparing the average
time spent on the numerical implementation of one time layer.

FORMULATION OF THE PROBLEM

Consider the following three-phase non-isothermal flow problem in a domain Q = Qx [0, #;] where Q-= [0, [1x [0, I]

[4]:

oT
E+IZ~VT—th2T=fT, 1)
ap oT
= =V (b L p) VD) = Bro- = frn @)
as,
L=V Vp = fur @=weo, 3)
il = —kAVp “
with the following initial and boundary conditions:
T (x,0) =Ty, p(x,0)=po, Sq(x,0)= 540, 5)
oT ap
k,—| =0 —| =0 6
h i o > P i o 5 ( )

where subscripts w, o, g, r denote the phases of water, oil, steam, and rock; k is the absolute permeability, p is
pressure, T is temperature, and s, is the saturation of the phase «; i is velocity; Br is some function, and v, is a
constant.

Suppose that the functions k,, kj, A are continuous in Q and the following conditions hold:

k, (x,t,p) 2 co >0, Kk, (x,0) >4co, A(x,1) <cy. (7)

We note that in the multiphase flow theory the functions fr and f, usually have the form

W, W,
fr= 2 ey (P = p)o(x =), fr = @3 (60 (Tinj = T) 6 (x = ), ®)
= =
where x(”) x(zw) - (w) € Q are source coordinates; @, (x, 1), @7 (x, 1) are some known functions; p;,; is the injection

pressure; T, ; is the temperature corresponding to the pressure p,,, ; according to the table of thermophysical properties
of water and steam; & (x) is a delta function. We assume that s |‘,0T (x, t)| <cj.

FORMULATION OF THE DIFFERENCE PROBLEM
Let us introduce the uniform grid Q,,; in Q with spatial steps %y, h, and time step 7 as follows:
ﬁhr = ﬁh Xﬁf = {(x, t) . XE ﬁh, te ﬁr}, ﬁh = ﬁhJ Xﬁh’z,

ﬁh,m = {imhm . = 0 1 . ma thm = l} s ﬁ‘r = {tn =nt: n= 0’ 1., Nt, NIT = tl}-
We also introduce the notations
Qh,m = {imhma im =1,.., Nm - 1’ thm = l} s

QZM =A{iphm, in=1,..., Ny, Nyhy =1}, sz = iphm, in=0,. =1, Ny =Dhy=1-hy}.

T=Q\Q Q= U Qs T = Urhm, Tho = D\,

m=1 m=1
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r+

h,m

(X =N, 0<x3, <Nz}, T}, ={xn=0, 0<x3_,, <N3_}.

h,m

Let us associate the following finite difference scheme with the differential problem (1)-(6):

BT} + L(il", T") + M\ T" = f}, )
Bp) + Aop" = By T + £1, (10)
Bk, +Asp" = fl, a=w,o, (11
i = (u]fug) wy = —kA"pl . m=1,2, (12)
T"(0) = To, p"(0)=po, s"(0) = sa0, (13)
where
B=E+7twA, A=A +A;, w>0,
AW = {—Zh;,l Wy, + W)y X =05 =i v X € Qs 2h;11 (wz, + W), Xy = l} R (14)

2

LT, 0)= 0.5 (B} (v, + B, (X) v, )

m=1

B;(X):{z, Xm :0; 15 Xm ES-Zh,m; 0, Xm :l}! ﬁ,;(x)=2—[5’,;(x)

and the operators A; are defined as follows:

2 2
Ao =) Aams Aaw =" (i (DAL + x5 () A7, w),

m=1
Ari,mw = {_Zh;ll MWx,,

+ -1
A2,va = {_th MWy, s Xm

Asw = (=20 Guows, )"

m=1
. . -1 —
Xm = 0; MWk, x5 Xm € Qh,ms th MWxz,s Xm = l} s
. . -1 =1, —
= 0’ - (ﬂwxm )jm s Xm € Qh,m’ th (/'th,,,) ' s Xm = l} 5

. . -1 —
Xp=0; — (IJW}m)xm s Xm € Qh,ma th HWg,» Xm = l} s

X () =11, X320 = 0; 0.5, X300 € Q3oms 0, x3om =1}, x, (1) =1— x5, (%),

where n = kZ for 6 = 1; 7 = v, for 6 = 3. The notations used above are defined in [5]. In the present paper we use
the following scalar products and norms:

W, ) = w, W, = D bW B i, (0, Wg, = D W@ T i, g = > wEW @ hih,

xXeQy, xeQF

xeQy, ‘han

wlig = (v, wha, , br(x) = {1, x€Qy; 0.5, xeTy; 025, x€Tyel, Il = 1)Q+ +(w§m,

‘hm

| =

2

2
> (i
m=1

STUDY OF THE STABILITY OF THE DIFFERENCE SCHEME

h
@

<h

Let us consider the problem for 6 = Th—Th 7 = ph - [)h, oo = Sy — 34,

difference scheme (9)-(13):

Ln = Uy, — Oy, to study the stability of the

BG,+L(L7”, Th)-L(ﬁh, T’1)+A19=¢7, (15)
Brt, + Aop” — Mo = 516, + ur, (16)
Ba—a,t + A3om =y, @=w,o0, 17)

ln = —k'mz, m=1,2, (18)
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00)=6°, 7(0)=7°, 0, (0)=02, a=w,o, (19)

’

where 7", p", §", i, is the solution of the perturbed problem. Suppose that the following conditions hold for initial

s Do

values of temperature and pressure:

e =aqon = [Tl = es 1, 2 0, evn = qons = |77, = es "], = 0. (20)

where n > 0 is a real parameter, ¢s and go are some constants. In addition, to obtain an a priori estimate of the
difference solution, we make the assumption that for the dimensionless function 87 = Br (x, f) and the dimensionless
constant k, the following inequalities hold:

Br < ct, ¢ >0, (21)

k<c3T, ¢3>0. (22)
Let us first formulate the main result of this chapter.

Theorem 1 Let the conditions (7), (20), (21), (22) and w > wy, wy = maxw; + €, € > 0 hold. Then the difference
=14

scheme (9)-(13) is stable with respect to the initial values and right-hand sides of the equations, and the following

inequality holds:

A2 N N
Bl + 1A + " Norally + 4eot 101} + do il <
2
< dy+ds @0 +dy Dl + . dolloally + dlor[uwuﬁ. ol + D ||wa||,§]]. (23)

Before proving the theorem, we give the following auxiliary lemmas. Let us state without proof the following lemma,
which is based on the results obtained in [6].

Lemma 2 Let the conditions (7) hold. Then the following inequalities hold:

2 - ~ ~n2
(Ayw, w) > 4co lwlly,  (Aow = Ao, w = W) > o llw — WY,

2
N 2 T 2 T 2
T|(Aaw = Ao, )| < ¢ (8llw =Wy + —=lzlly + — IIZIIB),
& 0w

N ) 72 0 T
2t (Ayw, W) < ci [elwlly + - Wy + —

~112
s > 0.
p~ IIWIIB) g

Lemma 3 Let the conditions (7), (21) and w > wy, where w; = 8 +2 42 o> 0hold Then the following

. . C_(] &6 m’
inequality holds:
A2 3 2 2 2 2cr67° 2, CoT 2
7l + 7 (@ = w0 by + cor llrl} < di ()l + =5— 1613 + = 028 (24)

Proof. Multiply the equation (16) scalarly by 277:

718 = Il + 72 il + 27 (Aap” — Aop, 7) = 27 (846, 7) + 27 (¢ 7). (25)

Using Lemma 2, we obtain:
h N 2 2 3 » 20T 2
21 (Aap” = Map”, 7) = 27 (co — = |llnll} = 2c1847° Il - Il (26)
&1 wd

Using the condition (21) and Cauchy inequality, the rest of the terms in (24) can be estimated as follows:

202673 72

T 2
Ol + = |Inl3 +
164115 - Il P

/ A 2
27 (B30, 7) < llell
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3 2
20 (s 7) = 20 (Y, 1) + 222 (o 1) < 7 Il + % Il + 8—? - 27)

Taking into account the obtained inequalities, we find from (25) that

2(,‘ E C & [
A2 2 1€1 2 2 3 1 2 1 2
a + 7 1- - 7T, =T (2C181+—) 7T, + 27 co— — |lInlly <
I ”B ( 5 Sw0b Il t”B 5 | r”A 0 ! | ||1

26282‘1’

< (1 teT+ %) el + 611 + ||¢p||j,] : (28)

Choosing ] = 26—‘;1, and w from the condition w > w;, we come to the assertion of the lemma.

L‘Z Cy C2C5( 7]
Lemmad  Let the conditions (22), (20) and w > w, wy = T2 (1+ 1)+ 20 4 29808 yoig Then the
following inequalities hold:

20282T

i+ 2e o0 |} < 1o+ 222 I + Sl (29)
N 2 -
P, + 7 @ -l + 2rar e [ < 7]+ CW 7215+ ||f,,||j,l, (30)
71+ ol + e 1o < can G
17015+ 191 + e 191 < can (32)
\ oy a4 03877 4cint? deynt?
20 (L ) = L (i, 77).0) < ==+ == ol + — =16 >0, (33)

Proof. Multiplying the equation (10) scalarly by 275", and carrying out calculations analogous to those made in
Lemma 3, we obtain the inequality (29) . Now multiply scalarly the equation (9) by 277"

705 = 1" + T + 20 (L (@ 7). 77) + 20 (AT, T") = 20 (£ 7). (34)

Let us estimate the scalar products in (34). We obtain a chain of inequalities by applying the Cauchy inequality
to the term ¢ = 27 (L (ﬁh, Th) ) Th):

1
2
4 < 272{ > (e hlhz] {Z > (T hlhz] +
m Quzom
1

tfp ezl

Q3

[Z 2 (m. hh] vyl ||0||Th||o{z 5 M] )

Qs Qsom

<2 S el 17

m=1

2 2.
= e D Wl + o IS "
m=1
Using the equations (12), condition (22), and choosing &y = 4&;w™", we obtain

272 .

2
4 < 4C1C380Tth||? .- :3-_0 ||Th||f ||T”||§-

&0
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Using a technique similar to that used in Lemma 3, we arrive at the following inequality from (34):

[ (1= 92— N - e N w0 - = o i +
c deiczet
rfaco= 2= 2N < 7 + 2195 2

Add the last inequality to the inequality (29) multiplied by some cs > O:

”Th”zB 3 (a) c18] 1 2cr€5¢5

5 S s o

c 16¢ c3e
+T(4C0 - 8—1 - 2_81 || h” ) (46’0 - 8_1 - _)HThHI + T(2C5d2 (&3) — %)”ph”? <

6
<[P+ es ol + 2mea gl + 2

e

Using the relations (8), it is not difficult to show that

W,
ds | Fl + ds |l < e Z 3 by 0 (p + T2,) 01 (x = 22 bz = go.

J=1 xely,

Let us choose & = %;;2), & = 22’??) and the constants c¢s and &3 from the condition of non-negativity of the

. 2
coeflicient of || p” ||1 Then, under the conditions of the lemma, we arrive at the inequality

"I < 17 + es 'l + vao- (35)

Py e (eon = ) 1

To prove the lemma, we apply the method of mathematical induction. The inequality (35) for n’ = 0 yields
701G + sl + dse (con = [T 1T + dae 2215 < 7290 + s 0] + 7ao. (36)

Since the inequality ¢, — ||T’“*°”Z > 0 holds under the condition (20), then it follows from (20) and (36) that

MO < Il + es eIl + 70 < ein (37

1 + s I

Assuming that the inequality (31) holds for n’ = n — 2:
L R e PR s FE a®
write the ineqality (35) forn’ =n —1:

72+ s P15 + e (eom = 7= G 7+ el = Jlr= [+ s P + v (39)

By virtue of the fulfillment of the inequality (38), the expression in brackets before ||T”'”H? in the left-hand side
of (39) is non-negative. Therefore it follows from (39) that

e R L A R e

h,n—2||2
B

< 7 s = 7 s [0 2 [ s [ v < o

since nt < t; holds for 0 < n < N,. Similarly, the inequality (32) is proved.
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Using the definition of L and using the Cauchy inequality, it is easy to see that
N 2 272 s N
¢ =20 (L (" 7") = L (. 7).8) < 260 D (nlf + 1) + - 2 (71 + 17715)-
m=1

Using the equations (12) and the condition (22) yields

¢ < 2eiese7 (IplE + 151 + s (1612 + <1161 (||Th||2 + ||Th||2)
- 1 1 £ t | Nk

Finally, using the inequalities (31) and (32) to estimate the right-hand side of the last inequality, we obtain:

2

2cic38] 2T
< =g em+ - (111 + T 16:117) - 2¢1m,

4

from which the inequality (33) follows.
Lemma § Let the conditions (7), (20) and w > w3, w3 = % (1 + };)+ 2C_clo + % hold. Then the following inequality
holds:

A2 8cot
8] + 7 (@ = w3) 185 + 4co 1611} < d7 +ds (7) 16115, + C—‘l’ llrll-, . (40)

Proof. Multiply the equation (15) scalarly by 276:

B - 1012 + T2 16 + 27 (L (@, ") - L(ﬁh, Th), é) +27 (A6, 0) = 2 (vr, ). @1)
Estimate the scalar products in (41). Using the technique used above, we obtain
A 72 T
27 (A16, 8) = 27 (A16,60) + 27 (A16,6,) > 8rcy lIEll} — clr(al 61} + — 164113 + ——— ||0,||%), 42)
&1 816&)
R T T 2 s
2t (yr. 8) < — 1015 + = 161 +2ve llyr2-, - (43)
&1 &1

Using the inequalities (42), (43) and (33), we obtain from (41) that

2C%C3817]
—+

2cin7? 2 2
7 (1 + % 16115 + 27er Wz ll4- -

A2 3 €1 Cl 2 5
ol + o - —-=- LU 2LV + 7 Beo — cran) 6P <
B &

€0

Choosing ) = 47,* we obtain the assertion of the lemma.
The following lemma is proved similarly:

Lemma 6 Let the condition w > wy, wy = % - V; hold. The the following inequality holds:

A2 3 2 2 ) 27 2
1ally + 7 (@ = @) [, < dollorally + 20vae lrlls + = Walfy-r » &> 0.

Now let us prove Theorem 1. Combining the results of Lemma 3, 5 and 6, we arrive at the following inequality after
obvious transformations:

262 &6
0

oIl + 115 + > el + 7 (a) s

a=w,o

2 2
)HHIHA +7 (w— W) Imll; +

2
+ ) T W= ws) |oadf +4corlialf + T(C() -] 4va£7] Il < dy + ds (1) 11613 +

a=w,o a=w,o0

8cot coT 2 2T

2 2 0 2 0 2

+dy @il + Y dolloally + —— Wrl + == [l + D = Wl
a=w,0 €1 €1 a=w,0 &7

Assuming that the conditions of the Theorem 1 are satisfied, and choosing &7 from the condition &7 < ﬁ, we
arrive at the assertion of the Theorem 1.
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CONSTRUCTION OF COST-EFFECTIVE DIFFERENCE SCHEMES

Consider the following difference scheme

BT} + L(@, T") + M T" = f}, (44)
Bpl+ Aop" = gT! + £, (45)

Bsh, + Asp" = fI, a=w,o, (46)

wy, = —kA'pt . m=1,2, (47)
T"(0)=To, p"(0)=po. s}(0)= sa0 (48)

with some self-adjoint operator B satisfying the condition B > B. It is known from the theory of two-layer difference
schemes that if the difference scheme (9)-(13) is stable with respect to the initial data and the right-hand sides of the
equations, then the scheme (44)-(48) also has the same property. Using this statement, we construct three cost-effective
difference schemes for the problem (1)-(6) by choosing the operator B.

Factorization scheme

Let us take B = (E + twA;) (E + TwA,), where the operators A,, are defined as A,, = A+ AL [T],

Afw = {h,_nlw + 2w, X =05 B we X € Qs 2w+ ) tw = 202w x, = 1},
A w= {h;,zw + i w =20 2w X, =05 —hytwy X € Qi Bw + IPw, X, = 1}.

It can be seen by direct verification that (A, w, W) = (AW, w), i. e. the operators A}, A, are mutually conjugate.

In this case the operator A decomposes into the sum of two operators A = A* + A~, where A* = A} + A3. With this
choice of the operator B, the factorization scheme is written as follows:

(E + TwA") (E + TwA ) T} + L(@™", T"") + Ay T = £}, (49)
(E + twA") (E + twA™) pi™ + Aop™" = BT + £, (50)
(E+71wA") (E +TwA") sf’,/,' + Az p = 1, (51)

ufn = —k/lhp;’:’, m=1, 2, (52)

=Ty, p"*=po, s5° = 0. (33)

_ Itis easy to verify [7] that the operator B = (E + twA") (E + TwA") is self-adjoint and the operator inequality
B > B holds. Thus, the difference scheme (49)-(53) is stable with respect to the initial data and the right-hand sides of
the equations under the condition w > wy. Construct the following algorithm to implement the scheme (49)-(53):

1

(E +1wA) 0™ 3 + L(@, T) + A T = £ (54)

— gnt+l _ g+t hon+1 _ phn +1
(E+1wA7)0" =0""2, T =T"" + 76", (55)

nel
(E + TwA*) 1'% + Ayp™” =pLT!" + f,j,' ", (56)
(E + twA ) 0™ = 23, pl = ph g o, (57)
1 nel

(E +TwA™) 07 + Aggs™™ = f277 (58)

- n+l _ "*% hn+l _ _hn n+1
(E+TtwAT)on =0y %, s =5 +100, (59)
upth = kA" m=1, 2, (60)

1 1 n+i 1s . . . e . .
where 6"z, "1, 172 1t o, %, 0! are auxiliary functions. Determination of auxiliary functions and solutions

by algorithm (54)-(54) is carried out by explicit formulas, therefore the difference scheme (49)-(53) is cost-effective.
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Alternating directions scheme

Choosing the operator B in the form B = (E + TwA,) (E + TwA5), we arrive at the scheme

1
(E +TwA) (E + TwAy) TP+ L(@, T + A T = f7°2 (61)
h.n han _ »”‘*’%
(E + TwAy) (E + TwAy) p + App™ = £33, (62)
1
(E + TwA)) (E + TwA>) sﬁ't’ + Asgp™ = ,f’mz, a=w,o, (63)
up = —kA'pt", m=1, 2, (64)
Th’o = TO’ ph’o = Po, SZ’O = Sa0, (65)

where the operators A,, are defined in (14). In this case B = B* > B, since the operators A and A, are self-adjoint and
commute. Thus, the scheme (61)-(65) is stable with respect to the initial data and the right-hand sides of the equations
under the condition w > wy. Construct the following algorithm for the numerical implementation of the scheme:

(E +1wA) TS + L(id", TV) + A T = f7. (66)
(E + TwAy) TH5 = Thots | phatl - phn g ool (67)
(E + Tu)Al)p’””% + Ao pht = f;’, (68)

(E + TwAz)ph,rH% — ph,rm—%, ph,n+1 _ ph,n +Tph,n+%’ (69)
(E +1wAy) sZ’M% + Aggsht = £, (70)

(E + TwA») sz’“% = sz’r”%, shmtl = ghn g TsZ’M%, (71)
ultm = gl et (72)

X
1 2
Auxiliary functions Thats Thnt3, p’”‘*%, p”"”%, sZ”H}, si’,’nh are defined from the equations (66)-(71) by the
scalar sweep method, and the solution T/+1, phn+l s on the (n + 1)-th layer is determed by explicit formulas.
Therefore, the scheme (61)-(65) is cost-effective.

Stabilizing correction scheme

. . . 1 1 hatlo. 1 1+l .
Introduce the intermediate solutions 772, p"*1 5" 2 instead of #"*7, n"*2, o, * in the difference scheme (49)-

(52) by formulas

Th,n+% _ Th,n h,n+

1

h.n | hnt g h.n
1 1 ? S, S
@t = — "= P

1 - V4 n+s  Sa — Sy
T T e T
Then the algorithm (54)-(60) is replaced with the following one:

Th,n+% _ Th,n s ] . " N \ ot

———— twA’ (T2 — 7)o L (@ T + AT = (73)

Th,n+l _ Th,n Th,n+% _ Th,n
——— A (T T = ————, (74)

T T
ph,n+% _ ph,n . o s L

+ wA*t (ph,n+z _ ph,n) + Azph,n =:8};Tr’ + p’ 2 (75)

han+l _ o hn han+d _ hn
)4 - 14 + wA™ (ph,rH—l _ph,n) — p . )4 . (76)

SZ’M% — su" o el g h n+d
S A (sa 7 sa’”) + Asgsh = f17 77
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ha+l _ hn oty s

(E+1wA )2 —Jo _ o« (78)
T T

m

uh,n+1 — _k/lhpg,m—l, m= 1, 2. (79)

The equations (73)-(78) are solved by the scalar sweep method, and the values u™1 are determined by explicit

formulas, therefore the algorithm (73)-(79) is cost-effective.

Results of the computational experiments

Let us analyze the effectiveness of the proposed algorithms by comparing the mean time spent on computing one time
layer. Calculations were carried out on a uniform grid. The grid step was varied between 0.02 and 0.002, and the time
step was chosen equal to 7 = 0.001. Calculations for each of the three algorithms were performed until = 10007.
The results of the analysis are given in Table 1.

TABLE 1. Mean time (in milliseconds) required to calculate one time layer

Algorithm / Grid step 51x51 101x101  201x201  501x501
Factorization scheme 22 86.4 354.2 2213.8
Alternating directions scheme  24.9 98.3 396 2481.2
Stabilizing correction scheme 26 103.1 407.3 2553.1

It can be seen that the differences in time are minor, however, since calculations by the factorization scheme are
carried out using explicit formulas, this algorithm requires less time to calculate one time layer.

CONCLUSION

Thus, the following results were obtained in the paper. A two-layer finite-difference scheme is constructed for the
model two-dimensional three-phase non-isothermal flow problem without allowance for capillary forces. Using the
method of energy inequalities, an a priori estimate is obtained for the solution of the difference scheme which proves
the stability of the scheme with respect to the initial data and the right-hand sides of the equations. On the basis of the
studied difference scheme, three cost-effective difference schemes are constructed. The efficiency of the schemes is
verified by comparing the average time spent on calculating one time layer. The results obtained in this paper can be
used to carry out further research on the numerical solving the problems of the theory of multiphase non-isothermal
flows using difference methods.
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