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Abstract In the presented work the effect of magnetic field on natural
convection flow with a uniformly distributed electron concentration and
with a variable electron concentration in three dimensional area have
been studied by hybrid finite difference method. The magnetic field is
considered vertically and results have been shown at different planes of
3D enclosure. The two vertical wall are held isothermally at temperature, while
the other walls are adiabatic. Numerical results of natural convection were
obtained for various values of Grashof and Hartmann numbers and for the Prandtll
number Pr = 0, 733. The results of a detailed study of changes in velocity,
temperature and Nusselt number are presented graphically, isothermal surfaces,
velocity and temperature contoures, also profiles for different Hartmann numbers
are obtained. To verify the accuracy of the presented numerical simulation results,
a comparison was made with the literature data of natural convection flowwithout
electron concentration and good agreements were established.

Keywords: Natural convection, Magnetohydrodynamics, Variable electron
concentration, Navier Stokes equation, Finite difference method, Spectral method

Natural convection flow with a uniformly distributed electron
concentration

Introduction Natural fluid convection resulting from temperature gradients is very
important in a number of industrial applications. In addition, buoyancy is very
significant in the environment, since the temperature difference between the ground
and air can lead to a complex flow structure, and in confined spaces, for example, in
ventilated and heated rooms, reactors. Natural convection of the flow is one of the
most important problems in fluid mechanics [1],[2]. Owing to the widespread problems
in natural processes in threedimensional natural convection with various boundary
conditions, in the last few years it has attracted the attention of many researchers.
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The work [3] studied the thermal conductivity of the MHD flow around a heated
vertical plate with variable viscosity and temperature. And in [4], free convection was
studied along a vertical plate with uniform cutoff, already with low thermal radiation
and also with variable viscosity.

Magnetic field convection has been developed and has been studied in recent
decades [5],[6]. Twodimensional mixed convection was solved using the finite volume
method in [7]. They investigated the effect of the ratio of velocity amplitudes, phase
deviation, Richardson andHartmann numbers on the heat transfer rate under a sinusoidal
boundary condition. As a result of the study, it is shown that the Nusselt number
increases in amplitude ratio. [8] presents the results of a finite volume study for a laminar
mixed convection flow in the presence of a magnetic field in the upper cavity, controlled
by variable values of the Grashof and Hartmann numbers. As a result of modeling, it
was obtained, that the transfer rate decreases with increasing Hartmann number.

The influence of an external magnetic field in different directions on natural
convection in a threedimensional cubic regionwith lateral wall heating at high Rayleigh
and Hartmann numbers is considered in [9]. The solution to the problem is based on
two numerical methods: a finite secondorder volume and a discretization scheme  B
on structured Cartesian grids. The used different magnetic field settings have different
effects on the thermal conductivity of natural convection. In parallel overlay leads to a
temperature drop and a strong suppression of heat transfer and convection flow. With
vertical application, the suppression of heat flux is weaker, and in the longitudinal
direction it stabilizes the main convection shaft and leads to an increase in kinetic energy
and Nusselt number compared to natural convection with the nonmagnetic case.

Threedimensional nanofluidic nonDarsian natural convection is represented in the
presence of Lorentz forces by the lattice Boltzmannmethod (LBM) [10]. The simulation
results are presented for various numbers of Darcy, Rayleigh, Hartmann and the volume
fraction of Al2O3. The convection dominates at large Darcy and Rayleigh numbers, the
velocity of nanofluids increases with increasing volume fraction, Rayleigh and Darcy
numbers, but slows down with increasing Hartmann number. The temperature gradient
on a hot surface go downwith increasingHartmann number, and growthswith increasing
Darcy number, Rayleigh number.

In [15], the LBM method was used to solve a twodimensional MHD flow in
an inclined cavity with four heat sources, where the double multiplerelaxation time
model simulates the momentum and energy equations and investigates the effect of the
Hartman number on fluid flow and heat transfer. As a result, it is shown that the average
Nusselt number decreases due to an increase in the Hartmann number for all Rayleigh
numbers.

The influence of the Rayleigh and Hartmann numbers, the volume fraction of
nanoparticles, and the phase deviation on the heat transfer of natural convection ofMHD
in a threedimensional square cavity with a sinusoidal temperature distribution on one
side wall using the Boltzmann lattice with a double relaxation time model using nano
liquid copper water is investigated in [12]. As a result of modeling, with an increase
in the Hartmann number, convection heat transfer decreases. With an increase in the
Hartmann number from 0 to 50, the average Nuselt number decreases by 64% and 70%
for the left and right walls, respectively.
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The influence of theHartmann andGrashof numbers on theMHDnatural convection
flow and heat transfer rates in the threedimensional cubic region using the Boltzmann
lattice with double multirelaxation time (MRT) is investigated in [13]. As a result of the
simulation, it was found that an increase in the Hartmann number leads to a significant
decrease in the heat transfer rate, and the flow structure and isotherms in different planes
of the shell change sharply due to an increase in the Hartmann and Grashof numbers,
since heat transfer rates are suppressed with a strong magnetic field. The average and
local Nusselt numbers decrease significantly with increasing Hartmann number.

Numerical study of the natural convection of an electrically conductive fluid in a
twodimensional rectangular region in the presence of a vertical magnetic field that has
a direction parallel to gravity is presented in [14]. Two vertical walls are isothermal
supported, one of which is heated and the other is cooled, and the horizontal walls have
adiabatic conditions. The calculations were performed for the Grashof number in the
range from Gr = 104 to Gr = 106 and the Hartmann number from 0 to 100. As a
result of the study, it was found that with a weak magnetic field and a large Grashof
number, convection prevails, and in the central region vertical temperature stratification
predominates.

Problem statement In this paper, we consider a mathematical model of the problem
of natural convection of flow with an homogeneous electron concentration under the
influence of a vertical magnetic field, where the effect of the Hartmann number (Ha =
50, Ha = 100) is studied. Also, mathematical model of natural convection without
affecting magnetic field is considered, when Hartmann number is set to 0.

The applied magnetic field B = −H0k̄ effect in the NavierStokes equations
is the inclusion of the Lorentz force to the momentum equations Fl = J ×
B where J = σ(E + V × B)− is electric current density E  is electric
field strength, which we set equal to zero, and σ is electric conductivity,
V = u1ī+ u2j̄ + u3k̄  velocity of fluid, and all of these in combination we obtain
Fl = σ(V ×B)×  Lorentz force, where Fl = σ[(u1ī + u2j̄ + u3k̄) × (−H0k̄)] ×
(−H0k̄) is in detail, after using the properties of the multiplication of unit vectors, we
obtain Fl = σ(u1H0j̄ − u2H0ī) × (−H0k̄), or Fl = σ(−u1H2

0 ī − u2H
2
0 j̄), and

Fl = F1 + F2 + F3, where F1 = −σu1H2
0 ī, F2 = −σu2H2

0 j̄, F3 = 0.
The problem is based on solving nonstationary equations of

magnetohydrodynamics with filtration in combination with the continuity equation,
equations for temperature in a Cartesian coordinate system in dimensionless form

∂(ūi)
∂t +

∂(ūiūj)
∂xj

= − ∂p̄
∂xi

+ 1
Re

∂
∂xj

(
∂ūi

∂xj

)
+ Fi +

Gr
Re2 θ̄,

∂(ūi)
∂xi

= 0,

∂(θ̄)
∂t + ∂(ūiθ̄)

∂xj
= 1

RePr
∂

∂xj

(
∂θ̄
∂xj

)
,

(1)

where ū1, ū2, ū3  the velocity components, x1, x2, x3  coordinates,
F̄1 = −n̄Nū1, F̄2 = −n̄Nū2, F̄3 = 0  nondimensional Lorentz force [13],
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N = σLH2
0/ρV0 = Ha2/Re is the Stuart number, where Ha = H0L

√
σ/µ 

Hartmann number, H  magnetic field strength, σ is the conductivity of the medium,
which is determined from plasma physics. p̄ is the full pressure, t is the time,
U0 =

√
gβ(T2 − T1)L  characteristic velocity, θ̄ = (T − T0)/(T2 − T0)  non

dimensional temperature, where T0 = (T1 + T2)/2 and T1 is the cold temperature and
T2 is the hot temperature, Gr = gβ(T2 − T1)L3/ν

2 is Grahof number, where β is
volumetric thermal expansion coefficient, g – acceleration due to gravity, Re =

√
Gr

is the Reynolds number, and to compare numerical simulation results with the work
[13]. Pr = ν/α  Prandtl number, α  thermal diffusivity, L1 = L2 = L3 = L is the
typical length of the domain, ν is the kinematic viscosity coefficient, ρ is the density of
the flow, t nondimensional time.

A schematic picture of the computational domain is shown in Figure 1, where the
left wall  indicated by the blue color, corresponds to the cold temperature of wall. The
right wall layer  highlighted in red, corresponds to hot temperature of the wall.

Figure 1. Geometry illustration of the problem statement

Initial conditions for temperature, velocity components are set zero in all directions
of the domain. The boundary conditions imposed for temperature is Dirichlet on the right
and left boundaries, and Neumann on the other directions of the domain. The velocity
components are equal to 0, and electron concentration is set 1 in all directions.

Initial conditions:
ū1 = ū2 = ū3 = 0, θ̄ = 0, at t = 0, 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1;

Boundary conditions:
ū1 = ū2 = ū3 = 0, θ̄ = −1, at x1 = 0, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1;
ū1 = ū2 = ū3 = 0, θ̄ = 1, at x1 = 1, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1;
ū1 = ū2 = ū3 = 0, θ̄/∂x2 = 0, at x2 = 1, x2 = 0, 0 ≤ x1 ≤ 1, 0 ≤ x3 ≤ 1;
ū1 = ū2 = ū3 = 0, θ̄/∂x3 = 0, at x3 = 1, x3 = 0, 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1.
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Numerical method To solve the problem of natural convection flow with an
homogeneous electron concentration under the influence of a vertical magnetic field,
a scheme of splitting by physical parameters is used:

I. (ū∗)n+1−(ū)n

∆t − 1
2Re∇

2(ū∗)n+1 = 1
2Re∇

2ūn + 3
2K

n − 1
2K

n−1;

II. ∆p = ∇(ū∗)n+1

τ ;
III. (ū)n+1−(ū∗)n+1

∆t = −∇p;
IV. θ̄n+1−θ̄n

∆t − 1
2Pe∇

2θ̄n+1 = 1
2Pe∇

2θ̄n + ( 32G
n − 1

2G
n−1),

where
Kn = −(ūn∇)ūn + Fn + (Gr/Re2)θ̄n,
Gn = −(ūn∇)θ̄n, where Pe = RePr  Peclet number.
During the first stage, the full magneto hydrodynamic equation system is solved

without the pressure consideration. For approximation of the convective and diffusion
terms of the intermediate velocity field a finitedifference method in combination with
pentadiagonal matrix is used, which allowed to increase the order of accuracy in
space. The numerical algorithm for the solution of incompressible MHD turbulence is
considered at [15].

At the second step, the pressure Poisson equation is solved, which ensures that
the continuity equation is satisfied. The Poisson equation is transformed from the
physical space into the spectral space by using a Fourier transform. To solve the
threedimensional Poisson equation, the spectral conversion in combination with matrix
sweeping algorithm is developed [16]. The resulting pressure field in the third stage is
used to recalculate the final velocity field [15].

At the fourth stage, the equation for temperature is solved by usingAdamsBashforth
scheme.

Consider the temperature distribution in the horizontal direction at the point (i, j, k):

∂θ̄

∂t
+
∂(ū1θ̄)

∂x1
+
∂(ū2θ̄)

∂x2
+
∂(ū3θ̄)

∂x3
=

1

RePr

(
∂2θ̄

∂x21
+
∂2θ̄

∂x22
+
∂2θ̄

∂x23

)
(2)

When using the explicit AdamsBashfort scheme for convective terms and the
implicit CrankNicolson scheme for viscous terms, equation (2) takes the form:

θ̄n+1
i,j,k − θ̄ni,j,k = −3∆t

2
[hr]ni,j,k +

∆t

2
[hr]n−1

i,j,k +
∆t

2
[ar]ni,j,k+

+
∆t

2
· 1

RePr
·

[(
∂2θ̄

∂x21

)n+1

i,j,k

+

(
∂2θ̄

∂x22

)n+1

i,j,k

+

(
∂2θ̄

∂x23

)n+1

i,j,k

]
,

(3)

where

[hr]ni,j,k =

(
∂(u1θ̄)

∂x1

)n

i,j,k

+

(
∂(u2θ̄)

∂x2

)n

i,j,k

+

(
∂(u3θ̄)

∂x3

)n

i,j,k

,
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[ar]ni+ 1
2 ,j,k

=
1

RePr

[(
∂2θ̄

∂x21

)n

i,j,k

+

(
∂2θ̄

∂x22

)n

i,j,k

+

(
∂2θ̄

∂x23

)n

i,j,k

]
.

Discretization of convective expressions looks like this:

(
∂ū1θ̄

∂x1

)
|i,j,k =

−(ū1θ̄)i+2,j,k + 27(ū1θ̄)i+1,j,k − 27(ū1θ̄)i,j,k
24∆x1

+

+
(ū1θ̄)i−1,j,k

24∆x1
+O(∆x41),

(
∂ū2θ̄

∂x2

)
|i,j,k =

(ū2θ̄)i+1,j−2,k − 27(ū2θ̄)i,j−1,k + 27(ū2θ̄)i,j,k
24∆x2

−

− (ū2θ̄)i,j+1,k

24∆x2
+O(∆x42),

(
∂ū3θ̄

∂x3

)
|i,j,k =

(ū3θ̄)i,j,k−2 − 27(ū3θ̄)i,j,k−1 + 27(ū3θ̄)i,j,k
24∆x3

−

− (ū3θ̄)i,j,k+1

24∆x3
+O(∆x43).

Discretization of diffusion conditions looks like this:

(
∂2θ̄

∂x21

)
|i,j,k =

−(θ̄)i+2,j,k + 16 · (θ̄)i+1,j,k − 30 · (θ̄)i,j,k
12∆x21

+

+
16 · (θ̄)i−1,j,k − (θ̄)i−2,j,k

12∆x21
,

(
∂2θ̄

∂x22

)
|i,j+ 1

2 ,k
=

−(θ̄)i,j+2,k + 16 · (θ̄)i,j+1,k − 30 · (θ̄)i,j,k
12∆x22

+

+
16 · (θ̄)i,j−1,k − (θ̄)i,j−2,k

12∆x22
,

(
∂2θ̄

∂x23

)
|i,j,k+ 1

2
=

−(θ̄)i,j,k+2 + 16 · (θ̄)i,j,k+1 − 30 · (θ̄)i,j,k
12∆x23

+

+
16 · (θ̄)i,j,k−1 − (θ̄)i,j,k−2

12∆x23
,
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where

(
ū1θ̄

)
i,j,k

=

(−ū1i+1,j,k
+ 9ū1i,j,k + 9ū1i−1,j,k

− ū1i−2,j,k

16

)
·

·
(
−θ̄i+1,j,k + 9θ̄i,j,k + 9θ̄i−1,j,k − θ̄i−2,j,k

16

)
,

(
u2θ̄

)
i,j,k

=

(
−θ̄i,j+2,k + 9θ̄i,j+1,k + 9θ̄i,j,k − θi−1,j−1,k

16

)
·

·
(−ū2i+2,j,k + 9ū2i+1,j,k + 9ū2i,j,k − ū2i−1,j,k

16

)
,

(
u3θ̄

)
i,j,k

=

(
−θ̄i,j,k+2 + 9θ̄i,j,k+1 + 9θ̄i,j,k − θ̄i−1,j,k−1

16

)
·

·
(
−ū3i+2,j,k + 9ū3i+1,j,k + 9ū3i,j,k − ū3i−1,j,k

16

)
.

Then the left side of equation (3) is denoted by qi,j,k

qi,j,k ≡ θ̄n+1
i+1,j,k − θ̄ni,j,k (4)

From equation (4) we find θ̄n+1
i,j,k

θ̄n+1
i+1,j,k = qi,j,k − θ̄ni,j,k

Replacing all θn+1
i,j,k from the equations (3) , we obtain

qi,j,k − ∆t

2
· 1

RePr
·
(
∂2q

∂x21

)
i,j,k

− ∆t

2
· 1

RePr
·
(
∂2q

∂x22

)
i,j,k

−

− ∆t

2
· 1

RePr
·
(
∂2q

∂x23

)
i,j,k

= −3∆t

2
[hr]

n
i,j,k +

∆t

2
[hr]

n−1
i,j,k +∆t [ar]

n
i,j,k , (5)

Equation (5) is converted to

[
1− ∆t

2
· 1

RePr
· ∂

2

∂x21
− ∆t

2
· 1

RePr
· ∂

2

∂x22
−

− ∆t

2
· 1

RePr
· ∂

2

∂x23

]
qi,j,k = di,j,k (6)

where

di,j,k = −3∆t

2
[hr]

n
i,j,k +

∆t

2
[hr]

n−1
i,j,k +∆t [ar]

n
i,j,k
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Assuming that equation (6) has secondorder accuracy in time, we can instead solve
the following equation:

[
1− ∆t

2
· 1

RePr
· ∂

2

∂x21

]
·
[
1− ∆t

2
· 1

RePr
· ∂

2

∂x22

]
·

·
[
1− ∆t

2
· 1

RePr
· ∂

2

∂x23

]
q∗i,j,k = di,j,k (7)

We can show that equation (7) is an approximation O
(
∆t4

)
to equation (6).Since

the difference between q∗i,j,k and qi,j,k has a higher order, we return to the same notation
and just use qi,j,k. To determine qi+1/2,j,k the equation (7) is solved in 3 stages:[

1− ∆t

2
· 1

RePr
· ∂

2

∂x21

]
Ai,j,k = di,j,k (8)

[
1− ∆t

2
· 1

RePr
· ∂

2

∂x22

]
Bi,j,k = Ai,j,k (9)

[
1− ∆t

2
· 1

RePr
· ∂

2

∂x23

]
qi,j,k = Bi,j,k (10)

At the first stage, theAi,j,k search is carried out in the direction of thex1 coordinates:[
1− ∆t

2
· 1

RePr
· ∂

2

∂x21

]
Ai,j,k = di,j,k

Ai,j,k − ∆t
2 · 1

RePr ·
(

∂2A
∂x2

1

)n+1

i,j,k
= di,j,k

Ai,j,k − ∆t

2
· 1

RePr
· −Ai+2,j,k + 16 ·Ai+1,j,k − 30 ·Ai,j,k

12∆x21
+

+
16 ·Ai−1,j,k −Ai−2,j,k

12∆x21
= di,j,k

s1 ·Ai+2,j,k − 16 · s1 ·Ai+1,j,k + (1 + 30 · s1) ·Ai,j,k−
− 16 · s1 ·Ai−1,j,k + s1 ·Ai−2,j,k = di,j,k (11)

where s1 = ∆t/(24 ·Re · Pr ·∆x21)
This equation (8) is solved by the method of the pentadiagonal matrix, which

determinesAi,j,k . The same procedure is repeated further for directions x2 in the second
stage, namely, Bi,j,k is determined by solving equation (9) , and the solution from the
first stage, as the coefficient on the right, and the s1 coefficient in the pentadiagonal
matrix are replaced by s2 = ∆t/(24 ·Re · Pr ·∆x22). Finally, in the third stage qi,j,k
is solved using a similar pentadiagonal system shown in equation (9) . Once we have
determined the value qi,j,k, we find θ̄n+1

i,j,k:
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θ̄n+1
i,j,k = qi,j,k + θ̄ni,j,k

The other components of temperature θ̄n+1
i,j,k are solved in a similar way.

Simulation results As for the physics of the influence ofMHD on the structure of natural
convection flow with a homogeneous electron concentration and heat transfer, this is
due to the fact that in MHD flows the motion of vortex structures perpendicular to
magnetic fields, i.e. horizontally oriented vortex cells, strongly suppressed due to the
anisotropic effect of the magnetic field. This is recognized by the universal effect of
magnetic fields, which is theoretically interpreted in [17]. Moreover, another important
characteristic of the effect of the vertical magnetic field is that when the magnetic fields
are stronger, the vortex structures will be more regular and will be shown parallel to
each other. Consequently, thermal convection caused by the movement of the vortex
cells will decrease due to the amplification of magnetic fields.

The results of modeling three dimensional MHD convection are obtained, where
the lateral distribution of the temperature field is considered. Prandtl number is chosen
Pr = 0, 733. Characterestical length is L = 1m, characteristical velocity U0 =√
(Grν2)/L2. To simulate the natural convection of the MHD, the Grashof number,

the viscositv (HFDM), the thermal conductivity for different mesh sizes have been
shown in Table 2. A comparison of the average Nusselt number for various Grashof

Table 1.Magnitude of the viscosity for different Grashof number.

Gr N1 ×N2 ×N3 Viscosity, ν [13] Viscosity (HFDM) α (HFDM)
2× 103 60× 60× 60 0.077 0,001283 0,00175075
2× 104 70× 70× 70 0.028 0,0004 0,0005457
2× 105 90× 90× 90 0.011 0,00012 0,00016371

and Hartmann numbers were made between present work results and with the literature
data of works [13], [14] have been shown in Table 2. The rate of heat transfer through
the cavity is obtained by estimating the average Nusselt number on the walls of the
cavity. It is seen that, Nu decreases with an increase of Hartmann number and the Nusselt
number approaches unity for a strong magnetic field. This shows that, the convection in
the domain is supressed by the influence of magnetic field, convection proceeds in the
diffusion process.

Figure 2 shows the comparison results of present work with authors [13] and [14] the
influence of Hartmann number on the average Nusselt number according to the Table
2. The influence of the magnetic field on the Nusselt number is greater in the region
of small Grashof numbers. At a high Grashof number, the magnetic field reduces the
Nusselt number slightly.

The effect of Grashof number on the local Nusselt number on the cold and hot walls
has been investigated for different Grashof numbers and different Hartmann numbers
a) Ha = 0; b) Ha = 50; c) Ha = 100 . At Figure 3 can be seen, that the local Nusselt
number on both the hot and cold walls increases sharply due to an increase in the Grashof
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Table 2. Comparison of the average Nusselt number.

Gr Ha Present work HFDM Sajjadi et al. [13] Rudraiah et al.[14]
Gr = 2× 104 0 2.4325 2.4315 2.5188

10 2.2520 2.2510 2.2234
50 1.0875 1.0902 1.0856
100 1.0210 1.0208 1.0110

Gr = 2× 105 0 5.0025 5.0151 4.9198
10 4.9013 4.9085 4.8053
50 2.9877 2.9915 2.8442
100 1.4335 1.4384 1.4317

a) b)

Figure 2. Comparison of the average Nusselt number in graphs for (a) Gr = 2 × 104, (b)Gr =
2× 105.

number, and the maximum value of the local Nusselt number for Gr = 2× 105 is two
times greater, than forGr = 2×104 and four times greater, thanGr = 2×103 atHa = 0
. The influence of the Grashof number increases for Hartmann number Ha = 100 and
for Ha = 50 , the maximum value of the local Nusselt number for the highest Grashof
numberGr = 2×105 is five times more than the lowest Grashof numberGr = 2×103.

Figure 4 shows the comparison of the vertical velocity along the section x2 = 0.5
and x3 = 0.5 of the cavity for different Grashof and Hartmann numbers. Obviously, the
velocity value increases due to a significant increase of the Hartmann number, which
cause an increase in the heat transfer rate, as indicated in Figure 3 and in Table 2.

At Figure 5 illustrates the effect of the Hartmann number on isothermal surfaces at
Grashof numberGr = 2×104 . Isothermal surfaces change significantly with a change
of the Hartmann number and become parallel to the x3 direction with an increase in the
Hartmann number. In addition, the temperature difference of the cavity decreases, and
this means that the heat transfer rate decreases.
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a) b) c)

Figure 3. Local Nusselt number on the hot and cold walls for (a)Ha = 0; (b) Ha = 50; (c)
Ha = 100.

a) b) c)

Figure 4.Vertical velocity on midline x2 = 0.5 and x3 = 0.5 of the cavity (a)Ha = 0; (b)Ha =
50; (c)Ha = 100.

Temperature distributions on the middle of the cavity at different plane x1 = 0.5,
x2 = 0.5, x3 = 0.5 of the domain have been shown at Figure 6– Figure 8 for fixed
Grashof number Gr = 2× 104 and different Hartmann numbers a) Ha = 0; b) Ha =
50; c) Ha = 100 . When a magnetic field B0 is applied in the direction of x3 , as was
mentioned in the equations studied, the electromagnetic force acts on x1 and x2 , which
means that the field strength in the corresponding directions will be reduced. For the
plane x3 = 0.5 , it was found in Figure 6, that the temperature contours extended into
the center of the domain and distribution becomes uniform by increasing the Hartmann
number from 0 to 100.

On the plane x1 = 0.5 of the cavity at Figure 7, the value of the isotherms
sharply decreases with incresing the Hartmann number from 0 to 100, and the isotherms
gradually become homogeneous and parallel to the x2 direction. In addition, the flow is
suppressed with an increase in the Hartmann numberHa = 50 and Ha = 100.

It is seen at Figure 8, that the isothermal lines are curved due to the intensification of
the convection effect at Ha = 0 and with increasing the Hartmann numbers Ha = 50
and Ha = 100 , the isothermal lines change significantly and become almost parallel
to the right and left walls, which reduces the rate of heat transfer. The influence of the
magnetic field on the vertical velocity can be seen from Figure 9. The vertical velocityU
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a) b) c)

Figure 5. Isothermal surfaces for (a)Ha = 0; (b)Ha = 50; (c)Ha = 100.

a) b) c)

Figure 6. Isotherms on the x3 = 0.5 plane for Gr = 2× 104 and (a)Ha = 0; (b)Ha = 50; (c)
Ha = 100.

aligned to the magnetic field and supressed. The vertical velocity is plotted for various
Hartmann numbers Ha = 0;Ha = 50;Ha = 100 and for various values Grashof
numbers (a) Gr = 2× 104 and (b)Gr = 2× 105. An increase Hartmann number in the
magnetic field smoothes the peak of velocity near the wall.

As for the physics of the influence of MHD on the structure of natural convection
flows with homogeneous electron concentration and heat transfer, this is due to the fact
that in MHD flows the motion of vortex structures perpendicular to magnetic fields,
i.e. horizontally oriented vortex cells, strongly suppressed due to the anisotropic effect
of the magnetic field. This is recognized by the universal effect of magnetic fields,
which is theoretically interpreted in [17]. Moreover, another important characteristic
of the effect of the vertical magnetic field is that when the magnetic fields are stronger,
the vortex structures will be more regular and will be shown parallel to each other.
Consequently, thermal convection caused by the movement of the vortex cells will
decrease due to the amplification of magnetic fields.Numerical algorithm results for
natural convection flows with homogeneous electron concentration and heat transfer
showed good agreements with [13] and [14].

Conclusion

The modeling of MHD natural convection flow with a uniformly distributed electron
concentration n̄ = 1 and for a variable electron concentration in a cubic cavity are
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a) b) c)

Figure 7. Isotherms on the x1 = 0.5 plane for Gr = 2× 104 and (a)Ha = 0; (b)Ha = 50; (c)
Ha = 100.

a) b) c)

Figure 8. Isotherms on the x2 = 0.5 plane for Gr = 2× 104 and (a)Ha = 0; (b)Ha = 50; (c)
Ha = 100.

studied by HFDM method. Numerical results of natural convection were obtained for
various values of Grashof and Hartmann numbers. The effect of Hartmann and Grashof
numbers on the projection of heat transfer rate on different surfaces of the concentrated
with electron cavity is studied. The results obtained in this study are in qualitative and
quantitative agreement with the studyies of work [13] by LBM and two dimensional
study [14] by Finite difference methods. The average Nusselt number increases by
augmentation of the Grashof number at a fixed Hartmann number. Compared with
the available data, results show a good agreement and the average error is less than
1.9%. The structure of the flow and isotherms in different planes of the enclosure
change dramatically due to an increase in the Hartmann and Grashof numbers, since
the magnetic field is strong, and the velocities with electron concentrated flow are
suppressed. The effect of the vertical magnetic field is that, when the magnetic fields
are stronger, the vortex structures will be more regular and will be shown parallel to
each other. Consequently, thermal convection flow with electron concentration caused
by the movement of the vortex cells will decrease due to the amplification of magnetic
fields and convection process is transformed to diffusion process.
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a) b)

Figure 9. Vertical velocity component midheight x1 = 0.5 atHa = 0;Ha = 50, Ha = 100 for
(a)Gr = 2× 104; (b)Gr = 2× 105.
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Introduction

Most applied problems in mechanics and theoretical physics lead to the need to define
specific fourdimensional vector functions in the form of V⃗ = (V0, V1, V2, V3),
whose components Vk are real functions of four real variables: time t and spatial
variables x, y, z [24]. The components of unknown fourdimensional vector are usually
appeared in various systems of differential motion equations deduced from the laws
of conservation in mechanics and physics. A special interest for practical purposes
(engineering calculations) is finding classical solutions of such systems of equations
in explicit form, when the components of desired fourdimensional vector are smooth
functions in some domain of definition. However, existingmathematical apparatus often
leads to the need to study onedimensional or twodimensional (simplified) models of
these applied problems. Inmost cases, it is necessary to consider only stationary physical
processes. Therefore, searching for a propermathematical apparatus for finding classical
solutions of the basic systems of motion equations in mechanics and theoretical physics
is an actual problem. This paper describes an application of a perspective, in our opinion,
approach for solving a rather difficult problem of hydrodynamics.

Definition of the FourDimensional Functions Space

Definition 1. Image U = [U0(x0, x1, x2, x3), U1(...), U2(...), U3(...)] under
continuous mapping U : X = (x0, x1, x2, x3) ∈ G → U = (U0, U1, U2, U3) ∈ R4 is
called fourdimensional function.

It is easy to understand, that each component Uk(x0, x1, x2, x3), k = 0, 3 is a real
continuous function of four real variables determined in domain G ⊂ R4. In what
follows, a set of all possible four dimensional functions with continuous components
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will be denoted by C[M(G)]. Further, any fourdimensional vector of theoretical
physics with continuous components V⃗ = (V0, V1, V2, V3), can be represented as an
element of theC[M(G)] space. Indeed, let the required fourdimensional vector is being
sought in some fourdimensional domain G ⊂ R4 and has continuous components.
Then it inevitably follows that V⃗ ∈ C[M(G)], since by definition this space contains
all possible fourdimensional functions in the given domain.

Next, we study one of the key subspaces of the linear space C[M(G)]. It is the
elements of this subspace that are directly used in solving applied problems ofmechanics
and theoretical physics.

Definition 2. A fourdimensional function u ∈ C[M(G)] is called regular, if its
components everywhere in domain G satisfy generalized CauchyRiemann conditions
(D’AlembertEuler) of the form:

∂u0
∂x0

=
∂u1
∂x1

=
∂u2
∂x2

=
∂u3
∂x3

,

∂u0
∂x1

=
∂u1
∂x0

=
∂u2
∂x3

=
∂u3
∂x2

,

∂u0
∂x2

=
∂u1
∂x3

= −∂u2
∂x0

= −∂u3
∂x1

,

∂u0
∂x3

=
∂u1
∂x2

= −∂u2
∂x1

= −∂u3
∂x0

. (1)

The whole set of regular functions in G ⊂ R4 is denoted by MA(G). It is obvious
that any constant fourdimensional vector, an element of R4, is certainly a constant
regular function in any G ⊂ R4 domain. It was shown in reference [3], thatMA(G) ⊂
C[M(G)] is a infinitedimensional subspace. Further, in [3] an explicit form of the
basic elementary functions u(X) ∈ MA(G) of the four dimensional variable X =
(x0, x1, x2, x3) ∈ G. Let us give an explicit form of some elementary functions:

1. u = X2 = (u0, u1, u2, u3), where:

u0 = 2(x0x1 − x2x3);u1 = x20 + x21 − x22 − x23;

u2 = 2(x0x3 + x1x2);u3 = 2(x0x1 + x1x3). (2)

2. u = sinX = (u0, u1, u2, u3), where:

u0 =
1

2
[sin(x1 + x0) cosh(x2 + x3)− sin(x1 − x0) cosh(x2 − x3)];

u1 =
1

2
[sin(x1 + x0) cosh(x2 + x3) + sin(x1 − x0) cosh(x2 − x3)];

u2 =
1

2
[cos(x1 + x0) sinh(x2 + x3) + cos(x1 − x0) sinh(x2 − x3)];

u3 =
1

2
[cos(x1 + x0) sinh(x2 + x3)− cos(x1 − x0) sinh(x2 − x3)].
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It is easy to verify that these components satisfy the regularity conditions (1). The
material presented leads to the following conclusions:

1. The linear vector space C[M(G)] of continuous fourdimensional functions is
infinitedimensional;

2. All the elements of its linear subspace MA(G) ⊂ C[M(G)] can be considered
as fourdimensional generalizations of one dimensional or twodimensional functions
from real or complex analysis. Indeed, setting in the formula of any regular function
x0 = x2 = x3 = 0, we get a typical function of one real variable x1. If you set
x0 = x3 = 0 in the formula, you can get a typical function of the complex variable
z = x1 + ix2. More details about this are given in [3].

Valuation and completeness of the C[M(G)] space

Let a domain G ⊂ R4 is compact. Then for any element of the linear space U =
[U0(x0, x1, x2, x3), U1(...), U2(...), U3(...)] ∈ C[M(G)], we can introduce a notion of
norm by the following formula:

∥U(X)∥ = max0≤k≤3[supX∈G|Uk|]. (3)

It is easy to verify that, with respect to such a uniform norm, C[M(G)] is a complete
normed space, if we mean the componentwise convergence of a sequence of four
dimensional continuous functions. Further, for the application, the most important
conclusions following from Stone’s wellknown theorem [1] are:

1. The subspaceMA(G) is an everywhere dense subset of C[M(G)].
2. Any elementW ∈ C[M(G)] can be approximated with any given accuracy by a

finite sum of regular fourdimensional functions.
3. A finite sum of regular functions is also a regular function. Therefore, when

solving applied problems of mechanics and theoretical physics, the mathematical
apparatus of the theory of fourdimensional regular functions can be used.

All the abovementioned, we will demonstrate below, based on an actual example
of solving one problem of hydrodynamics.

Applications

In this section, we obtain an exact analytic solution of one, rather complicated, problem
of hydrodynamics. Let suppose, that an ideal incompressible fluid filled with a spherical
vessel of radiusR flows with a characteristic velocity c, under the action of a stationary
gravity force F⃗ = (0, 0,−g). Need to find the hydrodynamic characteristics of the
fluid moving inside the sphere. Let V⃗ = [V1(x, y, z), V2(x, y, z), V3(x, y, z)] is required
velocity vector of the moving fluid, P (x, y, z) is required pressure function, ρ > 0
is known fluid density. Then, as is known from [4], the mathematical setting up the
problem is formulated as follows: In the domainD : x2+ y2+ z2 < R2 with boundary
S : x2 + y2 + z2 = R2, to find solution of the Euler equations system

(V⃗ · ∇)V⃗ +
∇P
ρ

= F⃗ (4)
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with contiunity condition:
divV⃗ = 0 (5)

and the boundary condition:
Vn|S = 0 (6)

Further, in the reference [3] a formula of a general solution of (5) in a class of smooth
functions is given in the form:

V1(x, y, z) = cu1

(
0,
x

R
,
βy

R
,
γz

R

)
, (7)

V2(x, y, z) = −cβ1u2
(
0,
x

R
,
βy

R
,
γz

R

)
, (8)

V3(x, y, z) = −cγ1u3
(
0,
x

R
,
βy

R
,
γz

R

)
, (9)

Here: β, γ, β1, γ1 are arbitrary scalars (real or complex) connected by the condition:
1 − ββ1 − γγ1 = 0 , c is some speed typical for given flow, R is the characteristic
dimension of the flow, uk(0, x1, x2, x3), k = 0, 3 are components of an arbitrary regular
function, calculated for x0 = 0.

In this case, from the symmetry considerations (the domain, where the solution is
sought, is spherically symmetric) we choose in the formulas (7)–(9) the corresponding
components of the fourdimensional function u = X2 − 1 (they are indicated above),
i.e:.

u0 = 2(x0x1 − x2x3);u1 = x20 + x21 − x22 − x23 − 1;

u2 = 2(x0x3 + x1x2);u3 = 2(x0x1 + x1x3). (10)

Further, from considerations of symmetry, we can put:

β = γ;β1 = γ1 → ββ1 = γγ1 =
1

2

Then (7)–(9) can be rewritten as:

V1(x, y, z) =
c

R2
(x2 − β2y2 − β2z2 −R2), (11)

V2(x, y, z) =
−cxy
R2

, (12)

V3(x, y, z) =
−cxz
R2

, (13)

It is easy to check, that (11)–(13) satisfies condition (5) for any β. Now, to determine β,
we use the condition (6).

Vn = 2xV1 + 2yV2 + 2zV3 =
2cx

R2
[x2 − (β2 + 1)(y2 + z2)−R2]
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. Thus, condition (6) is satisfied only for β2 = −2 and the sought velocity components
take the final form:

V1(x, y, z) =
c

R2
(x2 + 2y2 + 2z2 −R2), (14)

V2(x, y, z) =
−cxy
R2

, (15)

V3(x, y, z) =
−cxz
R2

, (16)

Further, to determine the unknown pressure P (x, y, z), we substitute (14)–(16) into
equations (4).Then, we get:

1

ρ

∂P

∂x
= −2c2x(x2 −R2)

R4
, (17)

1

ρ

∂P

∂y
=
c2y(2y2 + 2z2 −R2)

R4
, (18)

1

ρ

∂P

∂z
= −g + c2z(2y2 + 2z2 −R2)

R4
. (19)

Finally, the unknown pressure P (x, y, z) is written as:

P (x, y, z) = C +
ρc2

2R4

[
(y2 + z2)2 − x4 + r2(2x2 − y2 − z2)

]
− ρgz (20)

An arbitrary constant C is determined from the condition∫
D

P (x, y, z)dxdydz = 0.

By direct substitution it is easy to verify that the functions (14)–(16) and (20) give an
exact solution of the original problem (4)–(6).

Conclusion

The exact analytical solution of the problem of fluid flowing inside a sphere with
Neumann boundary conditions using the theory of fourdimensional regular functions is
obtained. The proposed approach can be applied for solving other similar hydrodynamic
problems.Themonograph [3] gives some examples of the application of similar methods
in quantum mechanics and celestial mechanics. Generally speaking, fourdimensional
analysis provides a promising mathematical apparatus for solving applied problems in
theoretical physics.
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Abstract Single and twophase flow through a fibrous porous medium is
numerically simulated, where fibrous porous medium is represented as parallel
cylinders with circular crosssection and their centers are located at the same
distance from each other. The simulation is based on the numerical solution of
incompressible NavierStokes equations in irregular domains, where the irregular
boundary is represented by its levelset function.
For the case of singlephase flow, the permeability of this medium is calculated
and compared with analytical solution. Also, the Reynolds number below which
the fluid flow in porous medium obeys linear Darcys law for different kinds of
porous medium is determined.
For the case of twophase flow, the effect of numerical slip length on the
distribution of pressure drop and saturation is investigated. Variations of pressure
drop and saturation in time are numerically calculated for different values of
cylinders radii, surface tension (σ), viscosity ratio (M=µnw/µw), andmesh sizes.
The presented results show that variations of saturation and pressure drop in time
vary with mesh refinement, so the numerical slip length significantly affects the
flow. The results show that the contact line motion significantly depends not
only on the microstructure of the porous media, but also on the fluid properties
(viscosity ratio, surface tension and etc.).
Numerical calculations are performed using the interFoam solver in
OpenFOAM®finite volume library.

Keywords: Porescale modeling, Fibrous porous medium, Twophase flow,
Wetting, Permeability.
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Introduction

Porescale modeling of multiphase flow is of particular scientific interest. Shams et al.
presented a simple and efficient numerical method for modelling twophase flow in
porous media at the microscale. Interfacial forces using a sharp surface force model
that can efficiently eliminate the problem of spurious currents has been computed. The
explicit representation of the interface used to compute interfacial forces leads to an
accurate estimation of capillary pressure even for low grid resolutions [1]. Scanzaniani
et al. studied twophase flow invasion patterns in a mixedwet porous medium, using
dynamic highresolution Xray synchrotron imaging. They observed that the movement
of water in the initially oilfilled medium is limited by interface pinning, responsible
for contact angle hysteresis. This prevents interface recession and snapoff during the
displacement [2].

Akai et al. performed twophase direct numerical simulations on complex 3D
porous media with three wettability states: uniformly waterwet, uniformly oilwet,
and nonuniform mixedwet. They computed the thermodynamic contact angle, then
compared with the input contact angles. They concluded that the spatial distribution of
wettability can be represented by the thermodynamic contact angle computed on a pore
bypore basis [3]. Foroughi et al. used the results of porescale imaging experiments to
calibrate and validate simulations, and specifically to find the porescale distribution of
wettability. Their model predictions for capillary pressure and relative permeability are
in good agreement with the experiments [4].

Raeini et al. presented a validation of the generalized network model using micro
CT images of twophase flow experiments on a porebypore basis. Three experimental
secondary imbibition datasets were studied for both sandstone and carbonate rock
samples. The results provided a methodology for improving physical models using large
experimental datasets which, at the pore scale, can be generated usingmicroCT imaging
of multiphase flow [5].

Bultreys et al. introduced a methodology to quantitatively compare models to
experimental fluid distributions in flow experiments visualized with microcomputed
tomography. First, they analyzed five repeated drainageimbibition experiments on a
single sample. Then two fractional flow experiments were used to validate a quasistatic
pore network model. The model correctly predicted the fluid present in more than
75% of pores and throats in drainage and imbibition. The presented analysis illustrates
the potential of their methodology to systematically and robustly test twophase flow
models to aid in model development and calibration [6].

In this article, numerical calculations were performed for single and twophase flow
in a fibrous porous medium, since they are quite common (filters, catalysts, fuel cells,
heat exchangers and etc.).

For the case of a singlephase flow there is a need in only one characteristic absolute
permeability, on the basis of which all other characteristics can be calculated. In this
work absolute permeability was calculated and compared with analytical solution.

Porescale twophase flow modeling is an important technology to study a rock’s
relative permeability behavior [6]. For the numerical simulation of a twophase flow, a
clear specification of wettability is necessary, since it significantly affects the nature of
the flow. Based on the Young equation, the wettability is defined using contact angle:
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the angle that the twofluid interface forms at the solid surface [3]. Also, the numerical
slip length affects the nature of fluid flow in a porous medium. As calculations showed
with mesh decreasing, the numerical slip length also decreases.

Singlephase flow

Numerical methodology

Singlephase flow through a fibrous porous medium where porous material is
represented as parallel periodic cylinders of equal radius is examined in this section
(see Fig. 1). Therefore, the domain with one cylinder in the middle can be considered.
Boundary conditions used for this problem are shown on Fig1b (L is the domain size).
The flow direction is perpendicular to the axes of cylinders.

Figure 1. Periodically arranged cylinders

This model is based on numerical solution of the incompressible flow in irregular
domains, where irregular boundary is represented by its levelset function [7]. The flow
is described using the NavierStokes equations:

∂u⃗

∂t
+ u⃗ · ∇u⃗ = −∇P +

1

Re
∇2u⃗, (1)

∇ · u⃗ = 0, (2)

where u is the velocity, m/s; P is the pressure, Pa; and Re is the Reynolds number.
Initial condition for the velocity of fluid flow:

u⃗(0, x, y) = 0, (3)

Boundary conditions on the boundaries of the domain (dashed lines on Fig.1b) are:

u(x = 0, y) = u(x = L, y), (4)

u(x, y = 0) = u(x, y = L), (5)

P (x = 0, y) = Pin, (6)

P (x = L, y) = Pout, (7)
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P (x, y = 0) = P (x, y = L), (8)

where Pin is the inlet pressure, Pa; Pout the outlet pressure, Pa.
Noslip boundary condition is used on the surface of the cylinders:

u(t, x, y)|dΩ = 0. (9)

where dΩ is the surface of the cylinder.

Searching of Reynolds number for linear Darcys law

Reynolds number below which the fluid flow in porous medium obeys linear Darcys
law in isotropic and anisotropic porous media is found in this section.

Whitaker examined that the linear Darcys law is valid for Reynolds numbers Re<<1
using the method of volume averaging [8]. To investigate this condition, it is sufficient
to calculate the permeability in linear Darcys law, which is written as following for
singlephase flow:

U =
K

µ

Pin − Pout

L
, (10)

where K is the absolute permeability,m2; µ is the dynamic viscosity, Pa*s; and U
the is volumeaveraged velocity:

U =
1

V

∫
V

udV. (11)

where V is the volume,m3.
In isotropic medium, all cylinders in the model are located at the same distance

from each other and the coordinates of one cylinder are xc=0.5 and yc=0.5 and have a
diameter of d=0.4. In anisotropic medium, cylinder C in the model is shifted relative to
other cylinders (yc has a different values) as shown in Fig. 2. For this case, we move
the location of the cylinder (yc coordinate) and study the relation between the Reynolds
number and permeability.

Figure 2. Anisotropic porous medium

Fig. 3 demonstrates the K − Re relationships for the anisotropic porous medium
(cylinders with d=0.2 and locations ofmiddle cylinder yc=0.5, 0.6 and 0.7, respectively).



32 Zh. Akasheva et al.

1,00E-03

1,00E-02

1,00E-01

1,E-07 1,E-05 1,E-03 1,E-01 1,E+01

P
e

rm
e

a
b

il
it

y,
 m

2

Reynolds number

yc=0.6

yc=0.5

yc=0.7

Figure 3. TheK −Re for d=0.2 and yc=0.5, 0.6 and 0.7, respectively

Fig. 4 shows streamlines for the anisotropic porous medium (cylinders with d=0.2
and locations of middle cylinder yc=0.5, 0.6 and 0.7, respectively) for kinematic
viscosities 0.01m2/s and 0.1m2/s.

yc=0.5 yc=0.6 yc=0.7

�=0.01 m2/s

�=0.1 m2/s

a b c

d e f

Figure 4. Streamlines for d=0.2 and yc=0.5, 0.6 and 0.7 for ν=0.01 m2/s and ν=0.1 m2/s as
indicated

From the numerical results, it can be seen that at lower values of Reynolds number,
when vorticity does not occur, the linear Darcys law is fulfilled. It is known that vorticity
occurs at high values of Reynolds number [9] and appear inactive zones, therefore the
permeability of porous medium depends not only on the geometry of porous medium,
but also on the fluid flow properties (see Fig. 4).
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Comparison of numerical results with analytical solution

The comparison of numerical results with analytical solution [10] is provided in this
section. Tab. 2 and Fig. 5 present numerical results for different radii of the cylinder
(R), porosity (ϕ) and numerical predictions of dimensionless permeability (K/R2) and
dimensionless analytic permeability (Kanalytic/R

2). Also, Tab. 2 shows the comparison
of relative errors of calculated permeability, which are compared against the analytical
values from [10].

Table 1. Numerical results.

mesh R, m ϕ K/R2 Kanalytic/R
2 RE ofK

128x128 0.1261 0.95 1.02*100 1.01*100 1.17*10−2

128x128 0.1784 0.90 3.19*10−1 3.32*10−1 7.34*10−3

128x128 0.2523 0.80 7.73*10−2 7.62*10−2 1.42*10−2

128x128 0.3090 0.70 2.55*10−2 2.54*10−2 2.69*10−3

128x128 0.3568 0.60 8.91*10−3 9.01*10−3 1.13*10−2

256x256 0.3989 0.50 2.95*10−3 2.95*10−3 1.14*10−3

256x256 0.4370 0.40 7.33*10−4 7.42*10−4 1.32*10−2

512x512 0.4720 0.30 8.15*10−5 8.30*10−5 1.77*10−2

1024x1024 0.4886 0.25 8.22*10−6 8.29*10−5 8.45*10−3
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Figure 5. Comparison of numerical and analytical permeabilities

It can be seen that the results are almost the same (relative error between the meshes
is less than 1%).
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Twophase flow

Numerical methodology

Twophase flow of immiscible fluids around a cylinder with radii R in the ranges from
0.1 to 0.4, each fluid has a constant density ρi and viscosity µi is examined in this
section. The flow direction is perpendicular to the axes of cylinder.

Numerical calculations are performed on the staggered grid, so the numerical slip
length is introduced [11]. Fig. 6 demonstrates noslip condition (a) and lenght of
numerical slip (b).

v� v1v1
vg

�

�x�x

a b

Figure 6. (a) Noslip; (b) Slip length.

This model is based on numerical solution of the incompressible flow in irregular
domains, where irregular boundary is represented by its levelset function [12]. The flow
is described using the NavierStokes equations:

ρi(
∂u⃗i
∂t

) + u⃗i · ∇u⃗i = −∇Pi + µi∇2u⃗i, (12)

∇ · u⃗i = 0, (13)

α =

{
0, i = nw
1, i = w

(14)

ρ = αρw + (1− α)ρnw (15)

µ = αµw + (1− α)µnw (16)
∂ρ

∂t
+∇ · (ρu⃗) = 0, (17)

∂α

∂t
+∇ · (αu⃗) = 0, (18)

where u is the velocity, m/s; P is the pressure, Pa; ρ is the density, kg/m3; µ is the
visocsity, Pa*s, w is the wetting fluid and nw is the nonwetting fluid.

Equations (1)(4) are solved using following initial and boundary conditions: Initial
condition for the velocity of fluid flow:

u⃗(0, x, y) = 0, (19)
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α =

{
1, if x ∈ [0.05]
0, otherwise (20)

Boundary conditions on the boundaries of the domain are:

u(x = 0, y) = U,
∂u

∂x
(x = L, y) = 0, (21)

u(x, y = 0) = u(x, y = L), (22)

∂P

∂x
(x = 0, y) = 0, (23)

P (x = L, y) = PR (24)

P (x, y = 0) = P (x, y = L). (25)

Boundary condition at the interface between wetting and nonwetting fluids  I:

[u⃗]i = 0 (26)

−[−p+ 2µn⃗ · E · n⃗]I = σk (27)

k = −∇ · n⃗ (28)

−[2µt⃗ · E · n⃗]I = 0 (29)

where n⃗ is the normal to the interface I, t⃗ is the tangent to the interface I, k is the
curvature of the interface I and E is the strain rate tensor.

Noslip boundary condition is used on the surface of the cylinder:

u(t, x, y)|dΩ = 0, (30)

where dΩ is the surface of the cylinder.
Calculations are performed using following formulas:

∆P = PL − PR, (31)

PL =

∫
P (x = 0, y)dA (32)

S =

∫
V

αdV (33)

where V is the flow rate,m3, A is the area of the left boundary,m2, Si is the saturation
of the wetting fluid.

Fig. 7 demonstrates the distribution of the saturation of wetting and nonwetting
fluids (blue is nonwetting fluid, red is wetting fluid), for cylinder radii R = 0.2 and R
= 0.4.
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a b

Figure 7. Cylinders Radius (a) R = 0.2; (b) R = 0.4.

Results and discussion

First, the following parameters were selected: twophase flow with fluid viscosity ratio
M = 1 and cylinders radius R = 0.2, mesh sizes varies from 8x8 to 256x256. Fig. 8
shows the variation of saturation and pressure drop in time for surface tensions σ = 1
and σ = 10. As it can be seen from Fig. 8, the results for the saturation in time for σ = 1
and σ = 10 are the same for all mesh sizes. Since the cylinders radius is small, so for this
case the effect of the slip length on the flow is negligible. Also, pressure drop (Fig.8c and
Fig.8d) is different for different surface tension (σ = 1 and σ = 10), so surface tension
effect is significant.

Secondly, the following parameters were selected: twophase flow with fluid
viscosity ratio M = 1 and cylinders radius R = 0.4, mesh sizes varies from 16x16 to
256x256. Fig. 9 shows the variation of saturation and pressure drop in time for surface
tensions σ = 1 and σ = 10. In comparison with previous results (R = 0.2), here, the
results for saturation in time are slightly different for time from t>33. Since cylinders
radius is big enough, so slip length effects to the flow, and for finer meshes (128x128
and 256x256) the residual saturation is observed. As it can be seen from Fig.9c and
Fig.9d, the results for variation of pressure drop in time for R = 0.4 are same almost for
all mesh sizes (except 16x16), because the cylinders radius is big enough and effect of
viscous force is more significant than capillary force.

Then, the following parameters were selected: twophase flow with fluid viscosity
ratiosM = 0.01 andM= 100 and cylinders radiusR=0.2, mesh sizes varies from 16x16
to 256x256. Fig. 10 shows the variation of saturation and pressure drop in time for
surface tension σ = 0.1. As it can be seen from Fig.10a, the results for variation of
saturation in time differ significantly, but the results on the Fig.10b are same for all mesh
sizes. Since for viscosity ratioM = 0.01 fingering pattern appears and it depends on the
slip length, so for coarser mesh the residual saturation is smaller than for finer mesh. As
it can be seen from Fig. 10c, the results on pressure drop in time differ significantly, but
the results on the Fig. 10d slightly different, because the cylinders radius is small.

Also, the following parameters were considered: twophase flowwith fluid viscosity
ratios M = 0.01 and M = 100 and cylinders radius R = 0.4, mesh sizes varies from
16x16 to 256x256. Fig. 11 shows the variation of saturation and pressure drop in time
for surface tension σ = 0.1.

Finally, the following parameters were selected: twophase flow with fluid viscosity
ratiosM = 0.01 andM = 100, surface tension σ = 0.1 and cylinders radii in the ranges
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from 0.1 to 0.4 for mesh 256x256. Fig. 12 shows the variation of saturation and pressure
drop in time for cylinders radii from R = 0.1 to R = 0.4.
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and σ = 10 (b, d) for different Meshes, as indicated.
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Figure 9. The Variation of Saturation and Pressure Drop in Time for M = 1, R = 0.4, σ = 1 (a)
and σ= 10 (b) for different Meshes, as indicated.
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Conclusion

Single and twophase flow through a fibrous porous medium is numerically simulated.
The simulation is based on the numerical solution of incompressible NavierStokes
equations.

For a singlephase flow the permeability of fibrous porous medium is numerically
calculated in this paper. Reynolds number below which the flow obeys the linear
Darcys law is investigated. Numerical calculation results are in excellent agreement
with analytical solution [10] for the flow in porous medium.

For a twophase flow the sensitivity analysis of slip length is presented in this work.
Variations of pressure drop and saturation in time are numerically calculated for different
values of surface tension (σ), viscosity ratio (M = µnw/µw), and mesh sizes. The
presented results show that solutions of saturation and pressure drop in time vary with
mesh refinement, so the numerical slip length significantly affects the flow. For a coarser
mesh the influence of numerical slip length is less than for a finer mesh, also as bigger
the value of the viscosity ratio or surface tension as lower the influence of numerical slip
length. The results show that the contact line motion significantly depends not only on
the microstructure of the porous media, but also on the fluid properties (viscosity ratio,
surface tension and etc.).
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Abstract In recent years, modern information technologies are actively used
in various sectors of industry. The oil industry is no exception, since high
performance computing technologies, artificial intelligence algorithms, methods
of collecting, processing and storing information are actively used to solve the
problems of enhanced oil recovery.
This article discusses the application of modern approaches to solving oil
production problems: the fragmented approach technology, the parallel approach
technology and machine learning algorithms. The problem of multiphase
multicomponent fluid flow in porous medium is solved by the NewtonILU
(0)GMRES method. To automate the implementation of numerical models on
multicomputers, fragmented programming technology and a parallel algorithm
on MPI are used. The developed algorithms were tested and analyzed on the
MVS10P supercomputer. Also, the problem of oil displacement is solved using
machine learning algorithms. The algorithms are classical supervised learning
(linear and polynomial regression) and neural networks.

Keywords: Enhanced oil recovery, MPI, Machine learning, LUNA, Regression
methods, Artificial neural network, GMRES, Preconditioner.

Introduction

The development of modern highperformance computing allows humanity to solve
important scientific and applied problems in various fields. The accuracy of solving
such problems requires the use of a large mesh, which in turn requires large
computational resources. Currently, supercomputers are used to solve problems such as
weather modeling and climate prediction, acoustic problems, hydrodynamics, economic
processes and etc.Actual and at the same time quite a difficult task of hydrodynamic
modeling is the simulation of multicomponent multiphase flow of liquid (oil and gas) in
porousmedia (in oil reservoirs). In solving such problems, variousmethods and schemes
[1,2,3] can be used, some of them are iterative methods for solving linear systems [4,5].

Various technologies are used to speed up the execution time of calculations for
solving scientific problems, such as MPI [6], OpenMP [7], CUDA [8,9], OpenCL
[10], and fragmented programming [11].
⋆ Supported by National Engineering Academy
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In this paper, we solve a system of equations using the NewtonRaphson method, at
each iteration of which the system of algebraic equations is solved using the generalized
minimum residual method (GMRES) with ILU (0) preconditioner. A program for
solving this problem using a method called NewtonILU(0)GMRES is implemented
parallel usingMPI and using fragmented programming (FP) technology, which is aimed
at automating the construction of parallel programs for supercomputers.

There is a lot of research related to increasing oil production using machine learning
methods. In this work [12], the authors found out that the use of machine learning
(ML) algorithms may turn out to be more productive in comparison with traditional
calculations on a regular grid [13,14].

The work [15] considers machine learning algorithms for estimating the oil
production coefficient using a combination of engineering and stratigraphic parameters.
For a data set consisting of 30 parameters, linear regression models and the support
vector machine (SVM) method were applied. As a result, the data obtained were very
close to the results of crossvalidation. Thus, the authors of this work suggest that the
methods considered by them can be used to predict future production. The authors
of [16,17] considered the use of artificial neural network (ANN) for predicting oil
production.

The study [18] examined various machine learning methods for predicting
downhole pressure, oil production, and forecasting water cut in production tasks. The
authors of [19] also examined the use of machine learning methods for interpreting
pressure, flow rate, and temperature data from permanent downhole sensors. In this
paper, three machine learning methods were applied, such as linear regression (LR),
core method, and ridge core regression.

Numerical Simulation of Multicomponent Multiphase Flow in
Porous Media using MPI technology

The onedimensional problem of compositional fluid flow in a porous medium is
considered. Compositional flow involves multiple components and three phases, and
there is a mass transfer between the vapor and liquid phases

A mathematical model of a multicomponent flow of a threephase liquid in a
porous medium is considered. The law of conservation of mass for each component is
written down and a system of nonlinear equations is obtained. Distribution of chemical
components in the hydrocarbon phase described by the Kvalue method [20]. The
thermodynamic behaviour of fluids under reservoir conditions are described by the
PengRobinson equations of state [21].

The system of nonlinear equations is linearized by the NewtonRaphson method.
The resulting system of linear equations is reduced to the following form, as shown by
[2]:

Ax = b, (1)

In this work, system (1) was solved by the iterative method GMRES, which is a
widely used Krylov subspace method [22].
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To reduce the number of iterations in the computation, preconditioning was used
as an explicit or implicit modification of the system of linear equations, making it
possible to simplify the solution. We choose ILU(0) [23] as a preconditioner for the
GMRES algorithm, which was found by decomposing matrix A by a finegrained ILU
factorization algorithm. As a result, for the numerical solution of the given problem for
solving a system of linear equations, (1) uses the NewtonILU0GMRES algorithm as
a fully implicit scheme.

To implement the parallel algorithm of the NewtonILU0GMRES, we need to
determine the parts of the calculations that can be the basis of parallelization.

For instance, the ILU0GMRES algorithm consists of the following steps:

1. Initialization. Choose x0, compute r = b− Ax0, solve Pw = rand compute v1 =
w

∥w∥2

2. Arnoldi iteration. Iterate m times: j=1,2,…,m. The specific Arnoldi algorithm is as
follows:

for i=1,…,m
Pw=Axi
for k=1,…,i
hk,i = (w, vk)
w = w − hk,ivk
endk
hi+1,i = ∥w∥2
vj+1 = W

hi+1,i

end i

3. Compute the approximate solution xm = x0+Qn,m ym. Here, ym minimizes
∥βξ −Hm,m∥;Qn,k is an nxk matrix, the column vector of the matrix is composed
of v1, v2,…, vk orthogonal vectors, andHmm is the Hessenberg matrix.

4. Determination. Compute rm = b − xm, stop if the condition is met: otherwise let
x0 = xm and go back to 1) and recalculate. The convergence condition by which
the method stops is given by an arbitrary number ε.

In this ILU0GMRES algorithm, there are common operations such asmatrixmatrix
multiplication, matrixvector multiplication, vectorvector multiplication and vector
norm calculation in steps of a), b) and c). These operations could be implemented in
parallel with data decomposition. In a) and b) steps of the GMRES algorithm, P is used
as the ILU(0) preconditioner.

The testing of the program was carried out on matrices corresponding to the cases
when the number of grid point schemes varied from 500 to 8000. The size of the matrix
being solved is 6 times larger than the number of grid points. The size of the matrix,
which corresponds to the case when the number of points in the difference grid is equal
to 8000, is 48000 x 48000, since for each point 6 equations are written.

Test runs for the considered problem (1) were made on theMVS10P supercomputer
of the Interdepartmental Supercomputer Center of the Russian Academy of Sciences,
which includes nodes with two Xeon X5450 processors and 8 GB of RAM for each
node. The test results are shown in Table 1.
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Table 1. The runtimes of the parallel program in MPI

Number of processors Size of Matrix A
3000x3000 6000x6000 12000x12000 24000x24000 48000x48000

1 3.74 48.38 334.24 1 688.74 20 219.34
8 1.19 7.57 53.82 394.74 2 942.02
64 2.59 12.03 64.16 389.68 2 565.59
128 2.95 12.66 65.25 395.58 2 569.01
256 4.39 17.29 82.75 450.28 2 798.32
512 11.53 42.56 202.01 866.98 4 185.07

As we can see from the test results, the parallel program running on 8 processors
achieved the shortest runtime. As the size of the task increases, the parallel application
achieves the shortest calculation time running on 64 processors, but it is not much
different from the runtime of a parallel program running on 8, 128 and 256 processors.
The reason is because with an increase in the number of processors, the computation
time on each processor decreases, and the time spent on communications increases.

It can be seen that the runtimes on 64 and 128 processors are about the same. This
finding is explained by the fact that on 64 processors, the communication time is less
than the computation time, and on 128 processors, the computation time is less than
the communication time, but in total, the time consumed is almost the same. For matrix
size 3000x3000 on 256 and 512 processors, the parallel program is slower than the
sequential program. With an increase in the size of the matrix, for instance, for matrices
6000x6000  48000x48000, the runtime of the parallel program decreases compared to
the sequential program. This regularity makes it possible to predict that with an increase
in the size of the matrix, in large numbers of processors, acceleration also increases. It
can be concluded that it makes sense to run the parallel algorithm of the method on a
large number of processors but only with large of matrix that cannot fit in the memory
of a single node.

Numerical Simulation of Multicomponent Multiphase Flow in
Porous Media on LuNA Fragmented Programming System

To solve the problem presented in the previous chapter, a fragmented version of
the ILU(0)GMRES algorithm for the LuNA system was developed. A fragmented
algorithm frees the programmer from parts of parallel program execution, such as data
transfer and messaging, and allows him to perform these actions automatically. In the
system of fragmented programming LuNA to automate the creation of parallel programs
uses the socalled fragmented algorithm (FA), which consists of light processes,
computational fragments (CF). The data is represented as an immutable block called
data fragments (DF). Accordingly, new data, called output DFs, are computed from
input DFs using CF.

In the fragmented version of the Arnoldi orthogonalization algorithm, the vectors w
and vk are divided by n the number of DFs. The resulting matrices Hm,m and Qn,k are
stored as separate DFs. In each new Arnoldi iteration, the defined CFs calculate the new
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output DFs, using the above listed DFs as input parameters. In this case, the input DF,
which will no longer be used, can be removed from memory.

You can see that calculating of the residual r and finding the approximate solution
xm of the ILU(0)GMRES algorithm, which was described before, are simple matrix
vector operations, the fragmented algorithms of which can be easily implemented in the
LuNA system.

Table 2. The runtimes of the fragmented program in LuNA

Number of processors Size of Matrix A
3000x3000 6000x6000

8 1338,81 8412,66

Table 2 shows the running time of a fragmented program. As you can see from the
table, the computation time turns out to be very long, this is due to the fact that the
algorithm has a lot of connections between the nodes, it takes a lot of time to organize
them, moreover, in the LuNA system, the MPICH library is used to organize parallel
computations using the TCP standard / IP. Therefore, a lot of time is spent on data
exchange between nodes, in contrast to the MPI program, in which the data exchange
was implemented using the faster InfiniBand standard.

Using Machine Learning Methods for Oil Recovery Prediction

In this work, the obtained synthetic data from a mathematical model were divided into
a training and test sample. As input parameters, various combinations of parameters
of the oil production problem (porosity, viscosity of the oil phase and absolute rock
permeability) were taken. And as the output parameter, the value of the oil recovery
coefficient was chosen. The data was divided into a training and test set. For training,
8069 sets (80%) of the total data were used, and for the test the remaining 2017 pairs
(20%). The total number of sample pairs is 10,086 models. Each sample pair consists
of 40 oil recovery factor values. As a result, we have many test pairs, however, in this
paper, the results will be shown only for some. Fig. 1 shows the result of one test sample
pair for different regression methods. Fig. 2 shows the result of one test sample pair for
ANN. The Table 3 shows the average R2 score for 20% of test sets.

Table 3. Evaluation of R2 for all pairs of training and test set.

Machine learning algorithms Test sets (20%)
R2

LR 0.91
Polynomial Regression (PR) degree = 2 0.96
PR degree = 3 0.79
PR degree = 3 with L1 0.92
ANN 0.97



Highperformance and intelligent computational models 45

Figure 1. Oil recovery factor on different regression models.

Figure 2. Oil recovery prediction using an artificial neural network.
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Conclusion

This research examines the parallel implementation of the NewtonILU0GMRES
algorithm for a multicomponent threephase flow problem. Tests were carried out with
different node sizes and numbers of processes on supercomputers. The study showed
that on a large number of processes, the MPI program runs better in largescale tasks,
in addition the MPI program has higher efficiency and scalability than the LuNA
program. In the future we plan to develop a fragmented program to direct control for the
considered parallel algorithm, which will increase the effectiveness of the fragmented
program.

This article was devoted to the application of machine learning methods for
predicting oil production. Different degrees of polynomial regression were tested, and
it was also revealed that for our synthetic data, the quadratic polynomial model is quite
well trained and predicts the value of the oil recovery coefficient. An artificial neural
network with one hidden layer with optimally selected hyperparameters was built. For
the constructed neural network, the determination coefficient R2 was 0.97, which is
slightly better than the quadratic model of polynomial regression.Thus, it is assumed
that the considered machine learning methods in this article may be useful for predicting
oil production.
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Abstract Currently, there is an increased interest in the problem of numerical
implementation of multiphase filtration models due to its huge economic
significance in the oil industry, hydrology, and nuclear waste management.
In contrast to classical filtration models, filtration models in highly porous
fractured formations with fractal well geometry have not been fully studied. The
solution of this problem is reduced to solving a system of differential equations
with fractional derivatives. In this paper, we consider an initialboundary value
problem for a onedimensional differential equation with a fractional time
derivative in the Caputo sense. The problem under consideration can be classified
as a parabolic type, with a fractional derivative in time and a spatial variable. In
addition, a single initial condition and a Dirichlet type condition are set. This
equation is of great practical importance in the modeling of filtration processes in
highly porous fractured reservoirs with fractal geometry wells. For the numerical
solution, an approximation is constructed using the finite element method. The
results of numerical solution of two model problems are presented, which show
the efficiency of the proposed method for modeling flow in fractured porous
media.

Keywords: Fractional partial differential equation, Caputo derivative, Finite
element method, Numerical method, Approximate solution.

Introduction

The construction of mathematical models and computational algorithms for fluid flow in
fractured formations is an urgent and interesting task both from the side of constructing
new mathematical models that allow taking into account differentscale processes, and
from the side of constructing modern computational methods [1,2,3]. There is also an
increased interest in the problem of numerical implementation of multiphase filtration
models due to its huge economic significance in the oil industry, hydrology, and nuclear
waste management.

A longterm study of filtration flows has shown that their dynamics are significantly
affected by memory effects, which are described by the theory of fractional order
integrodifferentiation. These mathematical models provide a more accurate and
realistic description of the processes occurring in such complex environments. This
⋆ This work was supported by the Ministry of education and science of the Republic of
Kazakhstan (grant No. AP08053189, 20202022)
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direction in filtration theory appeared relatively recently [4, 5, 6]. In [7], the classical
equations describing the motion of a liquid in a porous medium are rewritten taking
into account the memory formalism using a fractional derivative in the Caputo sense.
In [8], the phenomenon of longitudinal dispersion in the flow of two mixing liquids
through a porous medium is studied using the CaputoFabrizio fractional derivative. In
[9], fractional derivatives of various orders in the Caputo sense with a variable lower
limit are applied in fractured and matrix regions. In [10], a finitedifference scheme is
constructed for solving the initial boundary value problem for the convectiondiffusion
equation with a fractional time derivative in the Caputo sense, which can be used as a
model filtration problem.

In this paper, we consider the model problem investigated in [10]. Instead of the
finitedifference scheme used in [10], a finiteelement scheme is used.

Problem Statement

On the segment Ω = [0, L], consider the problem

∂α0,tu+ q
∂u

∂x
− ∂

∂x

(
a
∂u

∂x

)
= f (x, t) , (1)

u (x, 0) = µ (x) , (2)

u (0, t) = u (L, t) = 0. (3)

A derivative of fractional order 0 < α < 1 is defined in the Caputo sense:

∂α0,tu (x, t) =
1

1− α

∫ t

0

1

(t− τ)
α
∂u

∂τ
(x, τ) dτ.

Approximate solution of the problem

Weak solution of the problem (18)(19) is the function u (x, t) that satisfies the condition
(2) and the integral identity∫ L

0

∂α0,tuw dx+

∫ L

0

q
∂u

∂x
w dx+

∫ L

0

a
∂u

∂x

∂w

∂x
dx =

∫ L

0

fw dx, (4)

where w ∈ C∞ (Ω) is an arbitrary function.
For an approximate solution of the problem (18)(19) using the finite element

method. On the Ω segment, we introduce a set of elements Ωn = [xn−1, xn] with

points 0 = x0 < x1 < ... < xN = L, such that
N⋃

n=1

Ωn = Ω и Ωi ∩

Ωj = ∅ for i ̸= j. On the time interval [0, T ], we introduce the partition ωτ ={
tk = kτ, k = 0, 1, ...,M, Mτ = T

}
.

Approximate solution uh of the problem (18)(19) on the kth time layer, we will
search in the form
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uh
(
x, tk

)
=

N∑
j=1

ukjφj (x) ,

where ukj are unknown coefficients, φj (x) are basis functions. To approximate the
fractional derivative ∂α0,tu, we will use the formula

∂α0,tu
k+1 ≈ ∆α

0,tu
k+1 ≡ 1

ταΓ (2− α)

k∑
s=0

bαs
(
uk+1−s − uk−s

)
, (5)

where bαs = (s+ 1)
1−α − s1−α and the notation uk = u

(
·, tk

)
is introduced.

Using(5) and givenbα0 = 1, we rewrite the integral identity (4) as

τ1−α

Γ (2− α)

∫ L

0

uk+1 − uk

τ
w dx+

1

ταΓ (2− α)

k∑
s=1

∫ L

0

bαs
(
uk+1−s − uk−s

)
w dx+

+

∫ L

0

q
∂uk+1

∂x
w dx+

∫ L

0

a
∂uk+1

∂x

∂w

∂x
dx =

∫ L

0

fw dx.

Choosing the basis functions so that

φj (xi) =

{
1, i = j,
0, i ̸= j,

we obtain a system of linear algebraic equations for determining the vectorUk ={
uk1 , u

k
2 , ..., u

k
N

}
unknown values on the kth time layer:

M
Uk+1 − Uk

τ
+KUk+1 = F k+1, (6)

whereM ,K are matrices of dimension N ×N , and F is a vector of dimension N × 1
with elements

Mij =
τ1−α

Γ (2− α)

∫ L

0

φiφjdx, (7)

Kij =

∫ L

0

(
q
∂φj

∂x
φi + a

∂φj

∂x

∂φi

∂x

)
dx, (8)

F k+1
i = − 1

ταΓ (2− α)

N∑
j=1

k∑
s=1

∫ L

0

bαs
(
uk+1−s
j − uk−s

j

)
φiφjdx+

∫ L

0

f (x, t)φidx.

(9)
It follows from (6) that the vector Uk+1 is defined by the formula

Uk+1 = (M + τK)
−1 (

MUk + τF k+1
)
. (10)

For approximate calculation of integrals in (7)(9), on each element Ωi = [xi−1, xi]
we introduce the replacement of variables ξ with the relation
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x =
xi − xi−1

2
ξ +

xi−1 + xi
2

so that the new variable ξ changes from 1 to 1, and we use the quadrature formula for
integrating Gauss over five points. As the basis functions, we choose the functions

φ1 (ξ) =
1

2
(1− ξ) , φ2 (ξ) =

1

2
(1 + ξ) .

Analysis of computational experiments

To test the proposed algorithm, a number of problems are considered.
Example 1. Find an approximate solution to the problem

∂α0,tu− ∂u

∂x
− ∂2u

∂x2
=

2x2t2−α (1− x)

Γ (1− α) (α− 2) (α− 1)
− t2

(
2− 4x− 3x2

)
, 0 < x < 1,

u (x, 0) = 0, u (0, t) = u (1, t) = 0.

The exact solution to this problem is as follows u (x, t) = t2x2 (1− x).
Example 2. Find an approximate solution to the problem

∂α0,tu− (x+ 1)
∂u

∂x
− ∂2u

∂x2
=

18exx2t3−α
(
x2 − 1

)
Γ (1− α) (α− 3) (α− 2) (α− 1)

−

−3t3ex
(
x5 + 6x4 + 11x3 + 8x2 − 6x− 2

)
, 0 < x < 1,

u (x, 0) = 0, u (0, t) = u (1, t) = 0.

The exact solution to this problem is as follows u (x, t) = 3ext3x2
(
1− x2

)
.

Tables 1 and 2 show error values for various values of the x and t.

x t error
0.097 0.05 7.4 · 10−7

0.498 0.05 2.1 · 10−5

0.949 0.05 9.9 · 10−6

0.097 0.25 7.8 · 10−6

0.498 0.25 1.4 · 10−4

0.949 0.25 5.4 · 10−5

0.097 0.75 2.9 · 10−5

0.498 0.75 4.5 · 10−4

0.949 0.75 1.6 · 10−4

Table 1. Error analysis for the Example 1
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Figure 1. Approximate solution of Example 1

x t error
0.097 0.05 2.1 · 10−5

0.498 0.05 5.1 · 10−5

0.949 0.05 2.0 · 10−5

0.097 0.25 2.9 · 10−3

0.498 0.25 2.4 · 10−3

0.949 0.25 7.2 · 10−3

0.097 0.75 3.9 · 10−2

0.498 0.75 2.7 · 10−2

0.949 0.75 2.4 · 10−2

Table 2. Error analysis for the Example 2

Conclusion

Thus, a finite element scheme is constructed for a fractional differential equation with
variable coefficients containing a fractional time derivative in the Caputo sense. The
results obtained can be applied to the numerical solution of other equations containing
a fractional time derivative.
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Figure 2. Approximate solution of Example 2
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Abstract The aim of this work is to develop a sufficiently effective
system for question answering which should perform as academic assistant
in Russian or Kazakh. For this purpose Google’s pretrained multilingual
language representation model BERT (Bidirectional Encoder Representations
from Transformers) is used. BERT is a transformerbased technique for pre
training contextual word representations that enables stateoftheart results
across a wide array of natural language processing tasks.
Using a pretrained model with 12 layers for 104 languages and zeroshot transfer
learning, it turned out to build a prototype of a question&answer system (academic
assistant), the answers to which need to be found from the presented text (context).
The built system showed good performance for Russian texts and fair results for
Kazakh. To improve the quality of the system we specially created academic
question and answer dataset in Kazakh, and it is managed by finetuning the
pretrained BERT with this dataset obtain an acceptable performance for Kazakh
language.

Keywords: Natural Language Processing, Deep Learning, Transformer
Architecture, Question Answering.

Introduction

Due to the pandemic and the emergency transition to distance learning, in addition to the
educational process, universities need to establish feedback with students and quickly
respond to their requests. The number of student appeals during assessment periods and
examinations grows exponentially, and so does the beginning of the academic year. For
example, in the automated dialogue system of the University of International Business
(UIB), on the first day of the academic year, more than 890 student requests were
recorded. Dealing with such a large flow of requests is difficult without automating the
business processes of the call center and other departments of university. Therefore, the
purpose of this work is to develop a sufficiently effective system of question answering
for academic organizations.

Question answering is a computer science subject within the fields of information
retrieval and natural language processing (NLP), which is concerned with building
systems that automatically answer questions posed by humans. Though automatic
question answering has a significant advance in the stateofart information retrieval
technology in recent years but still there are many challenging issues that are yet to
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be resolved. One of the challenging tasks for existing QA systems is to understand
the natural language questions correctly and deduce the precise meaning to retrieve
exact responses. Improvement in mechanized understanding of questions faces issues
like question classification, formulation of right queries, ambiguity resolution, semantic
symmetry detection, identification of temporal relationship in complex questions. In the
similar way identification of a perfect answer requires proper validation mechanism.

Question Answering with context is a task to find an answer on question in a given
passage of text, where the answer to each question is a segment of the passage. A
question answering system can automate many processes in academia and business. For
example, it can help students get answers based on the external or internal regulatory
and reference documents of the higher education institution. In addition, it helps you to
check the reading comprehension ability of your students in tutoring.

In order to develop an automated academic assistant, various natural language
processing technologies have been tested using machine learning methods. In recent
years, significant progress has been made in this direction, primarily related to the
use of computer technologies and techniques of artificial intelligence. Recent advances
in deep learning for NLP have made explosive progress in the past two years. The
combination of multiple techniques  including transfer learning and the invention of
the Transformer neural architecture  have led to dramatic improvements in several
NLP tasks including sentiment analysis, document classification, question answering,
and more. In 2018, Google employees [1] published a work in which they created
a new language representation model BERT (Bidirectional Encoder Representations
from Transformers). BERT performed the best in 11 natural language processing tasks,
beating all previous developments in this area.

The use of a bidirectional attention mechanism in a deep neural network
with the Transformer architecture [2] allows one to build contextbased natural
language representation models. This approach allows to improve the accuracy of text
interpretation by a computer, eliminating the ambiguity of words, and also to learn from
unlabeled text. Pretrained BERTmodels for different languages with a different number
of encoder layers have been published on the hosting service for IT projects GitHub
(https://github.com/googleresearch/bert).

Methods

Recently, the contextbased question answering task attracted a lot of attention in
academy. One of the major milestones in this field was the release of Stanford Question
Answering Dataset (SQuAD). SQuAD a new reading comprehension dataset, consisting
of questions posed by crowdworkers on a set of Wikipedia articles, where the answer
to every question is a segment of text, or span, from the corresponding reading passage.
With 100,000 questionanswer pairs on more than 500 articles, SQuAD is significantly
larger than previous reading comprehension datasets [3].

Extractive reading comprehension systems can often locate the correct answer to
a question in a context document, but they also tend to make unreliable guesses on
questions for which the correct answer is not stated in the context. Existing datasets
either focused exclusively on answerable questions, or used automatically generated



56 Y. Alimzhanov

unanswerable questions that are easy to identify. To address these weaknesses the latest
version of the Stanford Question Answering Dataset (SQuAD) presented in [4]. SQuAD
2.0 combines the 100,000 questions in SQuAD1.1 with over 50,000 unanswerable
questions written adversarially by crowdworkers to look similar to answerable ones. To
do well on SQuAD 2.0, systems must not only answer questions when possible, but also
determine when no answer is supported by the paragraph and abstain from answering.

BERT model was originally trained only for English language, but lately
multilingual model trained on 104 was released. It gives ability to train models on
language and use them for 104 other language. This technique is called zeroshot transfer
as we don’t use any training data for target language. Multilingual BERT models allow
to perform zeroshot transfer from one language to another.

Zeroshot learning could provide extremely interesting applications, especially
when there is a lack of proper datasets. Zeroshot learning relies on the existence of
a labeled training set of seen classes and unseen class. Both seen and unseen classes are
related in a high dimensional vector space, called semantic space, where the knowledge
from seen classes can be transferred to unseen classes [5]. As you see in the figure 1,
multilingual BERT performs well on answering questions in the Kazakh language in a
given context.

Figure 1. Example of answering questions in Kazakh by Zeroshot learning.

The Kazakh is lowresource language, but in Wikipedia it is not the last in terms
of the number of articles [6]. There are several developments for natural language
processing tasks in Kazakh, which are maintained by various groups of scientists. But
there is no consolidated resource and open access for researchers, which complicates
progress in the development of new tools for NLP. For example, socalled Almaty
Corpus of the Kazakh Language contains more than 40 million word tokens from
the written and oral texts of different genres [7]. Also there is a Kazakh Language
Corpus containing over 135 million words and conveying five stylistic genres: literary,
publicistic, official, scientific and informal [8]. However, even this volume is not enough
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to train and get a highquality language model based on BERT when compared with the
volume of the corpus, which used for pretraining BERT in English [1].

Finetuning BERT on Question Answering Tasks

To feed a question answering task into BERT, we pack both the question and the
reference text into the input. The first token of every sequence is always a special
classification token [CLS]. The two pieces of text are separated by the special [SEP]
token. BERT also uses ”Segment Embeddings”to differentiate the question from the
reference text. These are simply two embeddings that BERT learned, and which it adds
to the token embeddings before feeding them into the input layer. In addition, for a
given token, its input representation is constructed by summing the corresponding token,
segment, and position embeddings [1].

Pretrained BERT can be used for question answering over the text just by applying
two linear transformations to the BERT outputs for each subtoken. The first/second
linear transformation is used for predicting the probability that the current subtoken
is the start/end position of the answer (fig. 2).

Figure 2. Illustration of Finetuning BERT on Question Answering Tasks [1]

For additional finetuning of pretrained BERT, we collected a special dataset with
questions and answers from the main regulatory documents of theMinistry of Education
and Science of the Republic of Kazakhstan (see, i.e. [9]), as well as internal documents
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regulating the academic policy of the university and containing answers to the most
frequently asked questions.We used these documents only for a dataset in Kazakh, since
BERT works quite well in Russian and there are trained models with open access [10].
Our dataset currently contains about 350 questions and will be supplemented in the
future.

Finetuning of BERT was performed in the Google Colab environment with GPU
(https://colab.research.google.com) and 12 GB RAM and it took about 2 hours, since
BERT in base size contains of 110 millions parameters. We finetuned for 2 epochs with
a learning rate of 3e5 and a batch size of 12, as it recommended in the GitHub project
webpage of BERT (https://github.com/googleresearch/bert).

Results

The built system showed good performance for Russian texts and fair results for Kazakh.
To improve the quality of the systemwe specially created academic question and answer
dataset in Kazakh, and it is managed by finetuning the pretrained BERT with this
dataset obtain an acceptable performance for Kazakh language.

Performance results are given in the table 1 where the metrics are exact matching
(EM) and F1. There RuBERT QA is a finetuned BERT question answering model from
the DeepPavlov project [10]. It is interesting fact that model can work even if context
and question languages are different (fig. 3).

Table 1. Results for ZeroShot QA from English to Russian and Kazakh.

Model in Kazakh EM F1 Model in Russian EM F1
FineTuned BERT QA 72 74.3 RuBERT QA 82 84.6

Zeroshot Multilingual BERT QA 65 68.4 Zeroshot ML BERT QA 73 76.5

Such a finetuned model can be used for building a modern automated question
answering system on top of a large collection of unstructured text documents such
as Wikipedia − but we could imagine other use cases, such as a system built atop a
newsfeed or a set of internal or externalfacing corporate documents.

Discussion

Recent advances in deep learning for NLP have made explosive progress in the past
two years. The combination of multiple techniques  including transfer learning and the
invention of the Transformer neural architecture  have led to dramatic improvements
in several NLP tasks including sentiment analysis, document classification, question
answering, andmore.Models like BERT, XLNet [11], and Googles newT5 [12] work by
processing a document and identifying a passage within that best answers the question.

Many authors note the slowness of the BERT model when working on production.
Therefore, many works have been devoted to optimizing and improving performance



An Academic Assistant Based on a Pretrained Model 59

Figure 3. Example of answering questions in English from Spanish context by Zeroshot
Multilingual BERT QA model.

(see, i.e. [13] and [14], [15]), and also obtained stateoftheart results using ensembles
of several models with the BERT [16].

However, since training of large models occurs mainly with the help of languages
with large resources, which represent more developed countries and parts of the world,
in the future there may be problems in interpreting the meaning of texts in lowresource
languages. It can also lead to even greater inequality between rich and poor countries in
the introduction of artificial intelligence into the industry.

Conclusion

In order to react in time to the requests of citizens and not aggravate social tension among
the population, all institutions of social importance, as well as universities, need to
digitalize the processes of relationships with their customers. Dialogue systems based on
chatbots can automate requests from stakeholders and help to respond to their requests
in time.

As far as the author knows, there are very few works on automatic answering
questions in the Kazakh language, so this work is very relevant. In the future, these
aproach can be used to develop fullfledged dialogue systems and conversational
AI deploying speech pipeline of automatic speech recognition and text to speech
technologies with NLP unit as demonstrated in [17].
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Abstract The problems of integral geometry are to find the functions, which are
determined on certain variety, through its integrals on certain set of subvarities
with lower dimension.
Additionally, the problems of integral geometry are correlated with various
solutions (data interpretation objectives of exploration seismology, electro
exploration, acoustics, and inverse problems of kinetic equations, widely used
in plasma physics and astrophysics). In recent years, the studies on problems of
integral geometry have critical significance for tomography, which is intensively
developing scientific  technic pillar that has several applications in medicine
and industry. Therefore, development of various solution methods for the integral
geometry problems is actual issue.
In this paper, we get estimate the conditional stability of the finitedifference
analogue of the twodimensional problem of an integral problem with a weight
function

Keywords: Finitedifference problem, Solution, Stability.

Introduction and problem statement

The problems of integral geometry are to find the functions, which are determined on
certain variety, through its integrals on certain set of subvarities with lower dimension.

One of the stimuli for studying such problems is their connection with
multidimensional inverse problems for differential equations [1]. In some inverse
problems for hyperbolic equations were shown to reduce to integral geometry problems
and, in particular, a problem of integral geometry was considered in the case of shift
invariant curves. Mukhometov [2] showed the uniqueness and estimated the stability
of the solution of a twodimensional integral geometry on the whole. His results were
mainly based on the reduction of the twodimensional integral geometry problem

V (γ, z) =

∫
K(γ,z)

U (x, y) ρ (x, y, z) ds, γ ∈ [0, l] , z ∈ [0, l] (1)

where U ∈ C2
(
D
)
, ρ (x, y, z) is a known function to the boundary value problem

∂

∂z

(
∂W

∂x

cos θ
ρ

+
∂W

∂y

sin θ
ρ

)
= 0, (x, y, z) ∈ Ω1, (2)
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W (ξ (γ) , η (γ) , z) = V (γ, z) , V (z, z) = 0, γ, z ∈ [0, l] . (3)

Here D is a plane bounded by a simply connected domain with a smooth boundary Γ :

x = ξ (z) , y = η (z) , z ∈ [0, l] , ξ(0) = ξ(l), η(0) = η(l),

where a parameter z is the length of the curve Γ :

Ω1 = Ω/ {(ξ (γ) , η (γ) , z) : z ∈ [0, l]} , Ω = D̄ × [0, l];

K (x, y, z) is the part of the curveK (γ, z) included between the points (x, y) ∈ D and
(ξ (z) , η (z)) , z ∈ [0, l] ;

W (x, y, z) =

∫
K(x,y,z)

U (x, y) ρ (x, y, z) ds,

θ (x, y, z) is an angle between the tangent to K (x, y, z) at the point (x, y) and the x
axis and the variable parameter s is the curve length.

Suppose that the requirements on the family of curvesK (γ, z)and the domain D the
are necessary for the problem (1) to reduce to problem (2), (3) are met [2], [3]. Assume
also that every line parallel to either the x− or the y− axis intersects boundary of D at
no more than two points. Let

a1 = inf
(x,y)∈D

{x} , b1 = sup
(x,y)∈D

{x} , a2 = inf
(x,y)∈D

{y} , b2 = sup
(x,y)∈D

{y} ,

hj = (bj − aj) /Nj , j = 1, 2; h3 = l/N3,

and the Nj , j = 1, 2, 3, are natural number. Suppose that

0 < ε < min {(b1 − a1) /3, (b2 − a2) /3} ,

Dε =

{
(x, y) ∈ D : min

(α,β)∈Γ
ρ ((x, y) , (α, β)) > ε

}
,

Rh = {(xi, yj) : xi = a1 + ih1, yj = a2 + jh2, i = 1, ..., N1, j = 1, ..., N2} .

AneighborhoodB (ih1, jh2) of the point (a1+ih1, a2+jh2) is defined as the fivepoint
set

{(a1 + ih1, a2 + jh2) , (a1 + (i± 1)h1, a2 + (j ± 1)h2)} .

A set Dε
h consists of all points (a1 + ih1, a2 + jh2) such that their neighborhoods

B (ih1, jh2) are contained in Dε ∩Rh. A set Γε
h is made of all points (a1 + ih1, a2 +

jh2) ∈ Dε
h such that B (ih1, jh2) ∩ (Dε ∩Rh) \Dε

h ̸= 0. Finally,

∆ε
h =

⋃
Γε
h

B (ih1, jh2), Dh = Rh ∩D,

Ωε
h = (a1 + ih1, a2 + jh2, kh3) : (a1 + ih1, a2 + jh2) ∈ Dε

h, k = 0, 1, ..., N3 − 1.
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From here on we suppose that the coefficients and the solution of problem (2), (3) have
the following properties:

W (x, y, z) ∈ C3 (Ωε) , θ (x, y, z) ∈ C2 (Ωε) ,Ωε = Dε × [0, l] , (4)

ρ (x, y, z) ∈ C2 (Ω) , ρ (x, y, z) > c1 > 0,
∂θ

∂z
>

∣∣∣∣∂ρ∂z 1ρ
∣∣∣∣ . (5)

We consider the finitedifference problem of finding the functions Φk
i,j
, which satisfy

the equation [
Φ◦

x

A
C

+Φ◦
y

B

C

]
z

= 0, (a1 + ih1, a2 + jh2, kh3) ∈ Ωε
h, (6)

and the boundary condition

Φk
i,j

= F k
i,j
, (a1 + ih1, a2 + jh2) ∈ ∆ε

h, k = 1, ..., N3 − 1 (7)

Φ0
i,j

= ΦN3

i,j
, (a1 + ih1, a2 + jh2) ∈ Dε

h, (8)

where
Φk

i,j
= Φ(xi, yj , zk) = Φ(a1 + ih1, a2 + jh2, kh3),

Φ◦
x
= (Φi+1,j − Φi−1,j)/2h1,

Φ◦
y
= (Φi,j+1 − Φi,j−1)/2h2,

fz =

(
fk+1
i,j − fki,j

)
h3

, A = cos θki,j , B = sin θki,j ,

θki,j = θ (a1 + ih1, a2 + jh2, kh3) , C = ρki,j = ρ (a1 + ih1, a2 + jh2, kh3) .

We note that in the finitedifference formulation information on the solution is
given not only on the boundary Γ but also in its ε− neighborhood, because the partial
derivatives θz,Wxz,Wyz,Wxy have singularities of the type[

(x− ξ (z))
2
+ (y − η (z))

2
]− 1

2

in a neighborhood of an arbitrary point (ξ (z) , η (z) , z) (see [2]).

Stability estimation of the solution of the finite  difference problem

It is not difficult to verify the following assertion.

Lemma 1. If u and ν are mesh functions, then(u
ν

)
z
=
uzν

k − ukνz
νkνk+1

(9)

(uν)z = ukνz + uzν
k + h3uzνz (10)

(uν)◦
x
= u◦

x
νi + uiν◦

x
+
h21
2
[uxνx]x̄ (11)
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Theorem 1. Suppose that the solution of problem (6)  (8) exists on Ωε
h and

∣∣∣Φ ◦
xz

∣∣∣ ≤
c2,

∣∣∣Φ ◦
yz

∣∣∣ ≤ c2, where c2 is constant, and that

(ABz −AzB)−
∣∣∣∣Cz

C

∣∣∣∣ ≥ α > 0

for all Nj , j = 1, 2, 3. Then there exists a positive constant N∗∗ such that, for all
Nj > N∗∗, j = 1, 2, 3, ∑

Ωε
h

(
Φ2

◦
x
+Φ2

◦
y

)
h1 h2 h3 ≤

≤ c3
∑
∆ε

h

(
F 2

◦
x
h1h3 + F 2

◦
y
h2h3 + F 2

z (h2 + h1)h3

)
+ c2h

2
3.

(12)

Here c3 is a constant dependent on the function ρ (x, y, z) and on the family of curves
K (γ, z) .

Доказательство. Multiplying both sides of (6) by 2C
(
−BΦ◦

x
+AΦ◦

y

)
(see [3], [4],

[5], [6]), we get J1 + J2 = 0, where

J1 = J2 = C
[
−Φ◦

x
B +Φ◦

y
A
] [

Φ◦
x

A

C
+Φ◦

y

B

C

]
z

.

Using the product differentiation formula (10) we obtain

J1 =

[
C
(
−Φ◦

x
B +Φ◦

y
A
)(

Φ◦
x

A

C
+Φ◦

y

B

C

)]
z

−

−
[
C
(
−Φ◦

x
B +Φ◦

y
A
)]

z

(
Φ◦

x

A

C
+Φ◦

y

B

C

)
−

−h3
[
C
(
−Φ◦

x
B +Φ◦

y
A
)]

z

[
Φ◦

x

A

C
+Φ◦

y

B

C

]
z

= 0

Exposing brackets in expression J1 and J2 taking into account formulas (9), (10) and
equality (6), taking into account that(
1− Ck

Ck+1

)
≈ o (h3) ,

(
1

Ck+1
− 1

Ck

)
≈ o (h3) ,

(
1

Ck+1
+

1

Ck

)
≈ 2

Ck
+o (h3) ,

D = 2AB = 2 cos θ sin θ = sin 2θ, E = A2 −B2 = cos2θ − sin2θ = cos 2θ,

using the formulas

Φ◦
x
Φ ◦

xz
=

1

2

(
Φ2

◦
x

)
z
− h3

2
Φ2

◦
xz
, Φ◦

y
Φ ◦

yz
=

1

2

(
Φ2

◦
y

)
z
− h3

2
Φ2

◦
yz

we get
J3 + J4 + J5 + J6 + J7 + J8 = 0, (13)
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where

J3 =
1

2
·
{
Φ2

◦
x
·
[
(ABz −AzB) +D · Cz

C

]
− 2 · Φk+1

◦
y

· E · Cz

C
+

+
(
Φk+1

◦
y

)2

·
[
(ABz −AzB)−D · Cz

C

]}
,

J4 =
1

2
·
{(

Φk+1
◦
y

)2

·
[
(ABz −AzB) +D · Cz

C

]
− 2Φk+1

◦
x

· Φ◦
y
· E · Cz

C
+

+Φ2
◦
y
·
[
(ABz −AzB)−D · Cz

C

]}
,

J5 = −h
2
3

2
· Φ2

◦
xz

·
[
(ABz − AzB) +D · Cz

C

]
−

h23
2

· Φ2
◦
yz

·
[
(ABz − AzB)−D · Cz

C

]
+

+Φ2
◦
x
· (AzB+ AB · Cz) · o (h3) + Φ2

◦
y
· (ABz − AB · Cz) · o (h3)+

+Φ◦
x
Φk+1

◦
y

B2Czo (h3)− Φ◦
y
Φk+1

◦
x

A2Czo (h3) .

J6 = Φ◦
x
Φ◦

y
BBz

(
1− Ck

Ck+1

)
+Φ◦

x
Φ◦

y
AAz

(
Ck

Ck+1
− 1

)
−

−h3Φ◦
x
Φ ◦

yz

(
AAz +BBz

Ck

Ck+1

)
+ h3Φ◦

y
Φ ◦

xz

(
AAz

Ck

Ck+1
+BBz

)
,

J7 =
[(

−Φ◦
x
B +Φ◦

y
A
)(

Φ◦
x
A+Φ◦

y
B
)]

z
− Φ◦

x
Φ ◦

yz
+Φ◦

y
Φ ◦

xz
,

J8 = h3Φ
2
◦
x
ABz

Cz

C
+ h23Φ◦

x
Φ ◦

xz
ABz

Cz

C
+

+h3Φ◦
x
Φ◦

y
AAz

Cz

C
+ h3Φ◦

x
Φ◦

y
BBz

Cz

C
− h23Φ◦

x
Φ ◦

yz
AAz

Cz

C
+

+h23Φ◦
y
Φ ◦

xz
BBz

Cz

C
− h3Φ

2
◦
y
AzB

Cz

C
− h23Φ◦

y
Φ ◦

yz
AzB

Cz

C
.

Now we will transform and we estimate each of these elements.
The expression for J3 and J4 is a quadratic form with respect to Φ◦

x
and Φk+1

◦
y

, to

Φk+1
◦
x

and Φ◦
y
, whose determinant∣∣∣∣ (ABz −AzB) +DCz

C −ECz

C

−ECz

C (ABz −AzB)−DCz

C

∣∣∣∣ =
= (ABz −AzB)

2 −D2

∣∣∣∣Cz

C

∣∣∣∣2 − E2

∣∣∣∣Cz

C

∣∣∣∣2 =



66 G. Bakanov

(ABz −AzB)
2 −

∣∣∣∣Cz

C

∣∣∣∣2,
because E2 + D2 = 1, where E = cos 2θ, D = sin2θ. Then, from the condition
(ABz −AzB)−

∣∣Cz

C

∣∣ ≥ α > 0 the positive definiteness of the quadratic form J3 and
J4 follows. Using the inequality

ax2 + 2bxy + cy2 ≥
2
(
ac− b2

)
a+ c+

√
(a− c)

2
+ 4b2

(
x2 + y2

)
for a positively definite quadratic form ax2 + 2bxy + cy2, we obtain

J3 ≥ 1

2

[
(ABz −AzB)−

∣∣∣∣Cz

C

∣∣∣∣] [(Φk
◦
x

)2

+
(
Φk+1

◦
y

)2
]
, (14)

J4 ≥ 1

2

[
ABz −AzB −

∣∣∣∣Cz

C

∣∣∣∣] [(Φk+1
◦
x

)2

+
(
Φk

◦
y

)2
]

(15)

Taking into account that
(
1− Ck

Ck+1

)
≈ o (h3) , we have

J6 = Φ◦
x
Φ◦

y
BBzo (h3) + Φ◦

x
Φ◦

y
AAzo (h3)− h3Φ◦

x
Φ ◦

yz

(
AAz +

BBzC
k

Ck+1

)
+

+h3Φ◦
y
Φ ◦

xz

(
AAzC

k

Ck+1
+BBz

)
=

= Φ◦
x
Φ◦

y
BBzo (h3) + Φ◦

x
Φ◦

y
AAzo (h3) (AAz +BBz)×

×
(
Φ◦

y
Φ ◦

xz
− Φ◦

x
Φ ◦

yz

)
− h3Φ◦

x
Φ ◦

yz
BBzo (h3) + h3Φ◦

y
Φ ◦

xz
AAzo (h3) =

= Φ◦
x
Φ◦

y
(AAz +BBz) o (h3) + (AAz +BBz)

(
Φk

◦
y
Φk+1

◦
x

− Φk
◦
x
Φk+1

◦
y

)
−

−
(
Φk

◦
x
Φk+1

◦
y

+Φk
◦
x
Φk

◦
y

)
BBzo (h3) +

(
Φk

◦
y
Φk+1

◦
x

− Φk
◦
y
Φk

◦
x

)
AAzo (h3)

Using the inequality |ab| ≤ (a2 + b2)/2, we get

J6 ≤ 1
2

{[(
Φk

◦
x

)2

+
(
Φk

◦
y

)2
]
(AAz +BBz) o (h3)+

+

[(
Φk

◦
x

)2

+
(
Φk+1

◦
y

)2
]
(AAz +BBz)+

+

[(
Φk

◦
x

)2

+
(
Φk+1

◦
y

)2

+
(
Φk

◦
x

)2

+
(
Φk

◦
y

)2
]
BBzo (h3)+

+

[(
Φk

◦
y

)2

+
(
Φk+1

◦
x

)2

+
(
Φk

◦
y

)2

+
(
Φk

◦
x

)2
]
AAzo (h3)

}
.

(16)
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Then, into account that (ABz −AzB) −
∣∣Cz

C

∣∣ ≥ α > 0, conditions
∣∣∣Φ ◦

xz

∣∣∣ ≤

c2,
∣∣∣Φ ◦

yz

∣∣∣ ≤ c2 and the inequality
|ab| ≤ (a2 + b2)/2, we obtain

J5 ≤ Φ2
◦
x
(AzB +ABCz) o (h3) + Φ2

◦
y
(ABz −ABCz) o (h3)+

+ 1
2

{[(
Φk

◦
x

)2

+
(
Φk+1

◦
x

)2
]
(AzB +ABCz) o (h3)+

+

[(
Φk

◦
y

)2

+
(
Φk+1

◦
y

)2
]
× (ABz +ABCz) o (h3)+

+

[(
Φk

◦
x

)2

+
(
Φk+1

◦
y

)2
]
B2Czo (h3)+

+

[(
Φk

◦
y

)2

+
(
Φk+1

◦
x

)2
]
A2Czo (h3)

}
+ c2h

2
3.

(17)

Due to formula (11) we have

Φ◦
y
Φ ◦

xz
=

[
Φ◦

y
Φz

]
◦
x
− Φ◦ ◦

xy
Φz − h2

1

2

[
Φ ◦

yx
Φzx

]
x̄
,

−Φ◦
x
Φ◦

y z
= −

[
Φ◦

x
Φz

]
◦
y
+Φ◦ ◦

xy
Φz +

h2
2

2

[
Φ ◦

xy
Φzy

]
ȳ
.

Consequently,

J7 =
[
(−Φ◦

x
B +Φ◦

y
A)(Φ◦

x
A+Φ◦

y
B)

]
z
− Φ◦

x
Φ◦

y z
+Φ◦

y
Φ◦

x z
=

=
[(

−Φ◦
x
B +Φ◦

y
A
)(

Φ◦
x
A+Φ◦

y
B
)]

z
+

[
Φ◦

y
Φz

]
◦
x
−

−
[
Φ◦

x
Φz

]
◦
y
− h2

1

2

[
Φ ◦

yx
Φzx

]
x̄
+

h2
2

2

[
Φ ◦

xy
Φzy

]
ȳ
.

(18)

Now we will transform and estimate J8:

J8 = h3Φ
2
◦
x
ABz

Cz

C
+ h3Φ

k
◦
x
Φk+1

◦
x

ABz
Cz

C
− h3Φ

2
◦
x
ABz

Cz

C
− h3Φ◦

x
Φ◦

y
AAz

Cz

C
+

+h3Φ◦
x
Φ◦

y
BBz

Cz

C
− h3Φ

k
◦
x
Φk+1

◦
y

AAz
Cz

C
+ h3Φ◦

x
Φ◦

y
AAz

Cz

C
+ h3Φ

k
◦
y
Φk+1

◦
x

BBz
Cz

C
−

−h3Φ◦
y
Φ◦

x
BBz

Cz

C
− h3Φ

2
◦
y
AzB

Cz

C
− h3Φ

k
◦
y
Φk+1

◦
y

AzB
Cz

C
+ h3Φ

2
◦
y
AzB

Cz

C
.

Using the inequality |ab| ≤ (a2 + b2)/2, we obtain

J8 ≤ h3

2

{[(
Φk

◦
x

)2

+
(
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Supposing that A,B,C enough smooth limit functions and taking into account the
expressions (14) (19), from (13) we get
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where
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Using conditions (7), (8) and inequality |ab| ≤ (a2 + b2)/2, we can transform (21)
so as to obtain the desired estimate (12). Thus, the proof of Theorem is completed.
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Abstract The optimization of user’s SQLqueries is the important problem
that occurs when the software systems of the text document corpus processing
are created, and these systems are accessed by external users using the web
interface. In the systems discussed in this article, the search module is a separate
interface component that interacts with the storage (database) by generating and
processing of SQLqueries. The user can perform the complex search queries to
the information system, which increase the database load. The optimization of the
search module with the implementation of indexes in the database is applied. The
experiment which included the iterations on forming the queries to the database of
Russian poetic texts with a measurement of the query runtime—with indexes and
without ones — is conducted; when the query time decreased, the added indexes
were saved and the iterationwas repeated. The conclusions about the effectiveness
of the usage of indexes in the database are made, within the database the structure
of literary texts is organized.

Keywords: Automation of the Analysis of Literary Texts, SQL Queries
Optimization, Search Module Design.

Introduction

One of the most difficult tasks is to develop a universal tool for the analysis of texts
of literary and business style. As stated in [1], “when the words in a business text are
recognized, the most important factor is the knowing of the text (its theme, structure, and
most frequent words), the keywords and topic elements are recognized relatively well,
and the end of the text is predictable and well recognized. For a literary text, a large
“support” falls on the initial (preamble) and middle (plot development) compositional
fragments and relates differently to the components of the communicative and semantic
⋆ The work was funded by grant BR05236839 of the Ministry of education and science of the
Republic of Kazakhstan; by RFBR, project number 193790019; and in the framework of the
topic of state task No. AAAA171171206701417 (No. 031620180009).
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division: with the theme for the preamble, with the dialogue (especially the keywords or
a rhyme) for the middle fragment. Thus, we are talking about text structures and analysis
procedures, we must take into account the various types of context, in particular, the
functional style, compositional structure and rhetorical coherence of the text”.

Currently, the text information processing is an actively developing branch of
information technologies. The overview of works in this area is available, for example,
in [2,3,4,5].

The authors of this article are the part of the RussianKazakh team engaged in the
design and subsequent development of systems for processing text document corpus:
both business (the news) and literary. The concept of these systems is described in
detail in [6]. Their design takes into account the requirements for largescale systems:
the modularity, the ability to scale the components and their conditional independence.
The designed systems are the set of the components, each of which is formed and used
as Dockercontainers. The systems’s levels: the data processing, the data storage, the
visualization, and the management of data processing results. At the data processing
level, the text documents (such as the news events) are collected (scrapped) and
further processed using an ensemble of machine learning methods, each of which is
implemented in the system as a separate Airflowtask. The results are stored in a
relational database, and the ElasticSearch tool is used to increase the speed of data search
(more than 1 million units). The visualization of statistics, which is obtained as a result
of algorithms, is performed using the Plotly plugin. The administration and viewing
of processed texts are available via the web interface using the Django framework. The
General scheme of interaction of components is organized according to the ETL (extract,
transform, load) principle [7].

Currently, the systems that are used for the analysis of news text corpus in order to
compare the parameters of texts and mass media in general [6], as well as for analysis
of poetic texts [8], have been created.

The enduser works with the system through a web interface, in which the results of
text analysis are presented in a convenient way for perception and search. To perform
the search, the separate module has been developed that allows to create complex user
queries. It should be noted that during the work with a database, that a single user can
perform several search queries at the same time; this, in turn, inevitably increases the
database load.

The purpose of this work is to find the variants of optimization of the search module
to reduce the database load. It should be noted that this study does not solve the problem
of reducing the load on the database from the other modules of the system — many
module tasks are performed once and do not require special optimization. We will
consider thework of the othermodules (in terms of accessing the database) to be constant
and we will not take it into account in the future.

Review of the experimental researches on the topic

Since the analysis of literary texts is more difficult than the analysis of business texts,
we will consider some systems of the analysis of linguistic research that are typical for
literary texts in Russian and other languages. The systems of the analysis of literary texts
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from the point of view of their functional purpose, the variants for aggregating results,
and the availability of a publicly accessible user interface, are presented. We should
note that the current review does not take into account the accuracy of determining of
the characteristics of literary texts.

The Aoidos system [9] is a tool for the complete analysis of literary texts in
Portuguese. At the input, the system receives the works in TEI format and performs
the analysis for each work, regardless of other exemplars of the analyzed corpus. The
author published a corpus of literary texts in TEI format [10], but there is no mention of
public usage of the system itself.

Metricalizer web application [11] which is developed by K. Bobenhausen and
B. Americom, allows to perform the automatic analysis of the metric characteristics of
literary texts by German authors. The system includes the following components [12]:

1. The subsystem of metric analysis. Displays the fragments in the analyzed poem that
are used to determine the poem’s metric. Calculates statistics.

2. The subsystem of the analysis of text corpus. Includes the analysis of texts by
accentuation and rhyming. The statistics are maintained for individual metric forms.
The “Freiburger Anthologie” and “Textgrid” text corpus are used.

3. The advanced features of the system for registered users: the storage of the
individual works and the creation of XML documents based on the results of the
analysis.

4. The phonetic analysis of words. Allows the parse a single word in German in X
SAMPA and IPA formats [13].

The SPARSAR system described in R. Delmonte’s work [14] assumes an automatic
complex analysis of literary texts in order to study their style; SPARSAR [15] analyzes
each poem at different levels. Then all this data is used to create a markedup version
of a poem that can be read by the machine with appropriate expressiveness. As for the
search module, it is implemented using standard tools of the Wordpress platform [16],
which allows to search for standard articles in the system without the possibility of the
creation of the unique queries.

As for Russian literary texts corpus analysis, the project “Automated linguistic and
psychological analysis of Russian poetic texts” or “The tower of Babel” can be marked.
“The tower of Babel” is the name of an international Internet project which is dedicated
to comparative historical linguistics. The information system includes the following
components [17]:

1. The databases of etymologies (origin of words): global, Nostratic, IndoEuropean,
Altaic, Uralic, etc. Each database is available for viewing, searching (for all users),
and editing (for authorized users).

2. The database “Thematic classification and distribution of folklore and mythological
motifs by area” by Yu. E. Berezkin.

3. The database “The quantitativeimplementation grammatical dictionary of the
modern Mongolian language” by S. A. Krylov.

4. The dictionaries of Russian language (Ozhegov, Zaliznyak, The etymological
dictionary of Fasmer, Reference book on the metalanguage of Russian grammarians
of the first half of the XX century by S. A. Krylov).
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5. The STARLING database management tool, which is used to work with existing
databases (composing and executing the complex search queries, adding new
records, organizing links). The support for hieroglyphs and various text encodings
is provided.

6. Themorphological analyzer. It provides an opportunity to analyze anyRussianword
and to get its full accentuated paradigm.

A team of other authors [18] developed an open network resource [19], which is
represented by the components: a problemoriented “Thesaurus on poetology” and a
“Block of analysis and specification” of text objects; the system is used to perform the
metrorhythmic marking and the identification of a verse meter. In the section “analysis
and specification” there are two sets of tasks: the specification of terminological articles
of thesaurus and the specification of a literary text. The complex structure includes the
groups of problem solutions:

– the metrorhythmic markup of a text;
– the filling of the specification fields of a work;
– the identification of the meter.

A summary of the considered systems is shown in table 1. A public resource is the
user interface that allows to use the system in question for its intended purpose.

Table 1. A summary of the reviewed systems

The name of the system Multilevel
analysis
of literary
texts

User interface Aggregation
of the results

Search
by characteristics

Aoidos + – – –
Metricalizer + + + –
SPARSAR + + + +
“The tower of Babel” + + + +
Resource wikipoetics.ru + + – –

The “results aggregation” column shows whether there is a visible subsystem for
displaying the results of the considered system for several exemplars, in other words,
whether the system saves the results of the previous iteration (in the form of metadata
or in another form). “The search by characteristics” implies the presence of the user
interface for compiling the search queries by characteristics in the considered system.

Search module in the system of complex analysis of literary texts

One of the user interface components of the system for complex analysis of literary
texts is the search module, whose task is to extract the existing characteristics in the
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Figure 1. Search module interface in the information system
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information system and to present them in a userfriendly form. The interface fragment
is shown in fig. 1.

The search process includes the following steps (fig. 2):

1. The filling of the search form by the system user. The search is divided into
simple, which includes the search for authors, their works, the main metrorhythmic
characteristics, and advanced search, which involves the search on those parts of
the work, as anacrusa (the initial part of the verse) and clause (the final part of the
verse); the characteristics are obtained at the stage of structural analysis.

2. SQL query generation and sending it to the database. The system uses a PostgreSQL
database (version 9.4 at the moment of development of the information system).

3. SQL query processing with a selection of data that match the specified search
criteria; the forming of an array of results that are sent to the clientside.

4. Displaying results using the web interface (fig. 3).

The script is used to export the result that converts data from the web interface to a
CSV format that can be processed with a separator (commas).

The search is performed according to a number of characteristics:

– words from the text or from title of the work;
– metrorhythmic statistics;
– genre;
– accentuation mask;
– anacruz;
– clause.

These characteristics are conditionally divided into statistical and informative ones.
The informative characteristics include the words and phrases from the text, and

genre. In other words, these are text characteristics that take up more resources (time
and database server capacity) than statistical characteristics.

Statistical characteristics are determined within the metrorhythmic analysis module.
It is assumed that the search for themwill take up a significant part of the general queries
generated within the system of complex analysis of literary texts.

At the user interface level, there are no significant restrictions on combinations of
search characteristics, what allows the user to form the complex composite queries that
consume server resources; the optimization of such queries will increase the database
productivity (a productivity in this context means the number of operations which are
performed per unit of time).

The structure of the database

Within the framework of the developed information system, it is assumed that more than
one work is used simultaneously— the objects of the subject area are represented as the
entities and the relationships in accordance with the laws:

1. One author can write several works. In this case, a situation is allowed when one
work can have more than one author.
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Figure 2. Search module working process at workflow diagram

Figure 3. Table with search results in the user interface
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2. The work can be produced under several editions, which may be the same by year
of publication.

3. The work belongs to only one genre.
4. The work can have a number of words and phrases, however, their repetition is

allowed in different works.
5. The work has a number of defined metrorhythmic characteristics (meter, rhyme,

stanzas).

The database schemawas constructed on the base of the selected patterns and subject
area, the tables and key fields of which are shown in fig. 4.

Figure 4. Database schema

We should note that the table POEM aggregates all works and authors that are
used for the system of complex analysis of literary texts. The tables POEM_CONTENT,
POEM_DICTIONARY, POEM_COLLOCATIONS are divided by the authors, for example,
the table POEM_CONTENT_1 contains the text of the author’s works only with the ID=1.

The following is an example of an SQLquery that displays the author’s full name
and the titles of all his works.

SELECT
a."ID" as AUTHOR_ID, a."LASTNAME", a."FIRSTNAME",
a."MIDDLENAME", p."NAME"



Optimization of the search module of the system of the corpus processing 77

as POEM_NAME,
p."ADDITIONAL_NAME" as AD_NAME

FROM
"AUTHOR" a

LEFT JOIN
"POEM" p ON p."AUTHOR_ID" = a."ID"

ORDER BY p.”ID” ASC;

The variants of the optimization of work with the database

Let’s list the standard variants of the optimization of work with the database [20]:

– the elimination of data redundancy with the help of the normalization of database
tables;

– the definition of the data type of fields based on the appropriate data type, i.e. the
setting of smallest data type for the field;

– the definition of primary and secondary keys only on numeric fields, or on datetime
fields;

– the periodic compression of the database.

One of the additional methods of speeding up the execution of SQL queries is also
the adding indexes to the database; the indexes are recommended to be used for sort
and merge fields. The system uses a PostgreSQL database, which allows us to use the
following types of indexes:

– Btree— can handle equality and range queries on data that can be sorted into some
ordering.

– Hash — can only handle simple equality comparisons; hash indexes might need to
be rebuilt with REINDEX after a database crash if there were unwritten changes.
Also, changes to hash indexes are not replicated over streaming or filebased
replication after the initial base backup, so they give wrong answers to queries that
subsequently use them. For these reasons, hash index use is presently discouraged.

– GiST — infrastructure within which many different indexing strategies can be
implemented; can be used vary depending on the indexing strategy (the operator
class).

– SPGiST—permits implementation of a wide range of different nonbalanced disk
based data structures, such as quadtrees, kd trees, and radix trees (tries).

– GIN — inverted indexes which can handle values that contain more than one key,
for example, arrays.

Experiments

The experiment consisted of a series of iterative queries to the database, each of which
uses a new version of indexes; the time that was spent on the generated SQL query was
measured. During the initial iteration, the time spent on processing SQL queries without
using indexes was measured.

The indexes were added according to the following principles:
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– for integer fields, the btree and hash indexes were used alternately; an index was
selected where the processing time was less when executing an SQL query;

– for text fields (with varchar, text data types), GIST, SPGiST, and GIN indexes were
used with a class of trigram search operators.

The corpus of A. S. Pushkin’s and A. K. Tolstoy’s works was loaded to the DB; the
main tables with the texts of works and their metadata contain data with a volume of
more than 900 rows; at maximum occupancy, the number of records (characteristics of
each individual work) can increase by more than 5 times.

The experiment was performed for the next search queries:

– “Select all authors and their works (only titles)”; the request is made with the
initialization of the search module — the list of authors and works is loaded every
time when the browser page is loaded.

– “Select authors with a specific genre and a minimum number of rows”; the query
includes a search for both statistical characteristics (number of lines) and genre
style characteristics; we assume that the results of the experiment for the selected
query type are applicable to the rest of the queries in the form “select authors with
a specific genrestyle and structural characteristic”.

– “Search by accentuationmask”; the query is separated into a separate category, since
the search by accentuation mask is used in a number of text analysis tasks and can
be performed quite often.

– “Search by words from a work”; this type of query includes a search for both the
words from the text of the work and its title.
The results are presented in Tables 2–5. The rows are sorted in descending order
of query execution time (the “Total query runtime” column). We do not take into
account the error that may occur when the database is running, for example, due to
an extraneous load on the server when the experiment was conducted.

Table 2. Query “Select all authors and titles of their poems”

Index name Total query runtime, msec Rows affected count
without indexes 437 948
GIN 360
GIST 350
Hash 323
SPGIST 323
Btree 314

The usage of the indexes that only apply to integer characteristics in the query
“Works of a certain genre with a limit on the number of lines” is due to the structure of
tables in the database: the search doesn’t use the genre name (varchar data type), but its
ID in an external table (smallint data type).
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Table 3. Query “Select authors with a specific genre and a minimum number of rows”

Index name Total query runtime, msec Rows affected count
without indexes 197 1
Btree 140
Hash 99
GIST, GIN, SPGIST don’t used

Table 4. Query “Search by accentuation mask”

Index name Total query runtime, msec Rows affected count
without indexes 198 0
Hash 132
GIN 111
GIST 107
Btree 100
SPGIST 94

Table 5. Query “Search by words from the name and text”

Index name Total query runtime, msec Rows affected count
without indexes 228 95
Hash 201
GIST 193
GIN 172
SPGIST 164
Btree 160/215
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The runtime of the query “Search by words from the name and text” differs due to
the used operator classes: the result of 139 msec was obtained using the varchar_ops
class; the result of 184 msec was obtained using the text_pattern_ops class.

The results of the experiment showed a noticeable acceleration of processing SQL
queries when adding indexes — in some cases, the processing time was reduced by
half. If only integer variables were used in the search query, the adding of hash and b
tree indexes in all cases reduced the query execution time; it should be noted that the
usage of hash indexes is not recommended due to their relative unreliability. On the
other hand, the adding indexes to varchar variables did not always improve results: the
reason could be either the used operator classes (as in the case of the btree index in the
“Search by words from name and text” query), or the specifics of the indexes used for
varchar variables.

Conclusions

The adding of indexes has proved to be a successful method for acceleration of the
processing of user queries to the search module. The results of the experiment showed
the acceleration of SQL query processing from 15 to 50% (depending on the class of
the search query). In addition to the standard optimization variants mentioned in this
article, the following recommendations for construction of indexes can be identified as
part of a relational database to reduce the time for processing queries:

– use indexes for integer fields; it is not recommended to use hash indexes; however,
it’s better to consider the structure of the constructed database — in cases where it
is possible to use the integer identifiers.

– do not add indexes for fields in tables that have a relatively small number of records
(and will not increase in the future) — in this case, the adding of indexes may, on
the contrary, increase the query processing.

– use a class of operators to work with text values when the nonnumeric indexes are
used, such as trigram search operators for GIST and GIN indexes.

– take into account the capabilities of the database itself: some older versions do not
support the modern index types.

In the future, we can make a number of modifications, such as the creation of stored
procedures for SQL queries or views for them, the results of which are displayed in the
interface independently of the user’s actions.

The query optimization will reduce the database load on the one hand, and reduce
the system response time for the enduser on the other.

References

1. Bolshakova E.I., Klishinskii E.S., Lande D.V., Noskov A.A., Peskova O.V., Yagunova E.V.:
Automatic natural language text processing and computer linguistics. Moscow:MIEM (2011).
[In Russian]



Optimization of the search module of the system of the corpus processing 81

2. Pang B., Lee L., Vaithyanathan S.: Thumbs up? Sentiment classification using machine
learning techniques. In: Proceedings of the 2002 Conference on Empirical Methods in Natural
Language Processing 2002, EMNLP, pp. 79–86. ArXiv preprint cs/0205070, Philadelphia
(2002). https://doi.org/10.3115/1118693.1118704

3. Choi Y., Cardie Cl., Riloff E., Patwardhan S.: Identifying sources of opinions with conditional
random fields and extraction patterns. In: Proceedings of the Conference on Human Language
Technology and Empirical Methods in Natural Language Processing 2005, HLT, pp. 355–362.
Association for Computational Linguistics, Vancouver (2005).

4. Manning C.D.: Partofspeech tagging from 97% to 100%: Is it time for some linguistics?
In: Proceedings of the 12th International conference on intelligent text processing and
computational linguistics 2011, CICLing, pp. 171–189. Springer, Berlin, Heidelberg (2011).

5. Mukhamedyev R.I., Kuchin Y., Kosyakov D., Murzakhmetov S., Symagulov A.,
Yakunin K.: Assessment of the Dynamics of Publication Activity in the Field of
Natural Language Processing and Deep Learning. In: Alexandrov D., Boukhanovsky A.,
Chugunov A., Kabanov Y., Koltsova O., Musabirov I. (eds.) Digital Transformation
and Global Society 2019, DTGS, vol 1038, pp. 744–753. Springer, Cham (2019).
https://doi.org/10.1007/978-3-030-37858-5_63

6. Barakhnin V.B., Kozhemyakina O.Yu., Mukhamediev R.I., Borzilova Yu.S., Yakunin K.O.:
The design of the structure of the software system for processing text document corpus.
Business Informatics, 13(4), 60–72 (2019). https://doi.org/10.17323/19980663.2019.4.60.72

7. Loshin, D.: ETL (Extract, Transform, Load). Business Intelligence, 2nd edn., Morgan
Kaufmann (2012).

8. Barakhnin, V., Kozhemyakina, O., Kuznetsova I.: Development and Implementation of the
Algorithm for Automatic Analysis of Metrorhythmic Characteristics of Russian Poetic Texts.
CEUR Workshop Proceedings, 2523, 290–298 (2019).

9. Mittmann A.: Automatic spanning of verses in Portuguese. Federal University of Santa
Catarina, Technological Center, Florianópolis (2016). [In Portugese]

10. Adielmittmann GitHub, https://github.com/adiel-mittmann/poemas. Last
accessed 10 Jun 2020.

11. The project Metricalizer, https://metricalizer.de. Last accessed 10 Jun 2020.
[In German]

12. Bobenhausen K., Hammerich B.: Literature metrics, linguistic metrics and German
algorithmic metrics brought into play in the Metricalizer program. Languages, 199, 67–87
(2015). https://doi.org/10.3917/lang.199.0067 [In French]

13. SAMPA— computer readable phonetic alphabet, https://www.phon.ucl.ac.uk/home/
sampa. Last accessed 10 Jun 2020.

14. Delmonte R.: Computing poetry style. CEURWorkshop Proceedings, 1096, 148–155 (2013).
15. The project SPARSAR: An Expressive Poetry Reader, sparsar.wordpress.com. Last

accessed 10 Jun 2020.
16. The project WordPress, https://wordpress.com/. Last accessed 10 Jun 2020.
17. The project “The Tower of Babel”, http://starling.rinet.ru. Last accessed 10 Jun

2020.
18. Boikov B. N., Karyaev M. S., Sokolov V. A., Pilschikov A. I.: On an Automatic Procedure

for the Specification of a Poetic Text for an Open InformationAnalytical System. CEUR
Workshop Proceedings, 1536, 144–151 (2015). [In Russian]

19. The project Wikipoetic, http://wikipoetics.ru/. Last accessed 10 Jun 2020.
[In Russian]

20. Shustova L., Tarakanov O.: Databases. INFRAM Publishing House, Moscow (2016).
[In Russian]



Two Models of Surface Waves Propagation Generated
by an Underwater Landslide Movement

Sofya Beizel1[0000−0002−0406−1631],
Yuri Zakharov1,2[0000−0002−2895−1428], and

Anton Zimin2[0000−0002−6949−5107]

1 Federal Research Center for Information and Computational Technologies, Novosibirsk,
Russia

2 Kemerovo State University, Kemerovo, Russia

Abstract The goal of the paper is to determine possible differences in generation
and advance of surface waves created by the motion of solid and liquid
landslides on the shelving. The goals are researched by means of numerical
computations of shallow water nonlinear equations and Navier–Stokes equations.
The computations for two models of different landslide configurations have
been performed. The principal wave according to its characteristic properties
(amplitude, length) is quantitatively resembling in both models as well as wave
propagation velocity. It was demonstrated that a definite configuration of liquid
and solid landslides create waves which can be very different at shallow water
due to decay process of a liquid landslide under the action of gravity.

Keywords: Submarine landslide, Numerical modelling, Nonlinear shallowwater
equations, Threecomponent model.

Introduction

A submarine landslide is a large mass of soil and sedimentary rock which moves on the
shelving by gravity. Such movement creates waves on the water surface which can be
of serious hazard to population and facilities on the coastal area.

Laboratory researches are often performed in order to study generation and advance
of long surface waves created by landslide movement [1,2,3,4,5]. However, such studies
demand significant financial investments and preparation time. Thus, the application
of mathematical simulation of the surface wave generation due to submarine landslide
movement proves its relevance.

There are several techniques of modeling of submarine landslide movement and
surface wave generation. It is conventional to represent a landslide as a solid body
moving on the flat slope [6,7]. It is worthy to note that in laboratory experiment a
landslide is often rather a solid body than a loose granular mass in order to make
a test and its preparation simpler. Also, in this case it is possible to determine and
describe the movement of a solid body on the sloping bottom during the test. That
is, such experiment can provide very accurate data on changes of bottom bathymetry
that significantly increases the convenience of checking the results of computational
models. In case of a solid landslide, different versions of shallow water models and
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models based on Boussinesq equationas [8,9,10,11] or a complete system of Navier–
Stokes equations are applied in order to perform modeling of surface wave generation
and advance [12,13,14,15].

The representation of a landslide as a solid body is often a simplification of a
physical phenomenon. In order to perform modeling of real environment, it is necessary
to take into consideration the irregularities of the bottom slope and the possibility of a
landslide deformation. For example, in papers [16,17], the deformability of a modelled
landslide while moving on the uneven surface was obtained by its representation by
way of several solid units connected one by one with flexible links. Simulation models
take this effect into account by either applying the model of a quasideformed landslide
when its surface shape changes as a deformed body but motion dynamics corresponds
to a solid body or by representation of a landslide as a fluid flow different from water.
In case of a liquid landslide it usually refers to multiphase or multicomponent models
where one constituent models liquid landslide motion, and others model motion of
water and air. The differences of such models consist in the chosen rheological model
for specifying landslide movement. For example, there are viscous model [12,13] and
different versions of nonNewtonian fluids [14,15,18]. A detailed review of existing
numerical studies of this phenomenon is presented in the paper [19].

This paper considers two significantly different models of a submarine landslide.
In the first model, a landslide is considered as a quasideformed solid body, where
generation and advance of surface waves are calculated based on a classical nonlinear
model of shallow water. In the second model a landslide is considered as deformed and
liquid, and its motion and wave processes are described by the system of differential
equations of ternary viscous incompressible fluid, meanwhile a landslide is regarded as
much more dense and viscous component. As the existent landslides are mostly either
solid (consisting of massive rocks moving as one unit) or liquid (sediments and silt on
the shelving), the goal of the present paper is to distinguish differences in surface wave
generation by different types of landslides.

Mathematical models

Here we will consider two models of submarine landslide motion and the dynamics of
surface waves generated by it.

In the first model, a landslide is considered as a quasideformed body [20,21], where
derivation equations of its motion demands breaking up its volume into infinite number
of units; and the force causing its motion on the slope is equal to the sum of gravity,
buoyancy, friction and resistance of water affecting infinitely small elementary volumes.
In this model, the configuration of landslide surface changes due to bottom irregularities
on its way (as in a deformed body), but momentary horizontal components are similar
at any point of a landslide (as in a solid body).

The motion of a quasideformed submarine landslide is determined by the following
system of four ordinary differential equations:
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dvα
dt

=
Rα

2
+

√
gαα

(γ + Cw)V
×
[
(γ − 1) g (I1,α − σαCfrI2)−

−σα
(
γCfr

(
u2I3,11 + 2uvI3,12 + v2I3,22

)
+
Cd

2
Πv2c

)]
, (1)

dxc
dt

= u,
dyc
dt

= v, (2)

where α = 1, 2, g – free fall acceleration, γ = ρsl/ρw > 1, ρw – water density,
ρsl – landslide density, Cw, Cfr, Cd – coefficients of addedmass, sliding friction and
hydrodynamic water resistance, respectively, Cfr = tgθ∗, θ∗ – friction angle, V =
const – landslide volume,

σα =
vα√
gααvc

, Rα =
∂g11
∂xα

u2 + 2
∂g12
∂xα

uv +
∂g22
∂xα

v2,

I1,α = −
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Ωt

hsl(x, y, t)√
gαα(x, y)

∂hbt
∂xα

(x, y)dxdy, I2 =

∫∫
Ωt

hsl(x, y, t)√
G(x, y)

dxdy > 0,

I3,αβ =

∫∫
Ωt

hsl(x, y, t)√
G(x, y)

∂2hbt
∂xα∂xβ

(x, y)dxdy, α, β = 1, 2, G = g11g22−g212 ≥ 1,

Ωt – orthogonal projection of three dimensional area occupied by a landslide mass onto
the subspace z = 0, and in order to reduce the note we use new nomenclature x1 =
x, x2 = y for rectangular coordinates of the frame of referenceOxyz , axisOz is directed
upward vertically, and the coordinate subspace Oxy coincides with still water surface.

It is assumed that a landslide limited from the top by the surface z = hbt(x, y) +
hsl(x, y, t) where hsl(x, y, t) > 0 begins its motion from the state of rest and it slides
without disconnecting from the specified curved surface of the submarine slope z =
hbt(x, y) < 0which geometrical properties are determined by the components of metric
tensor:

g11 = 1 +

(
∂hbt
∂x

)2

, g12 = g21 =
∂hbt
∂x

∂hbt
∂y

, g22 = 1 +

(
∂hbt
∂y

)2

.

The equations of quasideformed landslide motion (1), (2) are based on
the premise that at any specific time its position is determined by the point
xc(t) = (xc(t), yc(t), zc(t)) sliding on the bottom, herein (xc(t), yc(t)) ϵΩt, zc(t) =
hbt (xc(t), yc(t)). In the moving coordinate system the beginning of which coincides
with the point xc(t) the first two covariant components vα of velocity vector vc of this
point are determined by the solution of nonlinear equations (1). Cartesian components
u, v of the vector vc, and its value is determined from the correlations:
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u =
g22v1 − g12v2

G
, v =

−g21v1 + g11v2
G

, vc = |vc| =
√
g11u2 + 2g12uv + g22v2.

The processes of generation and advance of surface waves are calculated by means
of classical nonlinear model of shallow water.

In the second model, a landslide is considered as deformed and it proceeds as some
liquid with density and viscosity different from water (a liquid landslide). Thus, we
observe a flow stream of threecomponent viscous incompressible fluid where each
component (a liquid landslide, water, air) is viscous incompressible fluid with its own
values of viscosity and density [22,23]. Mass diffusion between these components
is possible. The motion of such medium is described by nonstationary system of
Navierstokes equations with variable density and viscosity, and the shift of medium
components – by equations of convective diffusion. The equations depending upon the
component concentration are applied to determine viscosity and density. In all. The
system is as follows as:

d
(
ρU

)
dt

= −∇p+ div(µD) + ρF ,

divU = 0,

dC1

dt
= D12∆C1,

dC3

dt
= D23∆C3,

C2 = 1− C1 − C3,

µ =
µ1µ2µ3

µ2µ3C1 + µ1µ3C2 + µ1µ2C3
,

ρ = ρ1C1 + ρ2C2 + ρ3C3.

(3)

where U = (u1, u2, u3) – velocity vector of the mix in the point x = (x1, x2, x3)
and time point t, µ(x, t) – dynamic viscosity, ρ(x, t) – density, C1(x, t), C2(x, t),
C3(x, t) – volumetric concentrations of components with constant densities ρ1, ρ2, ρ3
and viscosities µ1, µ2, µ3, f = (f1, f2, f3) – volume force vector, p – pressure, D –
tensor of strain rate which components are equal to τij = dui

dxj
+

duj

dxi
, D12 = const –

coefficient of diffusion between first and second components,D23 = const – coefficient
of diffusion between second and third components.

Solution methods

The finitedifference twostage MacCormack scheme on the uniform grid is applied
for computational solutions of nonlinear equations of shallow water [20]. The ordinary
differential equations describing solid landslide motion are approximated by application
of Euler method.

The method of finite differences without selecting specifications for determination
of the interface of components is applied for implementation of the threecomponent
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model. A rectangular staggered mesh is applied for digitalization. The NavierStrokes
equations system (3) is approximated by splitting scheme by physical factors taking
into account variable density. Predictorcorrector methods are applied for solution of
equations of convective diffusion. The detailed description of this numerical algorithm
is represented in the article [22].

Wave generation by landslide motion on the shelving

In order to analyze the differences between two models we consider the model problem
of landslide motion on the slope bottom which generates waves on the water surface.
The landslide configuration at the start time is determined by the following formula [20]:

hsl(x, t) = T
[1 + tanh (2 (x− x1(t))) /p] [1− tanh (2 (x− x2(t))) /p]

[1 + tanh(1)] [1− tanh(−1)]
(4)

wherex1(t) = xc(t)−p/2,x2(t) = xc(t)+p/2,xc(0) = 10, 000,T = 500, p = 2, 500.
Hence, the length of a landslide is 2, 500 m, the height is 500 m, the initial

longitudinal center of a landslide is 10, 000. A quasideformed landslide also has the
following parameters: friction angle – 2 degrees, relative density of a landslide is 1.95.

The scheme and dimensions of the solution region and the initial position of a
landslide are represented at Fig. 1.

Figure 1. Geometry of the region and the initial position of a landslide, in meters

The medium component in threecomponent model applies the following values of
densities and viscosities:

ρ1 = 1
kg

m3
, ρ2 = 1, 000

kg

m3
, ρ3 = 1, 950

kg

m3
,

µ1 = 10−5 kg

m · s
, µ2 = 10−3 kg

m · s
, µ3 = 10

kg

m · s
.
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Boundary conditions at the edge of the solution region (Fig. 1) for the system (3) are
defined as follows as:

Γ1 – boundary of free discharge where atmospheric pressure has impact

∂u1
∂y

∣∣∣∣
Γ1

= 0,
∂u2
∂y

∣∣∣∣
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= 0, p
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= 101, 325,
∂C1

∂y

∣∣∣∣
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= 0,
∂C3

∂y
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Γ1

= 0.

Γ2 – solid boundary where there is adhesion condition
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Γ2
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∂p

∂n̄
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Γ3 – solid boundary where slipping condition is possible
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Γ4 – boundary of free discharge

∂u1
∂x
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Γ4
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= 0.

For nonlinear model of shallow water we set the condition of return at the left
boundary and the condition of clear passage of waves – at the right boundary.

The tide gauges were set at every 5, 000meters from point 0 to point 30, 000meters
in order to evaluate the level of fluid surface.

Fig. 2 represents the change of configuration of liquid and solid landslides and
surface waves induced by them at time points 100, 200 and 300 seconds.

Fig. 3 shows marigrams of fluid surface at different points of the region for aforesaid
calculations for two models.

Correspondence of wave generation to the landslide configuration

As it is observed at Fig. 2, a landslide splits into two parts at the start of motion. On part
of a landslide advances upward the slope and can reach the coast, the other part moves
down ward the slope. That is why, it is important to define the impact of the initial
landslide configuration on properties and motion velocity of the wave. Let us consider
three initial configurations of a landslide.

We label the landslide which initial configuration (4) was described above with
”O1“, and with ”O2“ we label the landslide which configuration is described by the
transformation of formula (4):

hsl(x, t) = T
[1 + tanh (2 (x− x1(t))) /p1] [1− tanh (2 (x− x2(t))) /p2]

[1 + tanh(1)] [1− tanh(−1)]
(5)
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Figure 2. Landslide configurations at time points 100, 200 and 300 seconds

Figure 3.Marigrams



Two Models of Surface Waves Generated by an Underwater Landslide 89

wherex1(t) = xc(t)−p/2,x2(t) = xc(t)+p/2,xc(0) = 10, 000,T = 300, p = 3, 000,
p1 = 4, 500, p2 = 1, 000 (Fig. 4).

A third landslide ”O3“ is described by formula (4), where T = 325, p = 5, 500
(Fig. 4).

Figure 4. Landslide configuration O2 and O3

Fig. 5, 6 show the transformation of landslide configurations O1 –O3 at time points
100, 300 and 500 seconds for each configuration for two models where crosshatched
region is a liquid landslide and unbroken line is a solid landslide.

Figure 5. Landslide configuration O2 and O3

Fig. 7, 8 represent marigrams for all landslide configurations for two models.
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Figure 6. Landslide configuration O2 and O3

Figure 7.Marigrams
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Figure 8.Marigrams

Argument

Waves generated by liquid and solid landslides

First, it can be noted that solid and liquid landslides generate different surface waves.
A ”solid“ landslide retains its configuration while moving on the slope, and its motion
generates mostly a negative wave advancing towards shallow water against the motion
of a landslide, and a positive wave advancing towards deepwater area.

Contrary to a solid landslide, a liquid one splits under gravity in such a way that one
part advances downward and the other part – upward the slope. That results in generating
an additional positive wave running to the left wall (Figure 4 shows data of wave meters
located at points 0 m and 5,000 m) as well as to spreading of a landslide on the slope.

As it is observed at the diagrams (Figure 4 shows data of wavemeters located at point
15,000 m and further), the surface wave from both landslides advances with the similar
velocity, though it has different configuration. In particular, positive and negative peaks
are more expressed for a liquid landslide. It may have effect on the force and character
of the wave impact upon coastal facilities.

In due course of time, a solid landslide stops and the waves generated on the surface
leave the solution region, and after the water surface becomes still. A liquid landslide
does not stop, it spreads and generates subsiding oscillatory motions of the surface.

As for the quantitative specifications of the generated waves, positive wave
amplitudes advancing towards the shallow water are very similar in both models.
Negative wave amplitudes in the quasideformed landslide model are one third of
the value of a manycomponent model. Waves generated by a ‘solid’ landslide and
advancing towards deepwater area are one third or two times less.
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The impact of the original landslide configuration

We have performed the numerical experiments with three configurations of a submarine
landslide (O1, O2 andO3) for twomodels (a quasideformed solid landslide in nonlinear
model of shallow water and a liquid landslide in threecomponent model of viscous
incompressible fluid).

A liquid landslide of O1 configuration on the slope splits up under action of gravity,
and some part of its mass spreads up the slope. This motion generates the positive
wave on the surface running to the left boundary (Figure 4, mark 0 m). The choice
of configurations O2 and O3 was stipulated by the desire to eliminate the splitting
effect of a liquid landslide on the slope in threecomponent model, thus eliminating
the differences in wave generation near the left boundary. Figure 6 shows that at the
start time of the motion of landslides of configurations O2 and O3 there is no splitting
on the slope, the return wave is not generated. This is confirmed by marigram data at
the mark 0 m (Figure 10) where a negative wave running to the left wall is observed for
both configurations.

Thus, a landslide configuration does not only have impact on the performance of
surface wave motion but also in some cases it can cause additional effects such as
positive wave motion towards shallow water for a O1 configuration liquid landslide.

Conclusion

The preformed research makes it possible to estimate the motion state of an induced
wave and the level of hazard for coastal facilities depending upon the landslide type and
configuration.
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Abstract An accurate estimate of the distance between the robot and equipment
is essential for the application of robots. Sensors such as laser and sonar are
mainly used to calculate distances. The research considers a pair of Web cameras
for distance measurements To solve this problem, the stereo vision method was
proposed. A comparison of the accuracy of the calculations was done for 3 zones:
left, right and center. This separation allows us to identify possible distortion or
camera failure at the edge of the image. As a result of research, the accuracy of
71.939% was achieved. Also defined parameters which can help to improve the
precision of object coordinates in 3D.

Keywords: Stereo vision, Robots, Pattern recognition, Disparity map, Depth
map;

INTRODUCTION

Using computer vision technology is widely implemented in various fields and also has
commercial success. Due to the success of the technology, scientific research in this
area is of great interest to scientists. In the direction of computer vision, there are two
large areas of research: image processing and pattern recognition. This paper discussed
the problems of image processing, this is the first step for future research in the area of
pattern recognition.

Computer vision devices can be divided into two categories:

– 2D  obtaining an image with no image depth.
– 3D  image acquisition with which you can calculate Z values.

2D images.
Image data is obtained from a mono camera and the result is a ’flat’ image. Often,

these cameras are installed on devices that perform dynamic movements and decompose
2D images in time.
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3D images.
Image data is achieved by using a stereo pair of images. The device that takes

photographs consists of two identical cameras.

RELATEDWORK

Normal monocular visuals suffer from scale bias. Pioneering researchers [1,2,6,7] show
that this problem can be mitigated by learning from 2D flow functions. Inspired by
RGBDSLAM, relative conversion can be estimated directly from the solution to the
PnP problem when depth is specified.

To solve this problem, the authors used deep learning algorithms. CNNSLAM [8]
is a precursor for learning depth prediction training with monocular SLAM to create an
accurate dense 3D map.

The research [6] considers the solution to the problem of calculating three
dimensional (3D) coordinates for a material point. For this purpose, two flat images
(stereo pair) are used, which correspond to the left and right view points of the 3D
scene. A stereo pair is obtained using two cameras with parallel optical axes. A
series of experimental studies were conducted to verify theoretical results. During
these experiments, aminor discrepancy was caused by the spatial distortion of the
camera (distortion) in the optical system and its discrepancy. When using a highquality
stereoscopic system, the existing discrepancy calculation allows applying this method
to a wide range of practical problems.

In [7], the errors of calculating the distance to an object using a stereoscopic
system are analyzed. It was found that the percentage error in calculating the distance is
inversely proportional to the number of pixels used when shifting between two images,
and is directly proportional to the distance to the object.

The application of stereo image processing is used for geology interpretation
based on the image log (image of downhole). It helps to save time for core sample
interpretation [8].

Based on the review of the work, we highlight the following conclusions:

– Determination of distance using a mono camera does not have widespread use and
research. Although the use of monocamera should reduce the cost of production of
technical devices.

– Reducing the error of distance determination, research in the field of stereo vision
is not sufficiently studied and has prospects for a more detailed study.

In this research, we attempted to solve the problems obtained from the literature
reviews. This research describes an experiment with a stereo camera, calculating the
error and identifying the parameters that affected this error.

METHODS

The paper describes a method of training artificial intelligence to recognize the distance
to an object using the modern computer vision detector YOLO, using triangulation.
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When shooting objects, a monocamera was used, and to calculate the distance between
the camera and the object, the image is transmitted from the camera to the object
classifier, based on the modern computer vision object detector YOLO (You Only
Look Once). YOLO is a fast and accurate object detector based on the Convolution
Neural Network (CNN) [9]. The output is the bounding borders of the detected objects
in the image and the class labels of the detected objects. First of all, objects are
classified by certain parameters, in our case by color. After classification, parameters
are processed to calculate the coordinates of the bounding frames. Based on the
coordinates of the bounding frame, the distance from the object to the camera is
calculated. The block diagram of the proposed system is illustrated in Figure 1, an
example of estimating tomato distances. To make research work realistics and apply
the results in any conditions, we used the Tomato DataSet, obtained when shooting
objects in a greenhouse complex without the participation of professional shooting
mechanisms (prof. photographer, special lighting, etc.). Tomato DataSet was collected
in the greenhouse complex ”BRB APK”located in Almaty city, Kazakhstan.

The measurement of the distance between the robot and the object is necessary to
control the actions of the robot, such as capturing the object or even avoiding obstacles
[10,11]. There are many methods for estimating distance, such as ultrasound, laser, and
(video, photo) cameras. A technique based on a video camera has the advantage of its
low cost, so in this paper, we will describe a method for measuring the distance between
a stereo camera and an object (tomato).

The process of calculating the distance includes five steps: calibrating a stereo
camera, calculating a disparity map, calculating a depth map, calculating 3D coordinates
of an object in the real world, calculating the distance between a stereo camera and an
object.

The stage of calibrating a stereo camera includes the processes of straightening the
image and filtering the received image. Calibration of a stereo camera is the process of
obtaining internal parameters and external parameters. The internal parameters are the
result of the distortion of the lens, while the external parameters depend on the modeling
of geometric relationships between the two cameras. For this process, we simultaneously
shot a chessboard from two webcams. To increase the quality of the calibration, we took
65 photos Figure 2.

During the calibration process, a checkerboard corners are searched for in all images
shot by the left and right cameras simultaneously. The position of the corners for each
image is then stored in the image vector, and the object points for the 3d scene are
saved in another vector. The image correction process is then carried out using these
values. To successfully calibrate the stereo camera, 65 pairs of chessboard images were
used. After the completion of the process, we got such data as: camera matrix, distortion
coefficients, rotation and displacement vectors

To calculate the stereo camera mismatch map, we used the OpenCV libraries Stereo
SGBM algorithm. The Stereo SGBM algorithm is based on the idea of pixelbypixel
matching and the subsequent application of global twodimensional constraints [13].
The task of calculating parallax in SGBM is formulated as the problem of minimizing
the similarity criterion:

S(p, d) =
∑
r

Lr(p, d) (1)
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Figure 1. The block diagram of the proposed system.

Figure 2. Example of calibrating a stereo camera.
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where is the ppixel of the first image, d is the horizontal parallax of this pixel, and L is a
quantity characterizing the path that has been traveled in the r direction. The mismatch
map for the base image is calculated, as in the usual methods of local matching, by
choosing for each pixel p such an offset d that meets the least similarity criterion, i.e.
minS(p, d).

The pixel disparity value is often interpreted as the inverse distance to the observed
objects. In other words, the mismatch is inversely proportional to depth. Therefore,
detecting nonconformities is important for building a depth map.

Depth =
f ∗ b

Disparity
(2)

where f is the focal length of the camera, b is the distance between the cameras, Disparity
is the value of the mismatch map. 3D coordinates of the object in the real world are
calculated according to formula 3.

X =
Depth ∗ (xpixel − cx)

fx

Y =
Depth ∗ (ypixel − cy)

fy

Z = Depth

(3)

where Depth is the pixel depth value, fx, fy are the focal lengths expressed in pixel
units, cx, cy is the main point that is usually located in the center of the image, X pixel,
Y pixel are 2D coordinates in pixels.

After completing the above steps, to calculate the distance between the stereo camera
and the object, we used the Euclidean distance according to 4.

D =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 (4)

where, x1, y1, z1 are the coordinates of the stereo camera, x2, y2, z2 are the coordinates
of the object.

In this study, we used a Logitech HD Webcam C270 webcam with the following
Table 2 specifications.

Table 1. CAMERA SPECIFICATION.

N Type Description
1 The matrix Resolution: 1280 x 720 pixels
2 Camera resolution Up to 3 megapixels with software processing
3 Max Resolution 720p/30fps
4 FoV(°) 60
5 Focus type fixed focus
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RESULTS AND FUTUREWORK

The purpose of the experiment is to calculate the distance from the stereo camera to
the desired object (tomato). A detected object is tracked using the bounding box shown
in Fig 3. When testing the average detection in the frame takes 69 ms, it is 1516 FPS
(frames per second).

Table ?? displays the experimental results. As you can see, the calculated distance
data does not quite correspond to the real data. This problem is related to the calculation
of the disparity value and it depends on four factors such as:

1. Pulsed lighting
2. Short exposure
3. Uncoordinated shutters
4. Large low contrast areas in the scene

Figure 3. An example of detecting a tomato.

Based on the data obtained, errors between the real distance and that calculated using
the camera were calculated. The followingmetrics were used for this calculation: R2 and
Mean squared Table 2.

A comparison of the accuracy of distance calculation is divided into 3 zones, left,
right, center. This separation allows us to identify possible distortion or camera failure
at the edge of the image. Based on the results of Table 2, metric accuracy was obtained.
The general accuracy of the distance was also calculated for all measurements  General.

In Fig. 4 shows the tabular results of TABLE 3 in graphical form.
Based on the developed algorithm, it is possible to improve the accuracy and speed

of distance calculation by using parallel computing algorithms. Also, given the results,
it is possible to apply this method to the TakoBot robot [13].
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Table 2. Actual vs measured distance.

Real
distance (cm)

Estimate
distance Right (cm)

Estimate
distance Left (cm)

Estimate
distance center (cm)

10 8.19
15 10.48
20 12.01 14.33
25 14.49 13.68 13.47
30 15.6 16.88 16.67
35 17.78 18.85 18.91
40 19.83 21 21.68
45 22.51 22.22 24.81
50 24.81 23.71 28.37
55 29.47 25.16 29.63
60 29.47 29.31 33.34
65 29.97 32.33 35.8
70 31.3 37.04
75 39.22
80

Table 3. DISTANCE ACCURACY METRIC.

Zone of measurement R2 metrics MSE metrics
Center 0.869 98.314
Left 0.946 32.437
Right 0.879 81.404
General 0.894 71.939
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Figure 4. Graphical display comparing the results of known distances and measured.

CONCLUSION

This experiment is conducted with a lowresolution camera to verify whether the
proposed algorithm is and the measurement accuracy can be improved using a
highresolution camera. Image noise is the main unavoidable cause of errors during the
image acquisition phase. Such errors can occur when finding the exact point of contact
with the object on the ground. Another potential cause of the error is image change.

Also, the accuracy of the measurement is illuminated, whether it is natural or
artificial lighting. Testing this hypothesis requires additional research.

The study conducted an experiment to identify parameters that would improve the
accuracy of calculating the distance to the object using one fixed camera, even if the
surface of the object is not parallel to the camera and the object is not limited by the
vertical movement of the optical axis.
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Abstract This article presents methods for using orthogonal matrices in image
processing. Features and rational aspects of orthogonal matrices are described.
The results obtained by processing specific images were shown. Currently, much
attention is paid to image processing using the Hadamard transform. In certain
tasks of information processing and transformation, matrices with orthogonal
columns (rows) are often used. For developers of image processing systems,
it is necessary to be able to easily select the optimal type of structured two
level orthogonal matrices. The main transformations of images are reduced to
compression, protection in the channel from unauthorized acquaintance, from
interference of natural and artificial origin, which are based on orthogonal matrix
transformations. One of the goals of this work is to study the socalled stripmethod
as applied to the restoration of signals and images that have been subjected to
influences that have led to a large loss of information. Various variants of the
Hadamard matrix used in the strip method are considered. Software experiments
were carried out in the Matlab system.

Keywords: orthogonal matrices, images, Hadamard matrix, image compression.

Currently, much attention is paid to image processing using theHadamard transform.
In certain tasks of information processing and transformation, matrices with

orthogonal columns (rows) are often used. For developers of image processing systems,
it is necessary to be able to easily select the optimal type of structured twolevel
orthogonal matrices.

1.1. Matrix is a mathematical object that is a collection of rows and columns, at
the intersection of which its elements are located. The number of rows and columns
determines the size of the matrix. The numbers of rows and columns of the matrix are
called the indices of the elements of the matrix [1]. Indexes are written starting from the
line number

A =


a11 a12 . . . a1m
a21 a22 . . . a2m
...

...
. . .

...
an1 an2 . . . anm

 (1)
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An n x mmatrix is called rectangular, it is called square when the number of its rows
and columns is equal n = m. The size n of a square matrix is called the order.

A square matrix of the form I = diag(1, 1,…, 1) with unit entries along the main
diagonal (other zeros) is called the identity matrix.

1.2. The inverse of the matrix A is the matrix A−1, for which

A ∧ (−1)A = I (2)

If the result of the transformation, which consists in multiplying a matrix P of order
n by an orthogonal matrix A of the same order, is a matrix P*, then multiplying P*
by an inverse matrix A−1 leads to obtaining (restoring) a matrix P with an accuracy of
calculation errors. The main condition is that the matrixA−1 is not illconditioned [1,2].

1.3. The operation of replacing all rows of the matrix A with its columns is called
transposition; the result of its action is denoted as AT . The operation of transposing
square matrices is reduced to a pairwise permutation of elements located symmetrically
about the main diagonal.

1.4. Matrix A is orthogonal if it satisfies

A−1A = ATA = I (3)

If most of the elements of an orthogonal matrix are equal to each other, its form can
be simplified by scaling  dividing by the most common element in the matrix. Scaled
matrices do not lose the pairwise orthogonality of their rows and columns, since scaling
does not change the diagonal appearance of the right side.

Obviously, the orthogonality allows replacing the matrix A−1 with AT when
reconstructing P from the matrix P*. Such a replacement guarantees a higher accuracy
of calculations, in which there is no accumulating error from an inaccurate calculation
of A−1. This feature of orthogonal matrices ensures a simple inverse transformation,
making the transformation with orthogonal matrices symmetric in general. Among
orthogonal matrices, the Hadamard matrices are distinguished by the simplicity of the
elements.

1.5. An nxn Hadamard matrix H is a square matrix with elements 1, 1 that satisfies
the equation HTH = nI [3]. All columns (rows) of such a matrix are pairwise
orthogonal to each other  their scalar product is 0, and the square of the norm is n.

For greater rigor of reasoning and conclusions, such matrices will be called quasi
orthogonal, meaning that they are not orthogonal in the strict sense of the word, but
are close to orthogonal up to the scaling factor. It is believed that such matrices were
first identified by Sylvester in 1867 [4], although they were also known to his other
contemporaries.

1.6. The values of the elements of orthogonal (quasiorthogonal) matrices will
be called levels [3,4]. The attractiveness of Hadamard matrices lies in the fact that
they have only two integer levels 1 and 1 and the algorithms for computing with
them, therefore, are very simple to implement. It is customary to depict Hadamard
matrices not only in mathematical representation as matrices, but also graphically  in
the form of ”portraits”of matrices [4, 5] for the convenience of assessing the features
of their structure, the presence of symmetries, cyclicities, etc. For the first time, the
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representation of a matrix in the form of a portrait was used by Golomb (Golomb,
Baumert and Hall).

1.7. A portrait of a twolevel matrix is a graphic image in the form of a set of squares,
where a black square corresponds to an element with a minus sign, and a white square
corresponds to a positive element [4].

1.8. The Kronecker product [8, 9] of two matrices A and B is an operation (x) of the
form

AxB =


a11B a12B . . . a1mB
a21B a22B . . . a2mB
...

...
. . .

...
an1B an2B . . . anmB

 (4)

Since orthogonality is an invariant of the Kronecker product, the result of the
multiplication of two Hadamard matrices of orders n and m is a Hadamard matrix of
order nm. This is also a property of quasiorthogonal (scaled orthogonal) matrices.
Variations of Hadamard matrices associated with their block structures have recently
been of great interest.

1.9. Block matrices will be called the type matrix[
A B
C D

]T
=

[
AT CT

BT DT

]
(5)

consisting of blocks (matrices) of the same order n. The transposition of block
matrices is reduced to the transposition of all its blocks with pairwise permutation of
blocks located symmetrically with respect to the main diagonal.

Many applied problems of distributed systems for collecting, storing and
transmitting information include the processes of compressing it, converting formats,
maintaining confidentiality, protecting against distortions and separating the transmitted
information against the background of interference in the channel [6,7]. Digital visual
information is the most time consuming to process in such distributed systems based on
IP networks, implemented on a combined basis  wired and wireless.

Image compression  the use of data compression algorithms for images stored in
digital form. Compression reduces the size of the image, which reduces the time it takes
to transfer the image over the network and conserves storage space.

Image compression is classified into lossy compression and lossless compression.
Lossless compression is often preferred for artificially constructed images, such as
graphics, program icons, or for special cases, such as when images are intended for
postprocessing by image recognition algorithms. Lossy compression algorithms with
increasing compression ratio usually generate artifacts that are clearly visible to the
human eye [8].

Antijamming coding  when we transmit a message from a source to a receiver, an
error may occur during data transmission (interference, equipment malfunction, etc.).
To detect and correct the error, noiseimmune coding is used, i.e. encode the message
so that the receiving party knows whether an error has occurred or not, and can correct
errors if they occur.
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In fact, coding is the addition of additional, verification information to the original
information. For encoding, the transmitting side uses an encoder, and the receiving side
uses a decoder to get the original message.

Other transformations of images (frames) are also based on the principle
of symmetry of transformations using orthogonal matrices, in particular, their
noiseimmune coding and protection from unauthorized acquaintance during their
transmission in communication channels. One of the methods of errorcorrecting coding
is striptransformation of images [7], which was originally developed for coding signals
and images transmitted in channels with impulse noise. Its basis is ”cutting”of the image
P on the transmitting side of the distributed system into fragments X of equal length 
strips, twosided multiplication by a loworder orthogonal matrix, forming their linear
combinations and inverse orthogonal transformation with subsequent ”gluing”on the
receiving side.

There are two best known strip transform modifications: with twosided matrix
Kronecker multiplication [79] and simple twosided matrix multiplication [17, 18]
using orthogonal matrices. Figure: 1.4 demonstrates the sequence of transformations.
In both modifications, the twosided matrix transformation with Kronecker (x)
multiplication of X by the orthogonal matrix on the left and right of the ”stripes”of
the image (obtained by the operator S) provides better mixing of image fragments and,
ultimately, weakening the amplitude of the impulse noise imposed in the channel on a
specific place on the converted image.

Figure 1. Scheme of a twoway strip transform

Image fragments are converted according to the formula
Reconstruction on the receiving side of the image formed from fragments Y and

transmitted over the communication network is performed through an inverse twoway
transformation in the form

The resulting image P is the result of defragmentation from fragments of the X type
of the received image. Twosided (twodimensional) strip transformation of images is
shown in Fig. 2. Here a is the original image, b is a striptransformed image, c is a
reconstructed image after transmission in a channel with impulse noise using a strip
transform, e is a reconstructed image after transmission in a channel with interference
without using a striptransform. The above example of a strip transform is implemented
using a 4x4 Hadamard matrix, and a single noise corresponds to a 30x30 pixel rectangle.
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The weakening of the influence of impulse noise is realized by the fact that during
inverse transformations performed on the receiving side with a transposed orthogonal
matrix, the noise is evenly distributed over the entire reconstructed image. Formaximum
attenuation of the noise amplitude in the strip transform, as a rule, extreme orthogonal
Hadamard matrices [9] of orders 4 and 8 are used. Hadamard matrices exist on orders
4t, where t is a natural number. There are more than two such matrices on each order.
However, the existing algorithms for calculating Hadamard matrices ensure the legacy
of only the structures of the matrices corresponding to these methods. There is no their
structural and quantitative diversity in the orders of existence.

Masking. Masking is a computational procedure for transforming a digital image,
destroying it to a form perceived visually as noise.

The task of masking is to keep the image inaccessible to a third party during the time
of the relevance of this image.

Figure 2. Image at the stages of a twoway strip conversion cycle: a) original image, b) fragmented
image, c) fragmented image with noise, d) histogram of the error, e) the result of the strip
transformation

The result of the inverse transformation coincides with the original image, up to the
transposition of the masking matrix: there is no need to separately store not only the
inverse matrix itself, but also its half due to its symmetry. This saves memory when
directly implementing the method on the system. It is the presented simplified version
of the strip transformation (without the use of Kronecker multiplication and cutting the
image into strips), but implemented with unique matrices, that is called masking [3].
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Discrete cosine transform is most often used as orthogonal transformations in digital
marking algorithms, as well as in compression, due to its use in JPEG and JPEG 2000
formats. However, in a number of works [10, 11] and others for digital marking of
still images (frames), discrete Haar and Hadamard transforms are used, the kernel of
which is the Hadamard matrix of order n = 2k, where k is a natural number. It should
be noted that matrix methods for converting information are very practical, since they
imply effective structural implementation in both PLM and software implementation in
all modern microprocessor structures focused on digital signal processing.

After analyzing, we can say that in the field of processing images and video frames,
the requirements for their quality and resolution are constantly increasing  this is a
modern trend implemented by both manufacturers of video matrices and manufacturers
of display matrices for video control devices, monitors, televisions.

Currently, the UHD (Ultra High Definition) digital format, becoming the most
widespread, requires processing of 3840x2160 (4K) and 7680x4320 (8K) frames, and
the Quality Box technology requires processing frames of generally arbitrary size.

These circumstances give rise to the need for compression, masking, marking,
noiseimmune image coding and others to have a wide family of orthogonal matrices,
including matrices of not only large orders, unknown until now, but also matrices of odd
orders [11], preferably symmetric structures. Hadamard matrices exist on orders of 4t
and this significantly limits the possibilities of their application for images of arbitrary
resolution. In addition, there is no universal algorithm for their computation, and the
known methods do not allow one to find Hadamard matrices of all orders 4t.

Thus, we can briefly formulate the general requirements for the family of matrices
in the following form:

the orders of the matrices should correspond to the largest possible number of
natural numbers to be able to choose the best matrices (or multiple use of them) for
images of various sizes;

more than one quasiorthogonal matrix must exist for each order to provide an
alternative choice;

in order to optimize the amount of memory when storing matrices and to simplify
computational procedures, the number of possible values of elements (levels) of
matrices should be minimal, and their structures should have symmetries.

Additional requirements for twosided matrix masking matrices are the need to
ensure:

 resistance of masked information to interference and losses in the communication
channel;

 Invariance of matrices to twosided matrix transformation.
Despite the fact that the strip transform is not the basis of the masking method,

the image masked by the proposed method remains resistant to possible distortions
and information loss in communication channels. As an example for two test images
(”Lena”and ”Book”) with a resolution of 512x512 pixels, shown in Fig. 3, we present
the results of some experiments.

Conclusion: The main transformations of images are reduced to compression,
protection in the channel from unauthorized acquaintance, from interference of natural
and artificial origin, which are based on orthogonal matrix transformations.
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Figure 3. Test images for the experiment

Figure 4. a) original image

Figure 5. b) fragmented image
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Figure 6. c) fragmented image with noise

Figure 7. d) The result of the strip conversion
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One of the goals of this work is to study the socalled strip method as applied to the
restoration of signals and images that were subjected to influences that led to a large
loss of information.

This method is poorly studied, it is not clear which matrices are better to use in it,
what kind of error arises after restoring damaged signals or images in certain situations.
Various variants of matrices used in the strip method are considered: Hadamard, Haar.

The essence of the strip method is to transform a signal or image at the transmitting
end by ”dividing”it into fragments of equal length or area, respectively, forming their
linear combinations and back ”gluing”.

In the work, mainly, orthogonal matrices, twodimensional strip transform, i.e. the
method is applied to images, the strip transform matrices are selected based on the fact
that it is necessary to achieve the most uniform distribution of the interference over the
image as a result of inverse decoding at the receiving end of the communication channel.
This allows you to recover information about distorted or lost fragments. Software
experiments were carried out in the Matlab system.
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Abstract Modern methods of deep learning of neural networks are to find the
minimum of some continuous error function. Currently, various optimization
algorithms are known that use different approaches to update model parameters.
This article is devoted to the analysis of convolutional neural networks with a
teacher, as well as the most common optimization methods for learning deep
networks in order to recognize the human emotion in the picture. Learning
with a teacher is one of the ways of machine learning, during which the test
system is forcibly trained with the help of “ stimulusreaction ”examples. During
the analysis, activation functions such as ReLU, softmax were used. And also,
categorical crossentropy was chosen to find errors in the network. And they
minimized the error by updating weights to correctly output the response using
the Adam optimizer. Corrected a network error using the Dropout regulator. To
test the performance of the above algorithms, a mobile application was created
for the android platform. And also, we accelerated image processing in the video
stream by dividing processes into different threads.

Keywords: Multilayer Perceptron, Neural Network, Activation Function,
Weighting Factors, Tensors, Convolutional Neural Network, Gradient Descent.

Introduction

People communicating with each other constantly analyze any human manifestations.
It is no secret that one of the important aspects of the analysis is human emotions.
Therefore, the creation of modern technology of machine systems is relevant application
of methods for automatic recognition of emotions.
One of the common ways of recognizing human emotions by another person is the
analysis of visual information. Based on this, it can be understood that the automation
of this process should be obvious based on the use of computer vision methods, which
is implemented using modern technology of neural networks.
Computer vision is a branch of science where theory and methods are studied, as well
as algorithms for analyzing images of objects [1]. This technology is the creation of
machines that can detect, track and classify objects. As a scientific discipline, computer
vision refers to the theory and technology of creating artificial systems that receive
information from images.
Automatic recognition of emotions is quite widespread. For example, recently, Kia
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Motors introduced [2] a system that can assess the mood of a person in a car and adjust
the atmosphere in the cabin for him.
Such artificial systems are wellimplemented using convolutional neural networks.
At present, the use of convolutional neural networks allows one to recognize human
emotion with various methods of data analysis. For example, one can recognize a
person’s emotion with the help of an audio recording implemented by Reza Chu [3].
Using this technology, we implemented a network that can recognize the emotion in
the picture.
In order to recognize human emotion, a convolutional neural network (CNN) [4] was
used, which was trained based on Kaggle [5] data, where gray images with 1 channel
are stored in 48x48 pixels format. For 2 reasons, we used this particular method and
not a simple multilayer perceptron [6]:
– The percentage of accuracy on the verification data is greater. Due to this, the
computer determines the emotion of a person in our case better in our cases
– The concept of total weights. Let´s look at it better to understand the abovementioned
pluses of the CNN. First, let’s see how version 2 of the usual multilayer perceptron
works. A multilayer perceptron consists of an input, hidden (there may be several of
them, depending on the task), output layer (Fig. 1).
As you can see, each node (neuron) in each layer is interconnected. The binding strands
of neurons are called synapses, which have their own weights (weighting factors). In
machine learning, weights are usually marked with the letter “w”, and “X” is the input
data that is transmitted to the first layer. To get a response from the output layer, in each
layer, all neurons must perform several operations and transfer data to the last layer.
Accordingly, each neuron is 1 pixel of the picture. If we multiply the width of 48px
by the height of 48px, then we get the value 2304. Our input layer would have 2304
neurons and since each neuron in each layer is interconnected, we would have many
weighting factors. And this is not beneficial for us since it would require a large amount
of resources. Conversely, convolutional neural networks are limited by the number
of weights. And this has become the main reason for the success of the CNN in the
recognition of large objects such as pictures, audio, video, etc. Since our emotions are
tensors (48x48 matrix), we used this method to train our model.

To date, the best results in image recognition are obtained with their help. On
average, the recognition accuracy of such networks exceeds conventional perceptrons
by 1015%. CNN is the core technology of Deep Learning.
The main difference between a fully connected layer and a convolutional layer is the
following: multilayer perceptron layers study global patterns in the space of input
features (in the case of emotions from the Kaggle set, these patterns involve all pixels),
while convolutional layers study local patterns (Fig. 2).
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Figure 1. The structure of neural networks.

Figure 2. Convolution operation.
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Input layer

The input data are gray images of the type JPEG, size 48x48 pixels. If the size is too
large, the computational complexity will increase, respectively, the restrictions on the
response speed will be violated, the determination of the size in this problem is solved
by the selection method. If you select a size too small, then the network will not be able
to identify key signs of faces.
The picture with human emotions has only 1 channel (48x48x1). The input layer takes
into account the twodimensional topology of the images and consists of one map
(matrices), the map can be one, if the image is presented in shades of gray, otherwise
there are 3, where each map corresponds to an image with a specific channel (red, blue
and green).
The input data of each specific pixel value is normalized to a range from 0 to 1, according
to the formula:

f
(
p,min,max

)
=

p−min

max−min
(1)

where,
f = normalization function.
p = specific color value in pixels from 0 to 255.
min = minimum pixel value0.
max = maximum pixel value255.

Convolutional layer

Convolution is connected to threedimensional tensors, called feature maps, with two
spatial axes (height and width), as well as with the profundity hub (or the hub of the
channels). For black and white pictures, as within the Kaggle dataset, the profundity
pivot incorporates a measurement of 1 (shades of gray). The collapse operation
extricates patterns from its input include outline and applies the same changes to all
patterns, producing an output feature map. The measure of the output card can be
calculated utilizing this equation:

(
w, h

)
= mW − kW + 1,mH − kH + 1 (2)

where,

(w,h)calculatedconvolutioncardsize.
mWwidth of previous map.
hWheight of previous map.

kWcore width.
kHcore height.
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The core is a filter or a window that slides over the complete range of the past map
and finds certain signs of objects. Since we trained the network on numerous faces in
arrange to recognize human emotion, one of the cores could give the most noteworthy
signal in the process of training in the mouth, eyebrow, eye and nose (Fig. 3).

Figure 3. The convolution operation and obtaining the value of the convolution card.

The kernel glides over the past map and performs the convolution operation and
transfers the values to the activation function, at that point, the characteristic maps are
made (new matrix), the equation:

(
f ∗ g

)
[m,n] =

∑
k,l

f [m− k, n− l] ∗ g[k, l] (3)

where,

fsource image matrix,
gconvolution core.

Relu was chosen as the activation function, since it does not lead to problems with
attenuation or increasing gradients. And also, for the hidden layers of the perceptron,
we used Relu, and the output was Sigmoid.

f
(
s
)
= max(0, s)− activationfunctionReLU

The operation of this function is simple, as you can see this, the function displays 0 if
the value passed to the function is s < 0, and if s ≥ 0 returns the same value.
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Having performed the activation function, we transfer the resulting matrix to the
subsample layer (Fig. 4).
The reason of the layer is to diminish the measurement of the maps of the past layer. In
case a few signs were as of now recognized within the past convolution operation, at that
point such a detailed picture is not required for advance preparing, and it is compressed
to a less detailed one. In addition, filtering already unnecessary parts helps not to retrain.
During filtering by the center of the subsample layer (channel) of the map of the past
layer, the checking center does not intersect, unlike the convolutional layer. Ordinarily,
each card includes a 2x2 center, which permits you to diminish the past card convolution
layer by 2 times. In our task, there will be 3 convolutional layers of 1 subsample layer

Figure 4. Layer subsampling.

for each and a multilayer perceptron with 1 hidden layer. As you can see after reducing
the size, we transfer the reduced image size to the input of the multilayer perceptron
without losing important information.
After receiving the vector data, we carry out the training. The essence of training is to
reduce the function of loss. Typically executed utilizing the backpropagation strategy.
To discover the mistake, we’ll utilize los function categorical crossentropy. This work
will figure it out by the formula:

E = −
n∑

i=1

Di ∗ log2(Yi) (4)

where,
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Dexpected result, Youtput.

The output is calculated using the softmax activation function. Softmax is a logistic
function for the multidimensional case. This means that the function is not applied to
a single value, but to a vector. For example, it can be used when the task of multiclass
classification is.
The softmax is expressed by the formula:

Softmax(x) =
eSi∑
j e

Sj
(5)

where,

S =
∑n

i=1 xi ∗ ωi

nnumber of neurons.

As we said above, in order for the network to work correctly, we must reduce losses.
This is implemented using the gradient descent method [7]. For this we will use the
Adam optimizer [8].
During the first experiment, we obtained results of loss and network accuracy (Fig. 5a,
Fig. 5b):

Figure 5. a) Losses on training and validation data in the 50th epochs. b). Accuracy on training
and validation data in the 50th epochs.



120 B. Daribayev et al.

Figure 6. a) Losses on training and validation data in the 200th epochs. b). Accuracy on training
and validation data in the 200th epochs.

Increasing the number of epochs from 50 to 200, we got the following results
(Fig. 6a, Fig. 6b):

Entrance training model we are confronted with retraining. This term implies
that our network recognizes emotion on the training data well, in any case, the
precision on the validation data did not rise. Due to this, the strategy of diminishing
(Dropout) was used. Retraining could be a issue for numerous neural systems. Due
to truth that the network starts to memorize training data, our network will start to
memorize excessively. Any methods that we utilize to anticipate retraining is called the
regularization method.
One of these regularization methods is loss (thinning), which is utilized in profound
systems by counting dropdown layers. This layer does not contain neurons;
appropriately, it does not calculate anything. Instead, it incidentallydisengages a few
neural from the past layer. Such a layer will be temporarily active in the learning
process. When we use the network for prediction, the dropdown layer does not work.
The trained model can now be used to implement software. Using this model, a mobile
application for recognizing human emotions in real time was implemented on the
android platform.
For the implementation, we used the Android Studio development environment, the
OpenCV library for image processing. We chose Java as the programming language,
and also used our trained model in the tflite format, since the mobile application does
not support the h5 file.
The program consists of 5 classes: MainActivity, MultiThread, Classifier and Result.
In the first class, we connect the library we need, in our cases it is openCV.
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We also initialize files such as Emoji.tflite (our trained model), haarcascade
frontalface atl2.xml for high speed face recognition. Our class implements the
interfaces: CameraBridgeViewBase.CvCameraViewListener2 for working with
the camera, View.OnClickListener for listening to buttons to change the camera.
We initialized global variables with the following types: JavaCameraView, File,
CascadeClassifier, Mat, Interpreter, int, ImageButton. In the onCreate () method,
which sets the initial setting of the initialization parameters, we connect our layout
for display, create a JavaCameraView object, load the openCV 3.4.0 version
using the OpenCVLoader.initAsync method. On successful loading, we call the
onManagerConnected () callback function. In this method, we initialize our cascading
face recognition file. After that, we go back to the onCreate () method and start
installing our models. The android lifecycle is not only about onCreate (), so we need
to implement other methods, in particular onDestroy (). After completing the work
or when rolling, we must turn off the camera, for this we use this method. Also, the
camera itself has a certain analogue, similar to the life cycle of an android application:
onCameraViewStarted (), onCameraViewStopped (), onCameraFrame (). In the first
method, we create a Mat object. This object stores images in a twodimensional array.
In the next method, when the camera is turned off, we delete the object, since we need
to free memory. In the last method, we load our images that we receive in the video
stream. After assigning the image to the Mat, we start the thread to make the program
work faster and in this thread we pass 4 parameters to the MultiThread class: Mat,
CascadeClasifier, Interpreter, absoluteFaceSize. The parameters passed to the stream
are needed in order to recognize the face and draw the recognition result in it. But
the work of the first class did not end there. Then we worked to ensure that during
installation it was possible to configure access to the camera without going into the
settings. For this, builtin methods have been redefined, such as: checkPermission (),
onRequestPermissionsResult ().
After completing all the necessary tasks, we switched to the third grade in which we
will recognize a person’s emotion. In this class, we have created variables with the
types Mat, CascadeClassifier, Interpreter, int, ByteBuffer. We assigned the received
data from the first class to the variables we needed that we created. The thread that
we started in the first class is implemented in the second class. This thread creates
a MatofRect object in which we will store our rendered faces in a threedimensional
array. That is, a set of twodimensional arrays can be stored in MatofRect, which are the
faces of the decoded people. This is implemented using the detectMultiScale () method
of the CascadeClassifier object. In this method, we pass our Mat, CascadeClssifier,
specify scaleFactor, minNeighbors, flags and create a new Size object with the
absoluteFaceSize attributes we took from the first class. Next, we create a list for our
emotions that we will decode. For the list, ArrayList () was used (Fig. 7).

Next, we create a new Mat object for faces. Each time a face is recognized, a
new Mat object will be created. Next, we will draw a rectangle on the found faces. It
was implemented using the rectangle () method of the Imgproc object. In this metot,
we passed Mat, specified the coordinates using Point () and the color of the square
using Scaler (). Further from the picture, we cropped the faces and transferred them
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Figure 7. List of emotions.

to the newly created Mat object. Then we reduced the cropped image by 48x48 since
our model was trained with 48x48 images. Then we created a new class Classifier and
passed the Interpreter to its constructor, which we got from the first class, so we create
an object of the third class. The putText () method of the ImgProc object was used to
draw the label of the resolved emotion. This is where we pass Mat and coordinates
to Point (), as well as our text that we got using the classify (matFace) method of
the Classifier object. As you can see, we are passing our thumbnails into the classify
method.
In the class where we will perform the classification, we created variables:

DIM_ BATCH_ SIZE=1,
DIM_ PIXEL_ SIZE=3,
DIM_ HEIGHT=48,
DIM_ WIDTH=48,

BYTES=4.

We need these variables in order to create a buffer for storing the image in order to use
them in the Interpreter. We need an Interpreter to recognize an emotion. The buffer
was created using the ByteBuffer.allocateDirect () method. The 1x5 array was used to
store the recognition result. The classify method that does the classification converts
the resulting Mat into a byte buffer. For this, the convertMatToBteBuffer (Mat) method
was created. In this method, if the buffer is empty, we stop the method, if there is data,
then we convert Mat to byte and add it to the buffer. We pass the resulting buffer and
the array for the result that was created above to the run method of the Interpreter
object to get the result of the classification. After that, we create the Result class and
pass our result to its constructor. In this class, using the maximum index, we recognize
a person’s emotion. The result is drawn in the second class.
The developed application can recognize 5 emotions: 1. Angry (Fig. 8a), 2. Happy
(Fig. 8b), 3. Neutral (Fig. 9a), 4. Sad (Fig. 9b), 5. Surprise (Fig. 10).
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Figure 8. a) Happy. b). Angry

Figure 9. a) Neutral. b). Sad.
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Figure 10. Surprise.

Figure 11. Surprise.
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Conclusion

During the study, we achieved 70validating data. This is not a bad result for not more
data. By further increasing our data, we will improve prediction accuracy.
The given approach to automatic recognition of emotions can be effectively applied
in various intelligent humanmachine systems. The mobile application of emotion
recognition using by machine learning algorithms was developed and image processing
in the video stream was accelerated.
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Abstract The article is devoted to the analysis of the current state of the
problem of integrating inclusive education into the practice of mass educational
organizations. The implementation of inclusive practice in a comprehensive
school is one of the pressing pedagogical problems. The adaptation of children
with special needs in general education schools is better than in specialized
institutions, since children also gain social experience there. In addition, it
is believed that healthy children, learning together with children with special
needs, develop tolerance and responsibility, and become more independent. It
is important to emphasize that effective inclusive education is feasible only
when the teacher knows the psychological and pedagogical features of teaching
children with disabilities, is able to apply this knowledge in practice, and is aimed
at success in the implementation of inclusion. The article discusses the main
problems of teaching students with disabilities in the aspect of creating special
conditions for the implementation of inclusion. The article also discusses teaching
informatics for children with disabilities in Kazakhstan. The essence of inclusive
education in the conditions of a modern school has been studied. The possibilities
of using active teaching methods in computer science lessons are considered.

Keywords: education, inclusive education, children with spacial educational
needs, computer science, active competences, active teachingmethods, accessible
environment.

Introduction

The relevance of the topic of this work is that students with disabilities should have equal
potential with healthy children in getting an education. There is a need to introduce
such forms of education as inclusive education, which provide the best conditions
for children with disabilities. Inclusive education involves the creation of a flexible
adaptive educational environment that can meet the educational needs of all students.
One of the most important trends in the informatization of education is the search for
⋆ The researches presented in this paper are supported by Grant funding for scientific and
scientific and technical research for 20182020 MES RK (No. AP05133550)
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methods, forms and training tools that provide favourable conditions for the formation
and realization of the potential of the individual.

The term ”inclusive education adopted in international practice, characterizes deeper
processes: the child is given not only the right to attend regular school, but for
this the necessary adapted educational environment is created and support services
are provided. Full inclusion means that all students, regardless of the type, severity
and nature of developmental disabilities, are enrolled in the general education class,
receiving, if necessary, additional services, using coeducation with healthy peers.
Inclusive education is a strategic and affects the entire education system, rather than the
individual elements at the level of institutions, which introduced inclusion. The main
difference between an inclusive approach and an integrative one is that in ordinary
schools the attitude towards children with disabilities and their parents is changing
[1]. The ideology of education is shifting towards the humanization of the educational
process and the strengthening of the educational orientation of the training of all its
participants.

For the effective implementation of the true integration of children with disabilities
in the general educational environment, it is necessary to have some prerequisites for
the introduction of inclusive education, which include:

 ability to choose educational and correctional services provided by the system of
general and special education;

 presence of a wide range of special educational services and special living
conditions for children with disabilities in the structure of a comprehensive school,
kindergarten.

The main conditions for the implementation of successful inclusive education in
secondary schools are:

1. Acceptance of all principles of inclusive education and readiness for its
implementation.

2. The inclusion of children in the general educational process, and not the creation
of special classes.

3. Adapted curriculum, adapted grading system, adapted teaching.
4. Recognition of the right of children with special educational needs to education

by all participants in the educational process (classmates, teachers, parents).
5. Comprehensive support from all specialists (defectologist, speech therapist,

psychologist).
6. Provision of special technical equipment for children with special educational

needs.
The international experience of inclusive education also makes it possible to talk

about the possibility of expanding the educational field for people with disabilities of
health of all ages. For this, lifelong education, focused on the holistic and expanded
reproduction of human life, is called upon to unite various spheres of human activity
around itself: from healthimproving and psychologicalpedagogical to communal and
everyday life. This requires a fundamental review of the established ideas about themain
subjects of the educational process, as well as the need to recognize changes that require
new strategies in the field of education, upbringing and personality development [2].
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The implementation of inclusive practice in a comprehensive school is one of the
most pressing pedagogical problems. The key issue in solving this problem is the
preparation of future teachers for the organization of the educational process in an
inclusive learning environment. It is important to emphasize that effective inclusive
education is feasible only when the teacher knows the psychological and pedagogical
features of teaching children with disabilities, knows how to put this knowledge into
practice, and is aimed at success in implementing inclusion. So, let’s clarify the meaning
of Inclusive Education.

According to the World Health Organization, ”Inclusive education is based on the
right of all students to receive a quality education that meets basic educational needs”[3].

The concept of ”inclusive education”was formed from the belief that education is a
fundamental human right and that it forms the basis for a more just society. All students
have the right to education, regardless of their individual qualities or problems [4].

The world community, guided by the principle of the equal rights of all people,
regardless of their racial, ethnic, gender, physical, mental and other differences, has
fixed the basic principles of inclusive education in UN international legal acts.

”Inclusive education is an ongoing process of development of general education,
aimed at providing quality education for all, taking into account the diversity,
different needs and abilities, characteristics and expectations in teaching students and
communities, eliminating all forms of discrimination”(UNESCO 2008).

In world practice, inclusive education is recognized as the most effective mechanism
for ensuring equal access to education. In Kazakhstan, as in most countries of the world,
they also recognize the idea that an educational institution with an inclusive orientation
is the most acceptable mechanism for providing secondary education for all, while
contributing to the building and development of an inclusive society in the country.

Inclusive Education in Kazakhstan

Providing all citizens with equal access to highquality education is one of the key
foundations of the educational policies of the world community.

The policy of Kazakhstan is aimed at prioritizing the rights of all citizens, regardless
of their social, economic, cultural status, for quality education. In particular, in the
Address of the First President of Kazakhstan Nursultan Nazarbayev to the people of
Kazakhstan ”Kazakhstan’s Way  2050: A Single Goal, Common Interests, Common
Future”instructed ”to strengthen attention to our citizens with disabilities. For them,
Kazakhstan should become a barrierfree zone. It’s our duty to ourselves and society to
take care of these people, who are many”.

The Law of the Republic of Kazakhstan ”On Education”guarantees the equal
rights of all to receive quality education, the availability of education at all levels for
the population, taking into account the intellectual development, psychophysiological
and individual characteristics of each person [5]. According to the State Education
Development Program for 20112020. by 2020, the proportion of schools that created
conditions for inclusive education will increase from a total of 70% . The share of
schools in which ”barrierfree access”for children with disabilities will be created will



Teaching Computer Science to Students with Disabilities 129

be 20%. The percentage of children enrolled in inclusive education, of the total number
of children with developmental disabilities (RIA) will be 50%[6].

Throughout the civilized world, society has come to understand that, in accordance
with universal morality and the requirement of social justice, discrimination against
children in education is unacceptable.

The legislation of the Republic of Kazakhstan, in accordance with international
documents in the field of protecting the rights of children, introduced the concept
of persons (children) with special educational needs and the principle of equal rights
to receive highquality education for all students, taking into account individual
opportunities.

In accordance with the State Program for the Development of Education in our
country, since 2011, inclusive education has been gradually introduced. The strategic
development plan of the Republic of Kazakhstan until 2025, according to paragraph
1.1 ”Ensuring the accessibility and inclusiveness of education involves achieving the
following goals:

1. Providing psychological and pedagogical support for inclusive education, creating
special rooms for psychological and pedagogical support, developing curricula for
secondary, technical and vocational, postsecondary education in demanding working
qualifications, advanced training of teachers.

2. For people with special educational needs, work to ensure access to all levels of
education, within the framework of per capita financing, an increased funding standard
is provided, the state order for their training is increased [7].

The development of inclusive education requires serious psychological,
methodological and methodological training of teachers.

According to the Ministry of Education and Science of the Republic of Kazakhstan:
annuallymore than 320 special teachers take advanced training courses for workingwith
children with special educational needs at the National Scientific and Practical Center
for Corrective Pedagogy. In 2015, refresher courses on inclusive education for school
teachers began on the basis of JSC NCPK ”Orleu”. Over three years, more than 3,000
people have completed courses.

Throughout the civilized world, society has come to understand that, in accordance
with universal morality and the requirement of social justice, discrimination against
children in education is unacceptable.

Educational methods and material and technical conditions for
inclusive education

Educational methods and material and technical conditions for inclusive education.
Currently, more and more Kazakhstan schools practice the inclusion of children with
special educational needs in the mass classes. More and more parents of children with
special educational needs want their child to attend a regular school.

According to the ”Model Rules for the Activities of Educational Institutions of
Education children with special educational needs are taught in ordinary classes of
comprehensive schools (no more than 2 children with special educational needs) and
in special classes (by type of violation) of comprehensive schools[8].
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Special classes for types of disorders in the development of children are
differentiated as follows: with hearing impairment (inaudible, hard of hearing, late deaf);
with visual impairment (blind, visually impaired, late blind); with impaired function of
the musculoskeletal system; with speech impairment; with mental retardation; with a
delay in mental development; with a disorder of the emotionalvolitional sphere and
behavior; with complex disorders, including deafblindness [9].

According to paragraph 5 of Article 8 of the Law of the Republic of Kazakhstan
”On Education”for citizens who, due to health reasons, for a long time cannot attend
organizations of primary, basic secondary, general secondary education, individual free
education at home or in medical organizations is organized.

If a child with special educational needs appears in the classroom, then the school
with the Department of Education equips its study place with the necessary furniture
and equipment, provides textbooks and psychological and pedagogical support.

In order of the Minister of Education and Science of the Republic of Kazakhstan
dated January 22, 2016 No. 70: ”On approving the standards for equipping pre
school, secondary education, and special education organizations with equipment and
furniture”a list of what schools and kindergartens should be equipped with is attached.
For example, tactile tracks, classeswith embossed braille (books and posters) and special
lights for visually impaired children, sanitary rooms and call buttons [10].

Nowadays, in Kazakhstan has developed more than 300 training programs for
children with special educational needs for families with types of violations:

1) with the hearing impaired (deaf)
2) hearing impaired (hard of hearing)
3) with visual impairment
4) with a violation of the musculoskeletal system
5) with severe speech impairment
6) with impaired intelligence
7) with impaired intelligence
As an example in our research we consider the problems of teaching computer

science to children with visual impairment. Violation of the function of vision reduces
visual sensations, slowing down perception. In visually impaired children, the speed
of perception is halved, the recognition of objects slows down, which leads to a
deterioration in memory processes, blurred perception, fragmentation, schematism, a
low level of generalization and verbalism, insufficient understanding of the material
being studied, and defects in speech activity. As computer technologies evolve, the
electronic form of presenting information for people with visual impairment becomes
more accessible, thus increasing the importance of computer typhlotechnology. Children
with visual problems are divided into two groups: blind and visually impaired. In
medicine, blind children are considered to be those who have completely lost the ability
to visually perceive the world around them, that is, they have no light perception and
light discrimination. A case with complete loss of vision is considered total or absolute
blindness. Children with practical blindness are partially seeing children, because they
have no impaired light perception or residual vision, which allows them to partially
distinguish contours, color, light, allows them to navigate in space and is a way of
acquiring information about the outside world [11].
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The purpose of studying the subject ”Informatics/(or)computer science”in school is
to provide students with visual impairments with basic knowledge, skills, working with
a personal computer, the sound program JawsforWindows, and typhlotechnical devices
for their effective use in everyday life.

JAWS, Job Access With Speech, is the world’s most popular screen reader,
developed for computer users whose vision loss prevents them from seeing screen
content or navigating with a mouse [12]. JAWS provides speech and braille output for
the most popular computer applications on PC:

• Read documents, emails, websites and apps
• Easily navigate with your mouse
• Scan and read all of your documents, including PDF
• Fill out web forms with ease
• Easy to use with Daisy formatted basic training
• Save time with Skim Reading and Text Analyzer
• Surf the net with web browsing keystrokes.
Computer science lessons for students with visual impairments are carried out in

compliance with the time interval when working at the computer for each student, taking
into account the diseases of the eye analyzer and age characteristics, in the middle of
the lesson, a physical education minute is held, aimed at relieving visual, muscle and
tactile tension.

Exercises aimed at relieving visual stress are carried out taking into account the
state of vision of students (clinical forms of visual disease, existing contraindications),
the continuous duration of work at the computer should not exceed:

1) for students of grades 57, no more than 15 minutes with a break for a physical
education minute;

2) for students of grades 810, no more than 20 minutes with a break for a physical
training minute.

Teaching computer science is carried out in 2 stages: 1) the first stage (grades 57)
 acquaintance with the computer and the world around it through the computer;

2) the second stage (grades 810)  the use of a computer by students with
visual impairments as a ”white cane the formation and development of electronic
communication skills and information retrieval while mastering the principles of
operation of the technical equipment.

The specifics of teaching the subject ”Computer Science”for students with visual
impairments is manifested in the following:

1) taking into account the general laws and specific features of the development of
children with visual impairments;

2) modification of curricula and programs, increasing the duration of training,
redistributing and changing educational material, while maintaining its basic content,
changing the pace of its passage;

3) the use of special forms and methods of work;
4) in the special design of classrooms and classrooms, the creation of sanitary

conditions, the organization of medical rehabilitation work.
A major role in inclusive education is played by computer science lessons. Schools

are equipped with computer classes, educational and methodological support is being
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improved, and practical work is focused on, as skills in students with limited health
abilities in most cases develop more slowly than in healthy ones.

Some important requirements for an informatics lesson in schools with inclusive
education can be highlighted:

• the teacher must not only know the subject matter, but also be proficient in various
forms and methods of organizing the lesson, be ready to present information to children;

• it is necessary to adjust the structure of knowledge, abilities and skills in accordance
with the mental and physical capabilities of both an individual student and the entire
class;

• at each lesson, an individuallydifferentiated approach should be implemented
in accordance with the capabilities of the students. For example, programming, site
building, and for deafmute children, logic and algorithmization are difficult;

• didactic materials should correspond to the level of development of the child, the
lesson should be technically equipped;

• if you are working with a computer, then the teacher needs to clearly show students
the algorithm of actions;

• tasks for independent work should be given after analysis of similar examples;
• a lesson should always be started by repeating the information obtained in previous

lessons;
• during training, it is necessary to focus on the practical experience of the student

and on the most developed abilities, since children with disabilities have less developed
logic and a less formed conceptual apparatus.

In order to provide comfortable access to education for a blind student, it is necessary
to use:

1) a personal computer equipped with the Jaws for Windows sound software;
2) programs that allow you to enlarge the image (screen magnifier), background,

create a contrasting image;
3) interactive whiteboard;
4) a highquality network of open access to the Internet to ensure the exchange

of data between devices and communications between participants in the educational
process;

5) peripheral devices: braille printers, scanners, braille monitors, reading talking
books, multimedia presentations, electronic teaching aids, subject learning systems,
computer educational games, videos; 6) special textbooks with enlarged and reliefpoint
type, containing illustrativegraphic material made in relief on a plane, phonic materials;

7) special educational supplies: braille instruments, flat writing instruments, pencils,
notebooks made of thick (braille) paper; text didactic manuals, made in reliefpoint type;
illustrativegraphic aids made in relief on a plane designed for tactiletactile perception
(for the totally blind); illustrativegraphic aids made in relief on a plane, but with a color
scheme, designed for visualtactile perception (for students with residual vision) [13].

If children with visual impairment are studying at the school, the school
administration must create an adaptive educational environment, apply adapted
programs, and use additional didactic material for children with visual impairment. We
show the technical infrastructure for teaching computer science to children with visual
impairments in the form of a table. (See Table 1).



Teaching Computer Science to Students with Disabilities 133

Table 1. Technical solutions for people with visual impairments

No Types Kinds Description
1 Computer complex Personal Computer, Allows you to work with graphic,

for visually impaired Screen readers, text and printed information.
Video enlarger, The use of the complex helps
Speech synthesizer, students to view teaching
Reading devices aids in a convenient form and

participate in the workflow on
an equal basis with others

2 Electronic video Stationary, Allows you to read literature,
enlarger Manual, view illustrations and graphics

Portable
3 Study guides and Help to organize the educational

writing materials process in accordance with the
standard school curriculum.
All text information is duplicated
in Braille. Convenient for use,
both in class and at home to
consolidate the knowledge gained

4 A device for listening to Portable tiflo player Helps students to better memorize
educational audio aids educational material. Large memory

capacity and an intuitive interface
make using the device convenient
and comfortable
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Using active teaching methods in computer science lessons

Active teaching methods are methods that encourage students to actively think and
practice in the process of mastering the educational material. Active learning involves
the use of such a system of methods, which is aimed at mastering students’ knowledge
and skills in the process of active thinking and practical activity. Each method is made
active by the one who uses it. Currently, the following active teaching methods are most
common:

• practical experiment;
• method of projects  a form of organization of the educational process, focused

on the creative selfrealization of the student’s personality, the development of his
intellectual and physical abilities, volitional qualities and creative abilities in the process
of creating new products that have objective or subjective novelty and have practical
significance;

• group discussions  group discussions on a specific issue in relatively small groups
of students (from 6 to 15 people);

• brainstorming is a specialized method of group work aimed at generating new
ideas, stimulating the creative thinking of each participant;

• business games  a method of organizing the active work of students, aimed at
developing certain recipes for effective educational and professional activities;

• roleplaying games  a method used to assimilate new knowledge and practice
certain skills in the field of communication. A roleplaying game involves the
participation of at least two ”players each of whom is invited to conduct targeted
communication with each other in accordance with a given role;

• basketball method  a teachingmethod based on simulating situations. For example,
the trainee is offered to act as a tour guide in a museum of computer technology. In the
materials for the preparation, he receives all the necessary information about the exhibits
presented in the hall;

• trainings  training, in which, in the course of living or modeling specially assigned
situations, students have the opportunity to develop and consolidate the necessary
knowledge and skills, to change their attitude to their own experience and approaches
used in work;

• training using computer training programs;
• analysis of practical situations (casestudy)  amethod of teaching skills)  amethod

of teaching decisionmaking skills; its goal is to teach students to analyze information,
identify key problems, generate alternative solutions, evaluate them, choose the best
solution and form action programs.

Basic methodological principles of active learning:
 careful selection of working terms, educational, professional vocabulary,

conventions;
 a comprehensive analysis of specific practical examples of some activities in which

students perform different role functions;
 support by all students of continuous visual contact with each other;
 performing at each lesson by one of the students the function of a leader (leader),

who initiates and orients the discussion of the educational problem
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 active use of technical teaching aids, in particular tables, slides, films, videos, video
clips, video equipment, with the help of which educational material is illustrated;

 constant support by the teacher of active intragroup interaction, relieving tension
in relations between participants;

 prompt intervention of the teacher in the course of the discussion in case of
unforeseen difficulties, as well as in order to explain the new provisions of the
curriculum;

 intensive use of individual lessons (selfdiagnostic or creative homework) and
individual abilities in group lessons;

 organization of the spatial environment  ”playing field which should contribute
to the psychological comfort of the student (for example, discussion within teams or
intergroup discussion)

Currently, many educational games have been created that are used in working
with students with disabilities, which allow you to select exercises depending on
the level of development of the student, and not his age. Special exercises develop
visual memory, attention, thinking. Computer games increase interest in the content
of educational material, thereby increasing interest in the learning process, contribute to
the development of selfcontrol skills and independent work.

The peculiarity of interactivemethods is that you can use variousmethods and forms,
regardless of the type of lesson and the stage of the lesson. At the same time, individual,
pair and group work is organized, project work, roleplaying games are used, work
is carried out with documents and various sources of information. In addition, such
innovative technologies are used as electronic multimedia textbooks and study guides,
electronic educational resources: interactive presentations, tests, etc.

The lesson of computer science, unlike many other school disciplines, should
be conducted not only with an orientation towards the assimilation of theoretical
knowledge by students, but also the development of practical skills and abilities.
Therefore, the practical part is an important stage of the lesson. It is organized in
such a way that students independently perform work, conduct research by highlighting
the elements of action that are essential for the performance of a specific task, which
contributes to further generalization and implementation of the transition from student
assessment to selfassessment and reflection. At this stage of the lesson, you can use
discussion, work in pairs, in groups. This approach to the organization of educational
activities makes it possible to form students’ skills to carry out a targeted search for
information and use for this various information and analytical sources; the ability to
use ICT tools to organize interaction; ability to identify stages and operations in problem
solving technology.

The systematic use of active teaching methods in computer science lessons entails
constant activity of students, the emotional response of students to the learning process,
motivation of educational activities, interest in mastering new knowledge, skills and
their practical application in comparison with traditional teaching methods increases.
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Conclusion

The use of information technologies in working with children with disabilities
contributes to the development of existing capabilities, is aimed at reducing deficiencies
in cognitive activity and the formation of personal qualities. The computer helps the
child acquire such knowledge, skills and abilities, with the help of which he can socially
adapt. Ensuring a good result in mastering the subject and facilitating the lesson is
facilitated by the availability of universal technical means in classrooms where children
with various types of disabilities are trained:

1. Special keyboards (differ from standard keyboards in size, more contrasting color
of characters, distance between keys). Various modifications are adapted for different
physical characteristics.

2. Interactive computer boardwith a projector.Multifunctional work surface for joint
education of children with different health conditions. Used for writing, drawing, doing
exercises, making presentations, watching movies.

For the teacher, the main problem in the lesson is to correlate the individual
capabilities of children with disabilities with the need to meet the educational standard.
When developing informatics lessons in an inclusive class, both general educational
tasks (meeting educational needs within the framework of the state standard) and
correctional and developmental tasks should be taken into account. There are many
active forms and methods of teaching. It is necessary to select such methods taking
into account the age category of the group, class, their life experience and knowledge,
remembering that children like nonstandard approaches. And if you add ”the most
necessary thing”to the lesson, that is, activate students to learning, arouse interest  then
the result will be much better. So at the end of this article, let’s summarize the results of
principles of inclusive education. Inclusive education includes a number of important
values:

• recognition for society of the equal value of all students and teachers;
• increasing the degree of participation of all students in the school in all aspects

of school life and at the same time reducing the level of isolation of some groups of
students;

• changing the teaching methods of the school so that the school can fully meet the
diverse needs of all students living near the school;

• analysis, study and overcoming barriers to knowledge and full participation in
school life for all students of the school, and not just for those with disabilities or special
educational needs;

• implementation of reforms and changes aimed at the benefit of all students of the
school as a whole, and not just any one group;

• differences between students are resources that contribute to the pedagogical
process, not obstacles to be overcome;

• recognizing the role of schools not only in improving the academic performance
of students, but also in the development of social values of local communities;

• recognition that inclusion in education is one of the aspects of inclusion in society.
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Abstract A new GPUaccelerated computational methodology is developed for
large eddy simulation (LES) of turbulent reacting flows. The effect of chemical
reactions is modelled via the filtered density function (FDF) subgrid scale
model. The base filtered flow equations are solved by a discontinuous Galerkin
(DG) method. The FDF transport equation is solved numerically by a particle
based Lagrangian Monte Carlo (MC) method. The computational methodology
is developed in a manner suitable for GPU computing. The parallel algorithm
is implemented by the means of CUDA technology. The consistency and the
accuracy of the methodology are demonstrated by simulations of a temporally
developing mixing layer, under both nonreacting and reacting conditions.

Keywords: GPU computing, Large eddy simulation, Filtered density function,
Monte Carlo, Discontinuous Galerkin.

Introduction

Since the time of Osborne Reynolds (over a century ago), there was a need to
develop accurate methods for predicting the behavior of chemically passive and reactive
turbulent flows [1]. Large eddy simulation (LES), as it is now widely believed, is
the optimal means of capturing the detailed, unsteady physics of such flows [2]. The
successful implementation of LES depends on two factors: first, how accurately the
subgrid scale (SGS) quantities are modeled; second, and how accurately these models
are solved using numerical methods. In the former, we use the filtered density function
(FDF) methodology [3] that has proven to be most effective for closing the system of
equations of LES. The main advantage of FDF is that after its application, the source
of chemical reactions in the transfer equation of scalar variables is obtained in a closed
form. In the latter, we use the discontinuous Galerkin (DG) method in combination with
the Monte Carlo (MC) method. The DG combines versatility of the finite volume (FV)
discretization with the accuracy of spectral approximations. TheMC is free of numerical
diffusion; thus it is especially suitable for turbulent flow calculations.

Such a combination of mathematical and numerical modeling provides reliable
prediction of turbulent flows. However, this approach is computationally demanding,
⋆ This work is sponsored by the Ministry of Education and Science of Republic of Kazakhstan
under [grant numbers AP05135365 and BR05236316]
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especially when finiterate kinetics are to be captured [4]. The reason for this is the
huge number of particles in the MC method, which is on the order of millions to
billions of particles. Even so, the computational requirements for the proposed LES,
in its most sophisticated form, and utilizing the highest resolution will be several orders
of magnitude less than required for direct numerical simulations.

The simulation time for applied problems using the proposed LES / FDF model
using sequential code reaches order of months, sometimes might reach order of several
years [4]. Therefore, the use of parallel technology is required [5]. Parallel code can be
adapted on computing systems based on a CPU (central processing unit) and / or on a
GPU (graphics processing unit). It is known that the GPU has a number of advantages
over the CPU. The main one is its cost.

In our work, we develop a new highly efficient large eddy simulator of complex
turbulent flows. To achieve high efficiency, the hybrid DGMC scheme and the FDF
model will be coupled in a computational package which facilitates massively parallel
large scale simulations using GPUs. The success of the simulator as demonstrated in
this work ensures its further extension and applications for LES of complex turbulent
combustion problems.

Modeling

We consider an incompressible, isothermal, turbulent reacting flow involving Ns

species [6]. The transport parameters are denoted by: the velocity vector components
ui(x, t), where x and t denote space and time, respectively; the pressure P (x, t),
and the species mass fractions ϕα(x, t) (α = 1, 2, . . . , Ns). The chemical reaction
source terms Sα ≡ Sα (ϕ(x, t)) are functions of compositional scalars (ϕ ≡
[ϕ1, ϕ2, . . . , ϕNs

]). Implementation of LES involves the use of the spatial filtering
operation [7] ⟨Q(x, t)⟩L =

∫ +∞
−∞ Q(x′, t)G(x′, x)dx′, where G(x′, x) ≡ G (x′ − x)

denotes a filter function of width ∆G, and ⟨Q(x, t)⟩L is the filtered value of the
transport variable Q(x, t). After applying the filter function to the basic transport
equations, we get Σij = ⟨uiuj⟩L − ⟨ui⟩L ⟨uj⟩L andMα

j = ⟨ujϕα⟩L − ⟨uj⟩L ⟨ϕα⟩L,
the subgrid scale (SGS) stresses and the mass fluxes, respectively. Hydrodynamic
closure associated with the subgrid stresses and the subgrid mass fluxes are modelled
by the standard Smagorinsky [8] model. The subgrid stress is modelled via Σij −
(δij/3)Σkk = −νt

(
∂⟨ui⟩L
∂xj

+
∂⟨uj⟩L
∂xi

)
, while the subgrid mass flux is modelled via

Mα
j = −Γt

∂⟨ϕα⟩L
∂xj

. Here, νt is the subgrid kinematic viscosity, Γt = νt

Sct
is the

subgrid diffusion coefficient, where Sct is the subgrid Schmidt number. Accordingly,
the subgrid kinematic viscosity is νt = Cs∆

2
G

√
⟨Sij⟩L ⟨Sij⟩L , where ⟨Sij⟩L is

resolved strain rate tensor and Cs is a model constant. In reacting flows, an additional
model is required for the filtered chemical reaction term. For closing that, we use the
modelled FDF transport equation [3]:

∂FL

∂t
+
∂[⟨uj⟩LFL]

∂xj
=

∂

∂xj

[
(Γ + Γt)

∂FL

∂xj

]
+

∂

∂ψα
[Ωm(ψα − ⟨ϕα⟩L)FL]−

∂[SαFL]

∂ψα

(1)
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where FL is the FDF and ψα represents the scalar array in the sample space. In this
model, Ωm = Cϕ (Γ + Γt) /∆

2
G is the SGS mixing frequency and Cϕ is a model

constant.

Numerics

The system of filtered flow equations are solved via a hybrid DGMC scheme. In this
scheme, the computational domain is discretized into structured rectangular elements.
All hydrodynamic variables are determined by the DG method on the elements, while
the set of SDEs is solved by the MC.

For the spatial discretization, for a given conservation law

∂qkh(x, t)
∂t

+∇ · fkh(qh) = 0, (2)

it is assumed that the local solution qkh and local flux f
k
i in the element with volumeDk

are expressed in the modal form as

x ∈ Dk : qkh(x, t) =
Nm∑
i=1

q�
k

i (t)φi(x), fkh(qh(x, t)) =
Nm∑
i=1

f
�k
i (t)φi(x). (3)

Here, k is the element number, q�
k

i and f
�k
i are the modes and {φi(x)}Nm

n=1 are the
polynomial basis of the order p. Nm denotes the number of the modes in the local
expansion and can be calculated as a function of polynomial of order p:

Nm =
(p+ 1)(p+ 2)

2
.

Equation (2) is multiplied by a smooth test function, vh ∈ Vh, where Vh is the space of
all piecewise polynomial functions. This results in the following DG scheme in weak
form: ∫

Dk

(
∂qkh
∂t

vh − fkh(qh) · ∇vh
)
dx = −

∫
∂Dk

n� · f∗vhdx. (4)

Here, n� denotes the normal and f∗ is the numerical flux that is calculated using a
Riemann solver. As a set of basis and test functions, Legendre polynomials are chosen
and employed in conjunction with Gaussian quadrature points:

Mk
ij

dq�
k

i (t)
dt

− Skij · f
�k
i (t) = −

∫
∂Dk

n� · f∗φi(x)dx, (5)

whereMk
ij are elements of themassmatrix and Skij are elements of the stiffnessmatrices:

Mk
ij =

∫
Dk

φi(x)φj(x)dx, Skij =
∫
Dk

φi(x)∇φj(x)dx. (6)
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Equation (1) can be solved effectively via Lagrangian Monte Carlo (MC) scheme,
where FDF is represented by an ensemble of computational particles, each with a set of
scalars ϕ+α (t) = ϕ+α (Xi(t), t) and Lagrangian position vector X+

i . This information is
updated via temporal integration of the stochastic differential equations (SDEs) [7]:

dX+
i (t) =

[
⟨ui⟩L +

∂(Γ + Γt)

∂xi

]
dt+

√
2(Γ + Γt) dWi(t), (7)

dϕ+α = −Ωm

(
ϕ+α − ⟨ϕα⟩L

)
dt+ Sα(ϕ

+)dt, (8)

whereWi denotes the WienerLévy process [10]. By doing so, the position of the MC
particles are updated due to drift and diffusion (random walk) and their compositions
are modified due to mixing and chemical reaction. Eqs. (7)(8) are integrated by the
EulerMaruyamma scheme. The filtered quantities are constructed on LES quadrature
points by averaging over the particles within the ensemble domain as

⟨g⟩E ≡ 1

NE

∑
n∈△E

g(n), (9)

where NE denotes the number of MC particles residing within an ensemble domain
of characteristic length △E centered around each DG quadrature point. The particle
variable g(n) denotes the information carried by nth MC particle pertaining to transport
variable g.

Parallel Implementation

The parallel algorithm of the DGMC solver is implemented using the PGI CUDA
Fortran Compiler, and the calculations were carried out using an NVIDIA GTX 1080Ti
video card. This graphics processing unit (GPU) is equipped with 3584 CUDA cores
with a clock speed of 1582 MHz each. And also the device has 11 GB of memory with
a bandwidth of 484 Gbps and a memory bus bandwidth of 352 bits.

In CUDA programming, the most important aspect is memory handling. The GPU
device is equipped with five types of memory. First, global memory, as its name
suggests, is available to all threads running on the device. It is the most voluminous,
and the data stored here exists throughout the application. The second is shared memory
available to all threads belonging to the same thread block. The device erases all data
stored in shared memory after the kernel finishes executing. The latter is much faster
than global memory due to its onchip location, so its latency is about 1015 times
lower than the latency of uncached global memory. Shared memory capacity can be
configured up to 48KB per streaming multiprocessor to avoid inefficient global memory
access. The third type of memory is persistent memory, which offers one alternative to
global memory when high bandwidth global access is required. Persistent memory is
very limited, 64KB, and as the name implies, it is used for data that remains unchanged
throughout the run. The other two memory types, register memory and texture memory,
were not used in this project. When dealing with global memory, grouping accesses can
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greatly improve computational efficiency. There is a term called warping, which is a
collection of threads that execute according to the SIMT (single instruction, multiple
thread) principle. Every instruction on a device is part of a thread framework, and all
threads belonging to that framework execute this instruction synchronously. Grouping
in deformation is important not only from a computational point of view, but also from
a global memory access point of view. Maximum performance is achieved when the
threads belonging to thewarp access the data using theminimumnumber of transactions.

To optimize memory allocation, reading and writing data from / to global memory
must be implemented in a concatenated manner. The CUDA language was designed
to work with data structures of predictable size. Therefore, arrays of data structures of
constant size are used in the calculations. Because a perfect union requires access to
data within 32 contiguous elements in global memory for each load, the data is stored in
arrays that are a factor of 32.When all threads need to access the same constant variable,
persistent memory is used. If variables are reused, they are cached in shared memory.

The detailed strategy of the implementation of the parallel DG and MC via CUDA
is given in our previous work [5].

Simulations

Flow configuration
The effectiveness of the developed numerical methodology demonstrated via LES of a
temporally developing mixing layer. Initially, this layer consists of two parallel streams
flowing in opposite directions at the same absolute speed. In notation, x corresponds to
the fluid flow in the longitudinal direction, y and z  to the transverse directions. The
velocity components in these directions are designated as u and v, w, respectively.

The flow variables are normalized with respect to the half initial vorticity thickness,
Lr = [δv (t = 0) /2] ; δv = ∆U/|∂⟨u⟩/∂y|max, where ⟨u⟩ is the Reynolds averaged
value of the filtered streamwise velocity and ∆U is the velocity difference across
the layer. The reference velocity is Ur = ∆U/2. The Reynolds number based on
the reference velocity and length scales is Re = 200. Both nonreacting and reacting
temporally developing mixing layer problems are considered. In the former, the trace of
a passive scalar ϕ is considered. This is again initialized as a hyperbolic tangent profile
with ⟨ϕ⟩L = 1 and 0 on the top and bottom streams, respectively. In the reacting case, an
irreversible, secondorder reaction scheme of type A+ νB → (ν + 1)P is considered.
The reactant conversion is governed by SA = −krAB, where kr is the reaction rate
constant; and A, B denote the mass fractions of the two reactants, so the set of scalars
takes form (ϕ ≡ [ϕ1, ϕ2] = [A,B]). In this case, the reactants are initialized such that
A ≡ ϕ (as described above), andB = 1−A. The stoichiometric coefficient is unity. The
rate of reactant conversion is parameterized by the Damköhler number,Da = krLr/Ur.
Simulations are conducted with relatively slow (Da = 10−2), moderate (Da = 1) and
relatively fast (Da = 102) reactions.

Flow Physics
This section presents the results of simulations that reflect the consistency, convergence
and predictive capabilities of the developed numerical methodology. The overall
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consistency of the DGMC hybrid scheme is best achieved by comparing the first two
moments of the scalar functions obtained by the FDF with those obtained directly
through the DG on the same grid. The chemical source values are calculated purely
using MC and then used in the DG solution of the filtered scalar equations.

Numerical implementations of DNS and LES calculations are carried out. The
main flow parameters are the Reynolds number and the Damköhler number. All DG
calculations were performed on a structured grid with a constant integration step over
all spatial coordinates (△x = △y = △z). DNS calculations were carried out with
Re = 200 and on a 128 × 128 × 128 grid and with an approximation order of p = 2.
FDF and LESDG calculations are carried out on a coarser mesh with the resolution
32×32×32with different values of the order of the polynomial p. Figures 1 and 2 show
comparisons of the contours and isosurfaces of the scalar ⟨ϕα⟩Lobtained usingMCwith
the results obtained using DG. These figures clearly demonstrate the consistency of the
FDF simulations as the MC results agree with the DG results. It can also be seen here,
as we stated earlier, compared to DG, the MC results have no numerical diffusion.

(a) (b)

Figure 1. Contour plots of the filtered scalar field for p = 2 at t = 60. (a) DG, (b) MC.

A quantitative comparison of the first two moments obtained with DG and MC is
presented in Figure 3 by the means of correlation diagrams. For both moments, the
correlation coefficient is very close to unity, which indicates a high consistency of FDF
and LESDG calculations.

Calculations of Reynoldsaveraged subgrid variance, resolved variance and total
variance are shown in Figure 4. Analysis of the results leads to the conclusion that
about 78% of the total energy is resolved directly, and the rest is modelled. The total
flow energy is determined with high accuracy even at a value of the order of the
approximation polynomial p = 2. This is evidenced by the third figure, which compares
the results obtained with the FDFMC and LESDG with the DNS results.
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(a) (b)

Figure 2. Isosurfaces of the filtered scalar field for p = 2 at t = 60. (a) DG, (b) MC.

(a) (b)

Figure 3. Scatter plot of the filtered values as obtained by MC vs. those obtained by DG.
(a) filtered scalar, the correlation coefficient is 0.99967. (b) secondorder SGS moment, the
correlation coefficient is 0.99302.
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(a) (b)

(c)

Figure 4. Crossstream variation of the Reynolds averaged values. (a) SGS scalar variance, (b)
resolved scalar variance, (c) total variance.
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Computational Capabilities

This subsection demonstrates the computational capabilities of the DGMC parallel
solver.The performance of a parallel algorithm is estimated by calculating the average
number of floating point operations per second (FLOPS). Figure 5 shows the results of
tests where the grid size Ne and the number of particles at each quadrature pointNPQ
are fixed, and the value of the polynomial order p varies from 1 to 4. It is observed that
when the value of p is higher, the performance of the algorithm increases monotonically.
The average number of GFLOPs performed is heterogeneous for both DG and MC. The
maximum value of GFLOPs for DG takes place at p = 3 and is 203; at the same time,
for MC, the maximum is taken at p = 4 and is 255. You can also notice that the overall
performance plateau is reached after p = 3.

Figure 6 shows the results of tests where the polynomial order p and the number
of particles at each quadrature point NPQ are fixed, and the mesh resolution changes
from 323 to 1603. It is observed that the scalability increases monotonically as Ne value
gets higher. In this case the maximum value of GFLOPs for DG takes place at 1283
and is 211; at the same time, for MC, the maximum is also taken at 323 and is 248.
The theoretical peak compute bandwidth of the GPU device is 354 GFLOPs in double
precision. As it is shown, for the given computational parameters, the solvermay achieve
nearly 70% of the overall device arithmetic throughput.

Figure 5. Effect of the polynomial degree p on the Speedup Factor at fixed 32 × 32 × 32 and
NPQ = 32.
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Figure 6. Effect of the mesh resolutionNe on the Speedup Factor at fixed p = 2 andNPQ = 32.

Conclusion

In this paper, a new highperformance computational methodology is developed for
large eddy simulation of reacting turbulent flows. The effects of chemical reactions
are modelled via the filtered density function (FDF) methodology. For the numerical
solution of the base filtered flow equations the discontinuous Galerkin method (DG) is
used. The FDF transport equation is solved numerically using the Lagrangian Monte
Carlo (MC) method. The hybrid DGMC algorithm is designed in such a way that
it can be implemented using parallel computations. The parallel version of the code
is implemented using the CUDA technology. This significantly expands the range of
reacting turbulent flow problems available for numerical study for researchers.

The overall performance of the methodology is estimated by large eddy simulation
(LES) of two and threedimensional temporally mixing layer under both chemically
passive and reactive turbulent flows. The predictive ability is demonstrated by
comparison of the Reynoldsaveraged statistics with experimental data and show
excellent agreements. This illustrates the capability of the gpuaccelerated solver, based
on the DG andMCmethods, for LES of complex flows, and warrants future applications
of the methodology for LES of practical problems.
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Abstract The article presents the results of a study on data analysis of recorded
seismic events, earthquakes using data mining tools. The research was carried out
in two stages. At the initial stage, statistical processing of the data of recorded
seismic events was carried out. The quantitative results of the distribution of
earthquakes over time intervals are obtained, and graphs of the earthquake density
by magnitude classes are also constructed. At the next stage, a visual analysis of
the geospatial points of earthquakes by magnitude classes was carried out and the
sources belonging to the territory of the Republic of Kazakhstan were determined.
This kind of research will be useful when updating seismic zoning maps when
designing modern construction, as well as for conducting a more indepth and
comparative analysis of data with accumulated historical data on earthquakes.
Besides, the obtained research results will be used in further data analysis to build
earthquake clusters using machine learning methods.

Keywords: Datamining, Statistical data analysis, Spatial analysis, Visualization.

Introduction

The issues of modern construction in conditions of seismic risk remain relevant to this
day. In this kind of research, the initial and most important necessary information for
the study is the data on the earthquakes themselves. A detailed study of earthquake
data is of great interest not only for seismologists but also for specialists in the field
of earthquakeresistant construction. Earthquakes are earthshaking events due to the
sudden release of energy in the earth that is marked by the breaking of rock layers in the
earth’s crust. The accumulation of earthquake energy is generated from the movement
of tectonic plates [1]. As you know, the territory of the Republic of Kazakhstan is
subject to seismic impacts with an intensity of 9 or more points (on the MSK64 scale).
Besides, in the past, there were facts about several strong and catastrophic earthquakes.
To prevent large losses from earthquakes, the accumulated historical data about them
are investigated and seismic risk maps are updated. In this regard, there is a need for a
thorough study and analysis of the spatial data on earthquakes recorded in the Republic
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of Kazakhstan. The structure of the article consists of the main sections, which present
important aspects of the research.

Related works

Intelligent analysis of recorded seismic events plays an important role especially in those
countries where earthquakes aremost common [1,3,4]. There is a large number of works
in which the methods of spatial data mining are used for the analysis of seismic events.
In this context, the application of the geostatistical approach will make it possible to
carry out spatial and statistical correlation between various factors [2]. In [6], using
the methods of spacetime clustering and using the algorithms of associative links, a
new system for the analysis of causal relationships in the distribution of earthquake data
was developed for mapping the risks of the regions of Indonesia. The system extracts
earthquake data and transforms it into transaction data, performs mining association
rule using APriori algorithm and finds interesting patterns, then visualizes into risk
mapping. A similar application of spatial analysis to data on earthquake points can be
seen in [7]. In [8], a spatial analysis of the earthquake epicentres in the northwest
of Ankara is carried out. The research was carried out in two stages. At the first
stage, the spatial distribution of earthquake epicentres of the last decade is analyzed.
At the second stage, the relationship between earthquake epicentres and faults in the
region under study is analyzed using GIS methods to predict segments of probable
faults in which earthquakes may occur. Spatial statistical analysis to the epicentres of
earthquakes in Kyrgyzstan and its environs was carried out by the authors of [3]. The
researchers also identified clusters by magnitude using the midcentre and directional
distribution methods. This paper [4] present geostatistical earthquake analysis, an
innovative approach in this field of research based on GIS spatial statistical tools to
evaluate the importance of the different variables after an earthquake that may have
caused damage in a city. According to the authors, the results obtained will allow one to
hierarchize the importance of the different detected phenomena to prepare the city better
against future earthquakes and to elaborate an improved seismic mitigation strategy.

Data Set

In the study, an opensource of the data provision is LLP ”SOME”JSC ”National
Center for Seismological Observations and Research”. An earthquake dataset consists of
several attributes, such as the date (day/month/year) of the event, the exact time in GMT
(hour/minute/second), latitude, longitude, depth, energy class, and magnitude. The total
number of records in the dataset is 1742 records (between 2012 and 2020 September of
the month). Table I. presents a fragment of the dataset. At the initial stage of the analysis
of the spatial data of earthquake propagation, preliminary data processing was carried
out. Factor variables such as date and time have been converted to the corresponding
date and POSIXct formats. Also, the variables latitude, longitude, depth, energy class,
magnitude are converted to numerical formats.
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Table 1. Fragment of data set

Date GMT Latitude,N. Longitude,E. Depth,km Energy class,K Magnitude,MPVA
14.10.2012 16:30:00 40.88 74.17 15 10.8 4.7
12.10.2012 18:08:00 40.82 76.97 0 9.8 4.2
12.10.2012 7:18:00 43.05 78.22 20 9 4.4
11.10.2012 10:58:00 44.13 78.95 20 8.1 3.6

Brief Description of the Concept of Magnitude

Earthquake magnitude (M, from Latin magnitudo  magnitude) is a quantitative
characteristic of the magnitude of the earthquake focus. ”In the ISCGEM catalogue, in
the catalogue of Central Asia, as well as in the catalogue of Kazakhstan, you can see a
whole set of energy and magnitude characteristics of earthquakes, which are determined
using different scales” [5]. MPVA is the regional body wave magnitude determined
from the Pwave recorded by shortperiod instruments. Determined from the values of
the amplitude and period of displacements using the regional calibration curve for the
Northern Tien Shan [6] for distances up to 1000 km. It is used in the practice of SOME
Ministry of Education and Science of the Republic of Kazakhstan and the IGI Data
Center.

Results

As we already know, data mining is about processing information and identifying
patterns and trends in it, which in turn help make decisions. The principles of data
mining have been known for many years, but with the advent of big data, they have
become even more widespread. The field of spatial data mining is still evolving
and at a very early stage. ”Spatial data mining has deep roots in both traditional
spatial analysis fields (such as spatial statistics, analytical cartography, exploratory data
analysis) and various data mining fields in statistics and computer science (such as
clustering, classification, association rule mining, information visualization, and visual
analytics). Its goal is to integrate and further develop methods in various fields for
the analysis of large and complex spatial data. Not surprisingly, spatial data mining
research efforts are often placed under different umbrellas, such as spatial statistics,
geocomputation, geovisualization, and spatial data mining, depending on the type of
methods that a research focuses on” [7]. In spatial data mining, input data has a
more complex structure than normal data. ”The data inputs of spatial Data Mining
have two distinct types of attributes: nonspatial attribute and spatial attribute. Non
spatial attributes are used to characterize nonspatial features of objects, such as name,
population, and unemployment rate for a city. They are the same as the attributes used
in the data inputs of classical Data Mining. Spatial attributes are used to define the
spatial location and extent of spatial objects (Bolstad, 2002). The spatial attributes
of a spatial object most often include information related to spatial locations, e.g.,
longitude, latitude and elevation, as well as shape [1]”. Intellectual analysis of data on
the quantitative characteristics of the magnitude of the earthquake source revealed the
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following classes of magnitudes [15] and their numerical indicators. These magnitude
classes with numerical indicators are shown in Table 2. Based on this, the data analysis
results show the largest number of registered seismic events have magnitudes 45, also
34 and 56. As a continuation of the study on the analysis of data from recorded seismic

Table 2.Magnitude classes

Magnitude class n
23 1
34 311
45 1089
56 303
67 35
78 3

events, the distribution of the data over the time interval was studied. The resulting
density plot in Figure 1 visualizes the distribution of data over a continuous interval
from 2012 to 2020.
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Figure 1. Visualizations and graphs of density distribution of earthquake data.

A more detailed interpretation of the graphs of the density of the distribution
of earthquakes by year is also presented in Table 3. From the graphs and tabular
information, it was determined that > 100 seismic events with amagnitude class 45were
recorded in 20132019. 3 earthquakes with magnitude class 78 in 2015. Magnitude
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class with seismic events of 67 from 1 to 9, except for 2012. Earthquakes with
magnitudes 34 and 56 were also recorded in all time intervals of the dataset.

Table 3. Distribution of magnitude class by year

Year 23 34 45 56 67 78
2012 25 27 7
2013 44 121 32 3
2014 36 121 27 5
2015 29 134 48 6 3
2016 30 167 43 9
2017 1 37 149 37 5
2018 26 165 52 3
2019 59 112 36 3
2020 25 93 21 1

Also, using the data mining tool, a more indepth and detailed analysis of the
recorded seismic event data was carried out, which is presented in Figure 2.
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Figure 2. Visualization of recorded seismic events by month.

Therefore, this analysis shows that the occurrence of seismic events occurred in
every month and with the corresponding class of magnitudes, which is also presented
in Fig. 3. The number of seismic events by month is shown in Table 4, where the
conditional breakdown of> 150 events falls on months 1,4,5,8,11,12, among which the
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largest recorded earthquakes occur in the months of the winter period, as well as the
number in the interval <150 events for the rest of the months.

Table 4. Number of seismic events by month

Month n
1 170
2 145
3 125
4 151
5 151
6 129
7 128
8 152
9 113
10 129
11 167
12 182

1
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Figure 3. Diagram of the distribution of recorded seismic events by months and magnitude class.

A similar study of data analysis was carried out based on the time of occurrence
of recorded seismic events per day. Benchmarking and data visualization is shown
in Figure 45. At the initial stage of the study, the results of statistical analysis of
seismic event data were obtained regarding the class of earthquake magnitudes, their
distribution by years, months and time of day. Since, among the first information about
the occurred seismic event, namely about the earthquake, its magnitude becomes known.
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Figure 4. Visualization of the number of recorded seismic events by time per day.
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Figure 5. Diagram of the distribution of recorded seismic events in time and magnitude class.
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The magnitude of an earthquake is not a measure of the intensity of an earthquake felt
at a particular point on the earth’s surface. The intensity of the manifestation of an
earthquake in a specific area on the surface depends on the magnitude of the earthquake,
the depth of the hypocenter, the type of rocks and the distance to the source.

In the next stage of the research work, the locations of the geographic coordinates
are analyzed, i.e. visual analysis was carried out and regions were identified. Visual
analysis of the propagation of earthquakes by magnitude class 78 did not reveal their
belonging to the regions of the Republic of Kazakhstan. An analysis of the spatial data
on the spread of earthquakes by magnitude class 67 on the map shows that the number
of earthquake epicentres belonging to the territory of the Republic of Kazakhstan is
3 points and 2 points on the border with the Republic of Kyrgyzstan. The geographic
area of belonging of these epicentres in the East Kazakhstan region, Almaty region and
Almaty city. The location of the spatial points of earthquake epicentres is shown in
Figure 6, which are indicated by ellipses.

Figure 6.Magnitude Class = 67.

Visual analysis of the propagation of earthquakes according to the magnitude class
of 56, also shows the epicentres of the adjacent territories of the Republic of Kazakhstan
on the map. Such regions are the East Kazakhstan region, Almaty region, Almaty city
and Zhambyl region. The location of the spatial points of earthquake epicentres is shown
in Figure 7.
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Figure 7.Magnitude Class = 56.

Conclusion

Today, data mining and a variety of data processing tools provide the researcher
with many opportunities for qualitative analysis of various data. Thus, the constructed
computational algorithmsmake it possible to extract knowledge from experimental data,
as well as transform and model data to extract useful information and make decisions.
So, using the data mining toolkit, this article analyzed the data of recorded seismic
events, earthquakes. The research stages were carried out in two stages. In the first stage
of the study, statistical data processing was carried out. In the second stage, visual data
analysis using the constructed map. The obtained results of the statistical analysis of
these seismic events were carried out on the attributes of earthquakes as magnitude, date
and time. Visualization of the data on the distribution of earthquake epicentres on the
map also helped to identify the geographical affiliation of the points. In further works,
research will be carried out and methods of cluster analysis will be applied to identify
the dependences of characteristics and obtain clusters of earthquakes.
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In this paper, we used modeling of the processes of constructing the calibration
characteristic of atomic emission spectral analysis with inductively coupled plasma
(AESICP) and evaluating it from the standpoint of error and uncertainty.

Monitoring compliance with the standards for maximum permissible arsenic
discharges into wastewater and natural waters is a prerequisite for environmental
protection measures of each industrial enterprise. The regulatory framework of the
Republic of Kazakhstan regulates colorimetric [1], photometric [2] and atomic emission
with inductively coupled plasma [3] methods for determining the arsenic content in
various types of water (table 1).

Table 1.Methods of analytical control of arsenic content

The method
of analytical
control

The range of the
designated contents

Object of analysis Name of the
regulatory document

Reference to
the literature

Colorimetric 5*104 – 6*103 mg Mineral waters:
drinking, medicinal,
medicinaltable and
natural table

State Industry
Standard 23268.14
78

1

Photometric 0,050 – 0,8 mg/l Natural and waste
water

Federal
environmental
regulation
documents
14.1:2.4996

2

AESICP 0,005 – 5,00 mg/l Surface,
underground, and
waste water

Measurement
methods 30884350
022814

3

The availability of modern instrumentation in most of the factory laboratories
makes it possible to fully implement such features of physical and chemical
methods as expressiveness, low detection and detection limits. These methods include
inductively coupled plasma atomic emission spectroscopy (AESICP). The limit for the
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determination of arsenic in the certified measurement method 30884350022814 is
0.005 mg/l. Methods for controlling lower arsenic levels in waters are not regulated. To
determine the arsenic content in wastewater in the range of analyte concentrations from
0.002 mg/l to 0.020 mg/l, studies were conducted to reduce the limit of determination
to 0.002 mg/l and to build a calibration model of the AESICP for the determination of
analyte. In this case, the overall error of the calibration characteristic is due not only to
instrumental errors in measuring the intensity of the analytical signal, but also to errors
in the preparation of calibration solutions. Therefore, the statistical processing of the
constructed calibration dependence is carried out from the standpoint of the concepts of
error and uncertainty.

The purpose of this work is to evaluate the calibration characteristics of the AESICP
for arsenic determination from the point of view of the concepts of error and uncertainty.

Experimental part
For research, a standard solution of arsenic (III) with a concentration of the main

component of 1 mg/dm3 was used, which was prepared from the State Standard Sample
726496 composition of the ions of the arsenic (III) solution. Working solutions of
arsenic (III) in the concentration range from 0.002 to 0.020 mg/dm3 were prepared by
successive dilution of the standard solution. Only freshly prepared solutions were used
for research. The arsenic (III) content in solutions was determined using an Optima 8000
atomic emission spectrometer (PerkinElmer, USA) with inductively coupled plasma at a
wavelength of 188.979 nm. To establish the calibration characteristic (CC), 5 calibration
solutions with a known arsenic content in the concentration range of 0.002  0.020
mg/dm3 were used. For statistical processing of CC, 6 solutions of each concentration
were prepared. For each solution, the intensity of the analytical signal was measured 1
time. The data required for constructing the CC are shown in table 2.

Table 2 –The results of AESICP determination of arsenic in the calibration
solutions

Table 2.Methods of analytical control of arsenic content

N 1 2 3 4 5

CAs
,mg/dm30,002 0,005 0,010 0,015 0,020

IN ,
counts/sec

80 185 370 550 729

Remarks:

N – calibration solution number;

CAs – arsenic content in Nth calibration solution,mg/dm3

IN – average intensity of the arsenic analytical signal, counts/sec

Based on the obtained data, we plotted the dependence of the intensity of the arsenic
(III) analytical signal on the analyte content in the calibration solution (mg/dm3). A
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statistical regression model (1) was used to construct the linear grading function.
IN = a+ bCAs (1)
where IN – arithmetic mean value of the intensity of the analytical signal of the
AESICP definition, counts/sec;
a, b –parameters of the regression model;
CAs

–arsenic content in Nth calibration solution,mg/dm3.

Picture1 –Dependence of the intensity of the analytical signal of arsenic (III) on the
analyte content.

The value of the correlation coefficient of the calibration characteristic (picture1)
is 0.9999, which indicates a strong correlation between the values of the arsenic (III)
content (mg/dm3) and the signal intensity. Statistical processing of the calibration
characteristic from the standpoint of the error concept was carried out in accordancewith
Recommendations for Interstate Standardization 542002[4]. The results are presented
in table 2. The arithmetic mean of the relative standard deviations γ ≤ 0.4, so the
statistical processing of the calibration characteristic from the standpoint of the concept
of error was carried out using the least squares method (table 2). The calculated value of
Vy (table 3) was compared with the table value of the quantile of the Fdistribution with
degrees of freedom V1 = N2 and V2 = N (J1). Since Vy < F (V1,V2), the calibration
characteristic can be considered linear with a confidence probability of 0.95 in the
concentration range of 0.0020.020mg/dm3.

To determine the lower limit of the arsenic content, 6 solutions with analyte
concentrations of 0.00060.002 mg/l were prepared. For each sample population,
the relative standard deviation of the Sr(C) concentration from the analyte content
was calculated (table 4). Table 3 –Results of statistical processing of the calibration
characteristics of ASEICP for arsenic determination (III)
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Table 3.Methods of analytical control of arsenic content

γ a Sa b Sb Vγ F (V1, V2)

0,008 6,73 1,66 36160,41 135,33 2,50 2,69

Remarks:

γ– arithmetic mean of relative standard deviations

a and b – coefficients in the equation y = a+ bx

Sa and Sb  standard deviations of coefficients a and b

Vγ  ratio of average squares of deviations

F – quantile of the distribution

Table 4. Estimation of the limit of arsenic determination by ASEICP method

CAs
,mg/dm3 0,0006 0,0008 0,0001 0,0002

S(I) 1,40 1,45 1,46 1,35

S (c) 0,0221 0,0210 0,0191 0,0187

The determination limit of 0.002 mg/dm3 corresponds to the minimum arsenic
concentration that can be determined with a relative standard deviation of no more than
33%.

The procedure for statistical processing of the calibration characteristic from the
perspective of the uncertainty concept included several stages: construction of the
”causeeffect”diagram, identification and quantification of sources of uncertainty,
calculation of standard uncertainty and extended uncertainty. The uncertainty of the
calibration schedule for determining the arsenic (III) content by the AES  ICP method
was carried out in accordance with the requirements set out in Recommendations for
Interstate Standardization 432001.

The ”causeeffect ”diagram of the calibration characteristic is shown in Picture 2. It
is established that the value of the extended uncertainty of each calibration solution
contains the following sources of uncertainty: the uncertainty of the preparation of
calibration solutions and the uncertainties that arise during the operation of the AES 
ICP spectrometer. The standard uncertainty values for each identified source are shown
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in table 5.

Deviation in determining the wavelength based on the values of the relative standard
uncertainty of all sources, the total standard uncertainty us(CAs) of calibration solutions
was estimated using the formula (2).
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Table 5. Results of estimation of uncertainties in the construction of the calibration schedule.

Designation of the
source of uncertainty

Name of the source
of uncertainty

Standard uncertainty
u (x)

Relative standard
uncertainty u(x)

x

U(pA, i) Dilution coefficient
of the intermediate
solution A

0,080 1.60*10−4

U(pB , i) Dilution coefficient
of the intermediate
solution B

0,110 2.21*10−4

U(vπ, i) The volume of the
pipette

0,004 1.604.13

U(vk, i) The volume of the
bulb

0.052 1.05 ∗ 10−4

U(t, i) Temperature
deviation from
standard relative to
calibration

0,002 2.10*10−3

U(r, i) Fluctuations in
radiation intensity

0,003 1.51*10−3

U(Y, i) Changing the value
of the supply voltage
Y

0,002 1.23*10−3

U(λ, i) Deviation when
setting the
wavelength

0,003 1.45*10−3
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us(CAs) =
√
U(pA, i)2 + U(pB , i)2 + U(vπ, i)2 + U(vk, i)2 + U(t, i)2U(r, i)2 + U(Y, i)2 + U(λ, i)2

(2)
During the calculations, it was found that the total standard uncertainty of calibration

solutions is 0.001mg/dm3.
The value of the extended uncertainty of Uus(CAs

) calibration
Solutions was estimated using the formula (3). us(CAs

) = k ∗ u(CAs
)

(3)
It was found that the extended uncertainty of calibration solutions is 0.002mg/dm3.
Conclusions
To assess the calibration characteristics of the AESICP for arsenic determination

from the point of view of the concepts of error and uncertainty, a calibration graph was
constructed using a standard sample of arsenic. The results obtained during statistical
processing of the calibration graph and uncertainty estimation show that the use of
modeling of this process makes it possible to determine the concentration of arsenic
in wastewater and natural waters with a confidence probability of 95%.

References

1. State Industry Standart 23268.1478. Mineral waters: drinking, medicinal, medicinaltable
and natural table. Methods for determining arsenic ions. Introduction.01.01.80. – Moscow.:
Publishing and Printing Complex of standards, 2003. – 7 pages.

2. Federal Environment Regulation Djcuments 14.1:2.4996 Method for measuring the mass
concentration of arsenic ions in natural and wastewater by photometric method with silver
diethyldithiocarbamate.. Introduction.30.05.2001. –Moscow: Ministry of environment and
natural resources RF, 2001. – 15 pages.

3. Measurement Methods 30884350 – 02 – 28 – 14 Measurement procedure. Surface,
underground, and waste water. Atomic emission method with inductively coupled plasma for
determining the mass concentrations of copper, lead, zinc, iron, and arsenic.

4. Recommendations for Interstate Standardization 542002. Recommendations for interstate
standardization. State system for ensuring the uniformity of measurements. Calibration
characteristics of measuring instruments for the composition and properties of substances
and materials. Method of performing measurements using standard samples. – Introduction.
01.07.2004. – M.: Standards publishing house, 2004. – 9 pages.

5. Kadis R. L. Quantitative description of uncertainty in analytical measurements. 2nd edition,
2000. – SPt.: AllRussian scientific research Institute of Metrology named after D. I.
Mendeleev, 2002. – 149 pages.

6. Recommendations for Interstate Standardization 432001. Recommendations for interstate
standardization. State system for ensuring the uniformity of measurements. Application of
”Guide to the expression of uncertainty in measurement» Introduction. 01.07.2003. – M.:
Standards publishing house, 2003. – 26 pages.



Predicting Academic Performance using a Machine
Learning Algorithm

Timur Merembayev1,2[0000−0001−8185−235X] and
Saltanat Amirgaliyeva2[0000−0002−6528−0619]

1 Institute Information and Computational Technologies CS MES RK, Almaty,Kazakhstan
timur.merembayev@gmail.com

2 Suleyman Demirel University, Kaskelen, Kazakhstan
saltanat_amirgal@mail.ru

Abstract Educational data mining is more focused on processing large amounts
of data, as learning analytics studies on the relationship between students and the
learning environment. Objectives of research in learning analytics and educational
data mining are: modeling student behavior, predicting academic performance,
increasing reflection and awareness, improving grades and feedback, improving
social interaction in the learning environment, understanding student influence,
and recommending resources. These goals are achieved using various algorithms
such as clustering, regression, text mining, social media analysis, statistics, and
various visualization techniques.
The experiments were carried out with a group of 115 firstyear undergraduate
students from a university in Kazakhstan. The dataset contains time series of
students’ results over six sessions of the course lab. There are 6 folders containing
student data per session. Each file contains 13 features. To compare models also
applied on dataset from Diagnostic Questions: The NeurIPS 2020 Education
Challenge. It is challenging to write good diagnostic questions, where each of
the incorrect answers is a plausible distractor. In this competition, the organizer
challenge participants to develop novel methodologies to understand and improve
students learning and measure the quality of diagnostic questions.
Threemethods ofmachine learningwere compared: logistic regression, XGBoost,
LightGBM. LithtGBM performed best on three recall, precision, f1 metrics. This
method can be used for adaptive learning systems that will allow students to
choose the correct and fastest direction in learning subjects. The results for the
metrics show high accuracy and give good results of applying machine learning
algorithms for this task. For a deep analysis of the educational mining task, big
data is necessary but it is timeconsuming to mining data.

Keywords: Item Response Theory, gradient boosting tree, computerized
adaptive testing

Introduction

IRT is an area of research; the goal is to provide personalized instruction for
students. Early works date back to the late 1970s. It was studied a wide range of
artificial intelligence and knowledge representation methods, we can mention Bayesian
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representations of student knowledge and delusions, modeling with logistic regression
in subject theory, reinforcement learning and, deep training [1, 2]. It can even be argued
that most of the basic methods used in artificial intelligence and data mining have found
their application in the field of IRT. In particular, in the problem of tracking knowledge,
the purpose of which is to simulate the student’s possession of conceptual or procedural
knowledge from observed assignments [3].

Deep knowledge tracing (DKT), the recent introduction of neural networks such as
RNN in the field of educational data mining, has led to a significant improvement over
the wellknown Bayesian models of knowledge tracking, and its results help to reveal
a hidden structure in the concepts of skills and can be used to optimize the curriculum
[4].

The result from paper [5] was taken as a basis for studying practices and using
adaptive learning. In the paper, the authors consider a model of adaptive practice and
monitoring. This model is used in a web monitoring system that includes a sophisticated
web environment for children to practice arithmetic. Using a new model for responding
to an item based on the Elo rating system and an explicit scoring rule, people’s ability
scores and item difficulty are updated with each item answered, which allows calibrating
items on the fly. The evaluation rule takes into account both accuracy and response
time. The authors argue that the results obtained after the introduction of the adaptive
practice algorithm are: the system selects tasks with an average success probability
of 0.75, which makes the tasks difficult, but not too complicated. For ten months,
a sample of the authors in the system collected data: 3648 children completed more
than 3.5 million arithmetic tasks. Children completed about 33results show the best
measurement accuracy, high reliability and reliability, high satisfaction of students, as
well as many interesting opportunities for monitoring progress, diagnosing errors and
analyzing development.

Using technology to better understand how learning happens has garnered
significant attention in recent years, even with a breakdown into specialized areas such
as learning analytics and data mining. Learning analytics can be defined as measuring,
collecting, analyzing and presenting data about learners and their contexts in order to
understand and optimize learning and the environment in which it occurs. Educational
data mining involves developing, researching, and applying computerized techniques
to discover patterns in large collections of educational data that would otherwise be
difficult or impossible to analyze due to the sheer volume of data in which they exist.
Educational data mining is more focused on processing large amounts of data, while
learning analytics is more focused on the relationship between students and the learning
environment.

Common research objectives that have been explored in learning analytics
and educational data mining are: modeling student behavior, predicting academic
performance, increasing reflection and awareness, predicting dropout rates, improving
grades and feedback, improving social interaction in the learning environment,
understanding student impact and recommending resources [6, 7]. These goals are
achieved using various techniques such as clustering, regression, text mining, social
media analysis, statistics, and various visualization techniques. The use of XGBoost and
LightGBM have strong properties in applied problems due to the ease of deployment
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and not necessarily the presence of big data for training, compared to neural networks
of deep learning architectures [?,?].

Despite these opportunities, educators report challenges with advances in the use of
technologybased assessment. For example, educators report that they have very large
amounts of data from different sources (eg, heterogeneous data) and cannot access the
data with enough time to improve learning [8]. In these scenarios, visual analytics tools
can help gain insight into student learning paths, the effectiveness of learning materials,
and the different approaches students use to accomplish a given task.

Methodology of Data Analysis

Professionals and researchers use information visualization techniques to represent
large, complex, heterogeneous data and obtain information from these representations.
These ideas are often used to explain phenomena, make decisions, analyze data, and
identify patterns in data.

Unlike many computational tools, in which users are not directly involved in
data processing, visualization tools include and require human participation. The tool
enables analytic data analysis so that users can perform analytical tasks  for example,
validate hypotheses, investigate hypothetical situations, categorize and organize data,
and identify interesting data features for further study  in the form of a partnership
with, not as a complement to, computational processing. Depending on the context,
computational processing of visualization can range from simple algorithms and
computations to complex data mining and machine learning techniques that can be
controlled and directed by users [9].

There are a number of challenges when using visual learning analytics tools in
classrooms. First, because social sciences tend to introduce technology at a slower pace
compared to technological innovation, it can be difficult to bring human perceptual and
cognitive abilities into account using interactive visualizations as interfaces between
users and their data, making tasks related to data that are more effective and efficient.
Thus, visualization deserves serious consideration as an approach to making sense of
complex educational data for educators, students, and administrators.

Therefore, this study has two objectives:
 define the main applications of visualization in educational research;
– to identify gaps and future opportunities for research and creation of visualization tools
that can help develop the field of visual learning analytics.

Below you can see some examples of data visualization. The experiments were
carried out with a group of 115 firstyear undergraduate students from a university in
Kazakhstan.

The dataset contains time series of students’ results over six sessions of the course
lab. There are 6 folders containing student data per session. Each Session folder contains
up to 99 CSV files, each dedicated to a specific student log during that session. The
number of files in each folder will vary depending on the number of students present in
each lesson. Each file contains 13 features. Fig. 2 shows the distribution of the selected
52 students and their grades for laboratory tasks. According to this distribution, we can
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say that there are two groups of students, a group that performs the task well and another
that may not have mastered the subject and did not complete the task properly.

Figure 1. Distribution of grades for students.

Using Fig. 2, you can clearly see the average variation in grades for all students.
This graph shows an average score of about 1.5 (with a minimum of 0 and a maximum
of 3).

Figure 2. Comparison of all students and their performance

Identifying groups, clusters or patterns in the data is very important to understand
how the subject is assimilated, whether it is necessary to improve the delivery of the
subject to students. Clustering algorithms (kmeans, DBSCAN, Gaussian mixture, etc.)
can be used to cluster data. Visualization tools will allow you to visually show such
clusters of students and highlight who is doing well in the subject or another group of
students who need to spend more time studying the subject Fig. 3.

Fig. 4 shows the clustering of students for test 16.
The distribution of average estimates for our dataset is shown in Fig. 5. The average

score for all students is about a grade of 3. This shows that the mastery of the subject is
good in this subject.
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Figure 3. Clustering students by test 16.

Figure 4. Clustering students by test 16.
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Figure 5. Clustering students by test 16.

Results

Cluster analysis also allows you to markup data and solve the problem of unmarked data
or partially marked up. The resulting classes from the clustering algorithms are used
as labels, based on these data, regression models were built that predict the average
student’s grade. The following algorithms were chosen: Linear Regression, Random
Forest, Decision Tree, Support Vector Machine. You can see the results of the models
in Tab. 1.

Table 1. Result of models by RSME and R2 metrics.

Models RSME R2
Linear Regression 6.08e16 1.0
Random Forest 0.110 0.991
Decision Tree 0.145 0.985
Support Vector Machine 0.131 0.988

Based on Tab. 1, the following conclusions can be drawn:
– The results on themetrics show high accuracy and give rise to hope for good results

from the application of machine learning algorithms for this task.
– For a more detailed study of the reasons for such high results, a large sample is

required: different subjects, age groups, training levels, etc.
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– It is necessary not to allow overfitting of the model, take into account the balancing
of the data (take into account the distribution of which data were included in the training
and test set).

Comclusion

Combining IRTmethods andmachine learning algorithmsmakes it possible to automate
the direction of intellectual analysis of educational data. IRT allowsyou to identify
patterns of knowledge between students and group students with similar knowledge,
while calculations are performed quickly and do not require significant computing
power. Machine learning algorithms allow you to accurately assess the readiness of
each student for an assignment based on historical data.

This result must be used in smart systems for adaptive learning, this will save the
student’s time and prepare an adaptive learning plan for each student in automatic mode.
In the COVID19 pandemic lockdown, automation and digitalization technologies are
showing their effectiveness and are the lives necessary to provide training remotely.
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Abstract The technology of implementing an adaptive graphical editor of XML
records for providing access to distributed heterogeneous information resources
through graphical user WEB interfaces is Considered. The methodology for
creating user interfaces adapted to the structure and functionality of information
sources is described. An adaptive graphical WEB interface for editing structured
data using clientserver applications has been created. The program is a server
side WEB application that provides screen forms for creating and editing XML
documents conforming to the selected XSD schema. Screen forms are generated
on the server side based on XSD definitions using XSLT technology and are
provided to the user as HTMLpages. Completed onscreen forms are processed by
the server to generate an XML document. When processing XSD by using XSLT,
various features of XSD definitions are taken into account, including references
and recursion. The program can be used as an independent module for creating
and editing data presented in XML format, as well as an embedded module in
various server software for heterogeneous information systems.

Keywords: adaptive graphical user and administrative webinterfaces,
integration of heterogeneous data, data representation, computer science, active
competences, new data analysis methods, XML, XSD, XSLTtransformations,
XMLeditor.

Introduction

The main task of integrating information resources is to combine them at the physical
or virtual level into a single information space to provide users with access to
heterogeneous information and the ability to manipulate it. This is done through using
⋆ The researches presented in this paper are supported by Grant funding for scientific and
scientific and technical research for 20182020 MES RK (No. AP05133550)
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specialized adaptive administrative and user graphical web interfaces that can adapt to
the structure and functionality of information resources [1].

The development of adaptive user interfaces is the development of client – server
applications that would allow transparent (at the protocol and transmission environment
level) and easy data exchange between programs that can be located anywhere, be
written in any language, and run on any operating system and on any hardware platform.

To simplify the perception of information to users, there are various methods of
presenting it. One of the most popular ways of visual representation that allows you to
display the structure of information is to write it as an HTML page in the browser. XML
and HTML are subsets of SGML, and therefore inherit its basic principles. The structure
of an XML document is similar to a normal HTML page. By simple manipulations,
information from an XML document can be presented as an HTML page. HTML forms
and XML elements are logically equivalent in terms of information content. This makes
it possible to automatically convert them via a web browser using a single software
tool for any XML data. The generated HTML form, which acts as a data entry form,
is essentially an adaptive graphical interface, as it is a simple lowlevel XML editor
based on web programming. With the advent of XML, which brought many convenient
features for software system developers, the problem of editing XML files also appeared
[2]. There was a need to study the problem that occurs while editing XML data and
choosing tools that allow you to make changes to the XML document.

Thus, the task of research and application of adaptive technologies for the
development of user and administrative interfaces that provide the ability to manage
heterogeneous data (data creation and modification) is urgent.

Russian and foreign scientists have made a great contribution to the research
of designing, implementing, and maintaining administrative and user interfaces that
support various types of dialog. In view with the above, research aimed at solving
the problems of reducing the complexity of designing, prototyping, implementing and
maintaining the user interface is relevant. Based on modern achievements in this field,
the main paradigms for automating user interface development have been formed.

The purpose of the research was to study and develop methods and software tools
for building adaptive administrative and user interfaces that increase the degree of
functionality and expand the possibilities of user interaction during the search and
edition of heterogeneous information in a distributed information system.

The scientific novelty of the work is to create a set of technical developments
and techniques (models and algorithms) that implement a systematic and integrated
approach to building adaptive user interfaces.

The theoretical value of thework is to provide a formal description of the developed
adaptive model for entering and editing metadata presented in XML format, based on
the use of XSD data schema definitions using XSLT technologies and its place in the
architecture of a web server application.

The practical value of this work is to develop a serverside Web application that
provides onscreen forms for creating and editing XML documents in accordance with
the selected XSD schema. Screen forms are generated on the server side and provided
to the user as HTML pages. Completed onscreen forms are processed by the server
to generate an XML document. This software product can be used as an independent
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module for creating and editing data presented in XML format, as well as an embedded
module in various server software for heterogeneous.

All the results are confirmed by experiments conducted in accordance with generally
accepted standards. The practical significance of results is confirmed by their use in
research and production activities of ICT SB RAS.

Description of technology

To simplify the perception of information by users, there are various methods of its
presentation. One of the most common methods of visual presentation that allows you
to display the structure of information is to write it as an HTML page in a browser.
XML and HTML are both subsets of SGML, and therefore inherit its core principles.
The structure of an XML document is similar to that of a regular HTML page [34].
Through simple manipulations, information from an XML document can be represented
as an HTML page. HTML forms and XML elements are logically equivalent in terms
of information content. This makes it possible to automatically convert them through a
web browser using a single software tool for any XML data. The generated HTML form
serving as a data entry form is essentially a simple, lowlevel, webbased XML editor,
and is a responsive GUI [57].

The process of converting XML documents from one XML schema to another can
be divided into three main parts:

 Creation of a XMLcode  code generation using the plain text or specialized
a XMLcode editors. Many databases are equipped with the function of generation a
XMLcode generation.

 Creation of style XSL  tables for processing and displaying XMLdocument.
XSL tables are created by an administratorprogrammer.

 Overlay XSL style sheets. XSL style sheets are imposed on the XML document
according to certain formatting rules, in the result is a document that matches the client’s
request in the following output formats: HTML, PDF, WML, and XML [47].

Client side actions
The last part of the process is transforming XML documents by overlaying XSL

stylesheets, usually done on the client side. With this style, the table is loaded only once.
Newer browsers understand XML, can plug styles into XML documents, and produce
the final document. It works the same way when overlaying a CSS file with an HTML
file.

Server side actions
If browsers do not understand fullfledged HTML, and cannot perform xml/xsl

transformations themselves, then applying a style to an XML document can be done
on the server in two ways:

 manually  compile the collected xmlfiles and style sheets, and upload the resulting
files to the server;

 automatically using a special system (for example, Cocoon), which performs the
required transformation of the xml document automatically before giving it to the user.
At the same time, at the request of the Acrobat Reader program, the published page will
come to the client in PDF format, at the request of a WAP device (Wireless Application
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Protocol), the client will receive a WML page (Wireless Markup Language), a regular
Web browser will receive an HTML page, a more advanced XHTML clientpage.

To manage heterogeneous information in a heterogeneous information system, it
became necessary to develop a universal model for constructing an adaptive graphical
web interface for entering and editing data. Such interfaces, which are able to adapt to
the structure and functionality of information resources, will be adaptive.

The structured XMLformat, extracted from various information sources, is the
best tool for building adaptive administrative and user WEBinterfaces for data entry
and editing. To represent structured information in the XML format itself, there is an
XSD data schema description. In terms of XSD [4], rules for the structure of an XML
document are formulated that can be processed using standard XSLT tools [7]. Thus,
graphical web interfaces built on the basis of XML technologies allow displaying any
file structure presented in XML format.

When retrieving a record from a specific information source in a heterogeneous
information system and presenting this record in XML format for editing, the main task
is to obtain a complete description of the possible structure of the extracted record. The
following options are possible [8]:

1) The most standard way is when the root element of the XML record contains
definitions of the used namespace, which contains a reference to the used XSD data
schema in the form of a URL (the value of the schemaLocation attribute).

2) If the record retrieved for editing XML contains a namespace identifier (URI),
but does not contain a link to the used XSD data schema in the form of a URL, then you
need to make a request to the information system to provide an XSD by the namespace
identifier.

3) If the record retrieved for XML editing does not contain namespace definitions,
then a request to the information system is required to provide an XSD by the name of
the information resource (database) or to use an XSD that corresponded to the schema
requested when generating the data retrieval request.

For all the listed cases of initialization of graphical interfaces, data modification is
required:

 Description of the data schema in the form of XML structure in accordance with
XSD rules.

 XML structure containing the extracted data for editing (not required to create a
new record).

 Description of the styles of forming the elements of the graphical interface
(optional).

 Description of the rules for generating elements of the graphical interface in
accordance with the rules of the used XSD and the value of the elements of the edited
XML record. However, these rules can be XSLT transformation rules applied to XSD.
The principle of operation of the created adaptive XMLrecords editor in the client
server architecture is as follows:

 on the client side, a readymade HTML form is provided for entering / editing data.
The form will contain all the necessary tools (java scripts) for correct data entry;

 on the server side, the editing form is generated by the XSLT method of
transforming the modified XSD structure. First, an empty edit form without data is
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generated, which is filled with record data in XML format after the XSLT processor
is finished.

For the client part, a readymade HTML form is provided for entering and (or)
editing data. Moreover, this form already contains all the necessary tools (java scripts)
for correct data entry, including:

 A script for duplicating elements, the repetition of which is possible in accordance
with XSD.

 Script for removing elements, the removal of which is possible in accordance with
XSD.

 A script for checking the correctness of data input if the corresponding pattern in
the form of a regular expression is present in the XSD.

 Script for hidingopening any data item in the edit form.

Figure 1. Graphical XMLeditor: data entry fields

Conclusion

Thus, the following can be distinguished as the main results obtained in the framework
of this work:

 investigated solutions allowing to process XML data;
 selected technologies for building the editor;
 the program framework of the editor has been designed;
 developed an adaptive model for entering and editing information;
 developed a prototype editor for converting XML elements into HTML forms; the

main components of the editor are built, which implement the basic principles of the
adaptive model for entering and editing XML data.

The developed XML records editor allows you to import any XML data and
transform its structure efficiently and easily, while the same processing process will
allow you to transform the original data of any structure without any change in the
program code.
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The created prototype of the described adaptive XML records editor is currently
built into the ZooSPACEW subsystem of the ZooSPACE platform [1,8,9,10]. Work
is underway to improve its functionality in terms of expanding the list of supported
XSD and JSON elements. When organizing the functioning of client applications and
web services, it is necessary to take into account possible problems of interaction of
distributed applications caused by uncertainty in the WSDL specifications intended for
implementation in different environments. The implementation of the above concepts
ensures guaranteed interaction between client and server applications on different
platforms when working in heterogeneous environments.
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Abstract Pattern recognition in weak measure related to problem in which
precise identification of the original image is not required, but it is important
to establish the belonging of a given image to a certain class of images. This
formulation of the problem was encountered in the development of an algorithm
for controlling an active damper of seismic vibrations these acting on a bridge
structure. In another case, this problem arose in connection with the problem of
determining errors in filling out the database of animal populations on farms.
It was interesting to try to approach the solution of this problem by combining
both cases into single formalism, using the representations of the psychological
theory of Kelly, developed in the first half of 20th century. By our opinion, the
conceptual philosophy embedded in this theory can become a good basis for such
formalism. The primary and simple examples that will be discussed in this paper
may stimulate interest in the extended interpretation of Kelly’s theory in the design
and analysis of artificial intelligence systems.

Keywords: Personal construct theory, Pattern recognition in weak measure,
Software emulation of the psyche, Statistical description of the image, Artificial
intelligence systems, BLUP selection.

Introduction

The definition of ”strong measure”refers to ways of comparing two functions and this
ways can be expressed in terms of uniform convergence of one function to another. All
ways to determine distances between functions different from this definition will be
called  ”weak measure”which includes for example, convergence in the sense of the
mean square.

It is better to express mathematical models of a number of engineering applications
in weak measures, since the detail inherent in exact solutions for them is redundant.
In calculating the roof strength for resistance to snowfall, the trajectories of falling
snowflakes are not calculated, but an integral characteristic is used  daily precipitation.
⋆ Supported by National Engineering Academy
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To the based on a weak measure ideologies are also related image recognition
algorithms and computer simulation of the psyche. In these cases, processes are activated
under external influence  loading an image in the recognition algorithm or an irritant in
the emotion simulator. Further, the algorithms build a hierarchy, starting with processing
simple primary actions, going through the creation of increasingly complex and ordered
data structures to the resulting conclusion. For both cases, situations are characteristic
when the input signals may be not equal but lead to the same results.

Kelly’s psychological theory of personal constructs [1,2,3] is interesting for its
ideology of building a hierarchy of structures of highly fuzzy data. When describing
personality psychology, this theory is based on a workable mathematical model, which
compares favorably with other theories in psychology. Here, the perception of the
surrounding world by a person is based on a system of constructs developed by each
individual in the process of expanding his own life experience. The connections between
constructs are statistically assessed, and these connections determine the choices and
behavior of an individual.

In an extended version of Kelly’s idea that the human psyche can be quantitatively
described as a formalized set of constructs, the interaction between which is described
by mutual correlations, can be useful in simulations of artificial intelligence.

At the same time, the description of the interaction of constructs through
probabilistic correlations is not mandatory and, in all likelihood, is used by Kelly due
to the dominance in his studies of statistical methods for the experimental identification
and assessment of the influence of constructs on human behavior.

It is possible to extend Kelly’s representations to objects artificially created in the
computer memory in the form of a system of given constructs and given links between
them. Then one or more constructs of the system can be connected with the input device.
Under external influence on the system input devices the disturbance signal will be
associated with part or may be all of the constructs of the system. Since constructs are
not initially limited to discrete ranking, such a system will be able to process and display
analog signals.

If we impose random modulation on connections between constructs or make
connections dependent on previous experience, then the response of the system to the
same external influence will be different. This allows in principle to consider such
program either as some kind of visualization of the artificial psyche, or simply to
consider the resulting system as the simplest implementation of the artificial psyche.

Finally, it will be interesting to try to use the resulting system of constructs as a basis
on which to decompose some image. At the same time, there is reason to believe that if
another randomly selected image is identified by the system in some measure, this basis
will be complete to this measure for the whole class of images.

In this case, the described approach will be useful for pattern recognition in
applications in which it is important to determine the belonging of a given image to
a certain class of images. In this paper, we will give several such examples.
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Kelly’s theory

It is necessary to clarify some provisions of Kelly’s theory, which will have to rely
on below. First, Kelly’s theory uses a rational representation of a complex intellectual
system in the form of a closed and limited set of constructs and connections between
them. This idea has so quite general nature that it’s more appropriate to speak of ideology
rather than method.

The starting point of Kelly’s theory is that the consciousness of each person
constantly explores the environment and in the process of research compactly maps
the phenomena of the environment interesting to him into constructs. To explain the
influence of some constructs on others, our consciousness determines the connections
between them, which Kelly calls implicit theories. Thus, each consciousness can be
represented as a researcher, mapping elements of the external world into constructs and
creating theories to describe the relationships between constructs. That theories or rather
their visible manifestation are wanted quantities in the Kelly model.

Kelly’s construct itself is a bipolar construction developed by our consciousness
that describes the subject’s knowledge about surrounding world element in the form of
a ranked vector drawn between the extreme manifestations of the concept under study.
For example, the construct is ”hot  cold”. At the same time, the concepts of ”hot”or
”cold”are unique for each person, since they are based on individual life experience. For
example, a boiling kettle might be the hottest item for a child. An adult may be familiar
with the temperature of a hot metal. For many, the coldest temperature is associated with
winter, while scientists are familiar with liquid helium. This example shows individual
nature of construct ranking.

The system of construct is not static. The human mind is able to analyze correlations
between constructs and generate new correlations as a result of inference. Such
correlations Kelly called  ”implicit theories.”Taken together, implicit theories and
a set of developed constructs determine the psyche and intellect of a person. Kelly
determined correlations and constructs in an individual in a series of rather refined
tests, using regressions for the desired values. These regressions, together with concepts
of constructs and implicit theories, constituted the mathematical formalism of Kelly’s
theory of personal constructs.

Let’s consider the formation of the system’s response to external influences in
Kelly’s theory using an example. Let there be two constructs ”hot  cold”and ”pain  not
pain”. These constructs belong to the category of primary ones, since they are associated
with direct measurement by the senses, and did not arise as a result of inference. Also,
from experience, a correlation is established, asserting that touching a hot kettle is
painful, but a cold one does not.

It is essential that the constructs are ranked, i.e. the concept of ”hot”has gradations.
A cold kettle just put on the fire may not necessarily be hot. Therefore, the correlation
coefficients between the constructs are not strictly equal to 1 and 1, but are found from
experience.

The first nontrivial implicit theory arises when an individual realizes that the
sensation ”pain”arises not only from hot, but also from a number of other reasons.
Consciousness is able to combine these reasons into a new category ”dangerous created
by the results of processing statistics of many perturbations acting on one construct
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”pain  no pain”. It possible skip two more similar nonprincipled steps and go straight
to the final implicit theory. When the system receives the input signal ”kettle stands
on a fire the implicit theory generates a response in the form of the conclusion: ”kettle
stands on a fire  definitely not to be handled and if kettle stands on the table is ”probably
possible”(Fig. 1).

Figure 1. The evolution of primary constructs toward ”implicit theory”.

In contrast to logical constructions based on rules and axioms, here the final reaction
of the system arises on the basis of statistical processing of experimental data and is the
result of the probabilistic interaction of external influence with a construct created by
consciousness itself at the previous stage.

There is a psychologically more vivid example is given [1]. Most people think that a
person with a ”warm look”is more kind person than evil. There is a correlation between
the constructs ”warm look  cold look”and ”good person  evil person”. As above, the
ranking and correlation coefficient of these constructs will be individual for each subject.

We have just looked at an example with the ”hotpain”correlation. How do you feel
now about the slight correction of the correlation ”warm look  kind person”to ”hot
look  kind person”. Will these two conclusions be the same for you? Perhaps, during
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the reading of the previous paragraphs, the brain managed to create new implicit theories
based on the analysis of what was read and thereby predetermined your instantaneous
assessment.

In Kelly’s theory bymeans of special tests (repertoire grids), the system of individual
constructs and their ranking are first revealed. The second step, based on statistical
analysis, determines the correlation coefficients between the constructs. The number of
constructs developed by the subject, their ranking and the depth of connections between
them depend on the level of intelligence and life experience of the subject.

The starting points of this theory were initially humanoriented and for this reason
contained some specific limitations. Due to the generality of the fundamental definitions
and principles of Kelly’s theory, they can be naturally extended and generalized to the
case of society, as well as artificial intelligence, which allows the development of a
number of computer formalisms.

Group consciousness

Comparing neural networks and Kelly’s set of basic constructs, it is useful to see the
analogy with the difference between the thermodynamic description of gas and the
description of gas in kinetic theory. Both theories have an overlap area where they give
the same results. In this area, the kinetic theory deduces the behavior of the macroscopic
volume of matter, based on the movements of individual molecules, in the same way
as neural networks use single neurons to form a general image created by the entire
network of neurons.

Thermodynamics deals with parameters such as volume, pressure, entropy and
temperature, which are applicable to the macroscopic volumes of any substance.
Similarly it can be noted that the base of correlated constructs is applicable to any
system performing deliberate actions, of course with a loss of accuracy characteristic
of macroscopic averaging.

The first logical step is to go from describing an individual person to describing
a society formed according to some attribute: ethnicity, age, belonging to a certain
consumer group, etc. From the standpoint of Kelly’s theory, it is easy to see that a social
group as a whole will have its own individual constructs and correlations that identify
the group by its behavior.

But then it should be concluded that a social group is equivalent to one single person
with intelligence, but at the same time its intelligence is not human, since the reaction
of the group is not equal to the algebraic sum of the reactions of its members. Why this
happens, perhaps, will explain the corresponding ”kinetic theory”. Construct theory,
like thermodynamics, will draw conclusions, limiting it only to considering the visible
parameters and the interactions between them.

After that, we can take the second step and assume that the theory of
constructs allows for a formalized ”thermodynamic”description of a class of different
consciousness, including extraterrestrial intelligence or artificial intelligence, within the
accuracy of this technique. The accuracy of the methodology here is determined by the
measure in which the belonging of the function to the class is measured.
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Direct and inverse problem

The direct task will be to identify the constructs themselves, their ranking and
correlations between them.

The next extension of Kelly’s theory will be the introduction of the notions of
direct and inverse problems in construct theory. The direct task will be to identify
the constructs themselves, their ranking and correlations between them. Due to above
mentioned adequacy of the formal description in terms of constructs for an individual
and for a group, tasks related to predicting the group’s reactions may be interesting for
sociologists.

The inverse problem arises when trying to give some ”free will”to computer
programs. Within the framework of the inverse problem, the initial set of constructs
is specified by programmer during design time. The initial correlation coefficients are
also set. The influence of constructs on each other has a probabilistic nature, and this
interaction is given by random sequences obtained from a random number generator,
after which they modulate the correlation coefficients. As a result, it is possible to
develop a computer character that will react unpredictably to the same stimuli at different
times. Thus, the described extension of Kelly’s theory shows a way to create a virtual
object with psychical properties.

Let the program defineN constructs and letSi – be one of them. Then for correlations
in the general case you can write:

σik = Cor(Si, Sk).

In computer implementations, Kelly’s theory can be interpreted quite broadly, since
a lot is determined by the programmer’s abilities and imagination. In particular, the
correlation coefficient is not necessarily equal to the mathematical correlation, but can
express any way of describing the relationship between constructs that is convenient for
the programmer. Usually this choice is related to the specifics of the program object.
Then we understand Cor(Si, Sk) in this sense.

In the direct problem, constructs are given and correlations are determined. The
input signal F acts on ranked constructs of the system. This impact simply changes
the meaning of each construct within its ranking. After that, correlations are calculated
according to the scheme:

F → (S0, S1, SN ) → |σik| (1)

In the inverse problem, correlations are given and constructs are identified. The input
signal changes the correlations by which new values of the constructs are calculated:

F → |σik| → (S0, S1, , SN ). (2)

The solution to the inverse problem is a set of constructs, each of which has a specific
meaning. Each set will be called the state of a system of N constructs:

Hk(S) = (S0, S1, SN ) (3)
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We will use (1) as a pattern recognition scheme, while (2) is a general illustration of
an algorithm for constructing a model of an artificial psyche.

Each stateHk (S) can be programmatically mapped to image visible to the user, for
example, a play character generated by the program. To enhance the effect you can add
random noise to the influence of external signal. The behavior of a character visible to
the user is a sequence of his states that change under the influence of external signals.
Due to the presence of random factors, the character’s behavior will not repeat exactly
when the disturbance is repeated.

Then it is possible to carry out a series of tests with the system, in which the same
sequence of signals will be fed to the input. This sequences will create corresponding
sequences of system states −Hk(S). Let at the same time:

Hk(S) → H, k → ∞, H <∞. (4)

This means that there is some statistically dominant state H. Then it can be argued
that the play character has a stable psyche in relation to the experienced disturbances.
In this case, the state H is the play character’s limit cycle.

In relation to play character training, then in this case it is necessary to introduce
the target function H(S), which will sets the limit cycle. If condition (4) with respect
to a play character is fulfilled, then this means that he has acquired a stable emotional
character. If the limit cycle matches the objective function:

N = H (5)

then this will mean solving the task of learning. In this case, through training, you
can achieve the target behavior from the object. If the limit cycle does not exist, then
the character will exist as an object with an unstable emotional appearance.

Applied problems

In our case, we will solve the problem of determining the membership of a function
given graphically to a certain class of functions. This task will be solved according to
the scheme (1). Two cases led to this formulation of the problem.

In one of them, a method of protecting a bridge structure from seismic effects was
considered. Let the bridge span be connected to an active damper, in which the force of
resistance to an external load (reactive force) can be controlled. The flexural function of
the bridge span is measured by sensors in real time. This function is used as a feedback
signal driving an active damper.

The bridge structure and the active damper form a feedback oscillating circuit.
he control algorithm processes the feedback signal and determines the reactive force
mode. Analysis of the mathematical model of the contour showed that various external
influences are divided into classes of perturbation functions. Each such class can contain
infinitely many modes of various shapes, but any vibration from the class can be
suppressed by just one damper mode, common to the entire class.

Technically only a limited number of modes can be implemented in an active
damper which must withstand the full range of seismic disturbances. For this reason,
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the theoretically established relationship between the classes of perturbed functions and
the damping regime allows us to look at the active damping of seismic disturbances as
a really feasible process.

It is necessary for this that the control algorithm be able to recognize the belonging
of the disturbance function to a certain class. After recognition, the program activates
the desired mode, at same time the exact form of the function can be ignored. The
independence of the result from the exact form of the function is ensured by the
following circumstance.

The mathematical model of the process described above was built in a weak
functional measure. Here, a measure refers to a way of measuring the distance between
two functions. Equality of functions in a strong measure simply means their coincidence
and corresponds to the classical solution of the differential equation of the process.
The solution to a weak extent allows not to take into account the degrees of freedom
that are redundant for device control and to obtain a result that meets the goal of an
engineering application. The question of the measure of distance will appear later in
pattern recognizing efforts, since this measure determines the coincidence of the current
pattern with the target.

The second need for a fast special recognition algorithm was the problem of
identifying incorrect data in the animal database, summarized for a large number of
farms (in our case, about 500,000 cows). These errors are critical for the use of BLUP
animal indexing. The problem is important because this technique is one of the modern
paradigms of genomic selection.

The original data is presented in a table, in which one column contains the dependent
data, and the other independent factors. This data can be represented graphically in a
space with dimension equal to the number of columns. Knowingly reliable data are
selected as a reference, for which a reference data function is constructed. Specifies the
weak measure in which the functions will be compared. A check for the difference of
each pair of data will correspond to a strong measure here, which in this case will be an
excessive requirement. Some errors in indicators that have little effect on the result of
factor analysis are neglected within a weak measure.

The pattern recognition in weak measure

It is advisable to start the consideration with an illustration of the algorithm. Figure 2
shows four handdrawn shapes that was suggested to the program for comparison.

The program recognizes figures a) and b) as the same and rejects options c) and d)
due to their structural and geometric differences. In figure c), the lower right branch has
a downward concavity, and in figure d), the lower branches do not go out of one node.

The primary constructs here are line segments from their beginning to a branch
point or intersection with another line. Image d) is formed from 8 constructs. The
decomposition of the image into primary constructs occurs as shown in Fig. 3.

Initially, let’s discuss the algorithm’s works in general terms. At the first stage, the
contour is divided into separate primary constructs according to the contour nodes. At
the same time, algorithmmake classification of constructs In weak measure, where each
construct being assigned the name of the class to which the construct belongs.
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Figure 2. Test images.

Figure 3. Image decomposition into system of constructs.
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In weak measure constructs from the same class are considered the same.
Accordingly, the classification of the image in Fig. 3 gives:

branches 1,2,3 belong to class C1; branches 4,5  class C24; branches 6,7,8  class
C3.

After that, a structural diagram of the image is created (Fig. 4). The match
of structural schemes means the coincidence of images. The sampling accuracy is
determined by the measure with which the primary constructs are assigned to classes.

Figure 4. The Structure scheme of the image (Fig. 3) in a weak measure.

If you change the settings in order to strengthen the measure, then the previous
structure will look like in Fig 5.

Figure 5. Structure scheme of the image (Fig. 3) in more strongly measure.

The structure of an image decomposed into a basis of constructs in more strongly
measure, not match with the structure of the same image in a weak measure. This
illustrates the ability of the program to adjust the detail of the image by adjusting the
measure. The criterion for selecting a measure is the context of the task or requirement
from the application for which the image selection is performed.

The structural diagram (Fig. 4, 5) is equated to a new derived class  CF1, formed
by the system and which will play the role of an independent construct in recognizing
more complex patterns. For example, the image in Figure 6 represents a composition of
8 primary constructs: C1, C2, C3, C4, C5, C6, C7, C8 and two derivatives: CF2, CF3.
This image is far from the usual images, but the figure presented structurally corresponds
to the picture of the distribution of experimental data displayed in a certain space.
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Figure 6. Composition of constructs.

At the final level, its structure is described by the scheme:

Figure 7. Structure scheme at a high level.

where derived constructs are described by schemes:

Figure 8. Components of the highlevel circuit.

Correlations between constructs are here given by structural schemes, examples
of which are given above. The coincidence of schemes means the coincidence of the
system of constructs and their correlations in accordance with expression (1). This is
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just the simplest way to describe correlation. In these examples, structural correlation
determines the topological similarity of the shapes. For a more subtle analysis of
geometric correlations, the description of the primary construct includes information
about its length in pixels; this information is used in more detailed comparisons (see
below).

Thus, the recognition process in this approach is as follows.

1. First, a reference image is set, which is decomposed into constructs and its structural
scheme (structural correlation) is created. After that, there is a given system of
constructs and correlations between them.

2. The tested figure is decomposed into constructs. If the resulting set of constructs
coincides with the reference one, a structural scheme will built. The image will be
identified if the structural correlations match. The noncoincidence of the schemes
in at least one element will mean that the original images are different.

3. Constructs at one level are combined into one new derivative construct. The
order 1 corresponds to the primary construct (the construct created as a result of
measurement), then the order of the derived construct created as a result of union
previous ones will be equal to the number of unions of the previous constructs into
a new one.

Themethod of constructing structural schemes provides a lot possibility to transform
these schemes to set of natural numbers. This means that structural diagrams are easily
indexable, that makes it possible to work with large images. In systems with a complex
data structure, the program will operate with typical structural diagrams, but on higher
order constructs.

Separation of primary constructs

We will proceed from the fact that the record of the original image stands in a raster,
which is processed in any suitable way to highlight the contours of the objects in it.
Another way the contours are graphs of functions for which the first operation is not
required.

In our tests, the preprocessing of the image is set up so that the outlines of the areas
are outlined with lines one pixel thick. This is required to facilitate the work of the
algorithm. Pixels that are not area boundaries are filled with zero values.

The contour vectorization is performed as follows. Figure 9a shows a fragment of
the pixel grid. Let the pointer be at pixel 0. There are 8 directions for moving the pointer
from this place to the adjacent pixel. The directions are numbered in Fig. 9a. Diagonal
offsets can be thought of as the sum of the vertical and horizontal offset. For this reason,
if the number of pixels is large enough (in practice, more than 4), the contour line can be
described by four arrays, in which stepbystep displacements along themain orthogonal
axes are written.

The algorithm scans the image matrix line by line from the upper left corner,
sequentially traversing all the columns of the matrix. When a nonzero pixel is found
this pixel becomes active, its coordinates are written to the scan pointer. Neighboring
pixels are scanned clockwise from the direction to the previous active pixel (Figure 9b).
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Figure 9. Rules of directions and detours in the algorithm. a  for a pixel, b  for an outline.

When a nonzero neighboring pixel is found, it becomes active, and the movement is
written to the corresponding array. After this, the procedure is repeated until the end of
the line is reached, or the branching point or intersection of the lines.

Four elementary displacements are recorded in four onedimensional arrays. The
index of the onedimensional array is the number of the scanned pixel. The array value
is 1 when the direction number is equal to the array number and zero in all other cases.
For example, for the figure in Fig. 9b, where the pixels are shown as black squares, the
beginning of the displacement arrays will be as follows:

Table 1.Writing a contour to arrays of elementary displacements.

Direct
number pixel number

arrDir2 1 2 3 4 5 6 7 8 9 10 11 12 13 ...
arrDir4 1 1 1 1 1 1 1 1 1 1 0 0 0 ...
arrDir6 0 0 0 0 0 0 0 0 0 0 0 0 1 ...
arrDir8 0 0 0 0 0 0 1 1 1 1 1 1 1 ...

Table 1 shows how each line of the image, bounded by nodes or the
beginning of a branch, corresponds to four arrays of elementary displacements. To
calculate correlations between these arrays, the following rule is set: Cor(1, 1) =
1; Cor(1, 0) = Cor(0, 1) = 0.5; Cor(0, 0) = 0.

After that, the correlation matrix is calculated:
In the correlation components, straight line segments inclined at different angles to

the abscissa axis have the same form and, therefore, are recognized as one construct  an
inclined segment (Fig. 10). The same will be the case with curved line segments. This
makes the description of the geometric statistics of the figure in Table 2 preferable to
the data in Table 1.

Until that time, information about the original image was preserved and all the
transformations made are reversible. It is possible to start with Table 2 and build the
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Table 2. Correlation matrix.

Corr
Between pixel number

Cor24 1 2 3 4 5 6 7 8 9 10 11 12 13 ...
Cor26 1 1 1 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0 0 0 ...
Cor28 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0 0 1 ...
Cor46 0.5 0.5 0.5 0 0 0 0 0 0 0 0 0 0.5 ...
Cor48 0.5 0.5 0.5 0 0 0 0.5 0.5 0.5 0.5 0.5 0.5 0.5 ...
Cor68 0 0 0 0 0 0 0.5 0.5 0.5 0.5 0.5 0.5 0.5 ...

Figure 10. Segments a, b, c in correlation components describe an equivalent object, despite
differences in slope and length.

original shape. However, this information is redundant for the problem of recognizing
image classes, so will proceed as follows. Let L be the length of the construct in pixels.
The construct will to split into NS equal parts. Then, each of the NS segments will
consist of p = L/NS The influence of the remainder from division can be neglected for
now, relying on its small statistical weight. For each of the N segments of the construct,
construct the normalized sum:

Cr(i, k) = 1/p

p(k+1)∑
m=pk

Tim, (6)

where Tim – element ith stringmth column of correlation matrix.
Components of 6 × NS matrix −Cr(i, k) are equal to the segment average

correlation and express the approximate statistical characteristics of the geometric
curvature of the segment. These characteristics are normalized to the length of the
construct, therefore they can be compared with the same normalized characteristics of
other constructs.

According to the methodology (1): F → (S0, S1, SN ) → |σik|, in the process of
identification the unknown image F (external influence) is decomposed according to its
constructs and for it a correlation matrix is found Cr′(i, k). This matrix is compared
with the reference matrix Cr(i, k). The value:
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dik = ∥Cr(i, k)− Cr′(i, k), (7)

used to compare two images. The use of the notation for the norm of a function for a
given difference is intended to remind that the measure of comparison of functions here
is a metric defined by the programmer. At this stage, two characteristics already appear
 NS and a functional measure that can be used to control the recognition process.

For the above test cases, a simple measure is used:

dik =
0 ifdik < ε
dik ifdik ≥ ε.

(8)

The value of ε also determines the course of identification, we established it
empirically.

The results of comparison of the reference with several samples can be accumulated
in the results matrix:

Res(i, k) = Res(i, k) +
0 ifdik = 0,
else1,

(9)

Res(i, k) ≡ 0 for first image.
Let the construct be a fragment of a sinusoid. The source images of a sinusoid are

drawn by hand, while both the reference and the tested fragments are similar to a sinusoid
only in the human mind and will not withstand analytical verification.

We will adjust the program so that the recognition of the sinusoid coincides with
the subjective assessments of the person. For this, a quick version of factor analysis is
performed, where the factors are the elements Res(i, k).

Having selected one of the images as a reference, the procedure described above
with several other figures is carried out. This will result in the accumulation of thematrix
Res(i, k). The matrix grows unevenly, some of its components growwith each new test,
while others grow quite randomly. Let the maximum number of events accumulated by
a factor in a series of Q tests be W:

W = max(Res(i, k)) ≤ Q.(12) (10)

Let us introduce one more adjustable parameter α[0, 1], which sets the confidence
interval for accumulated events. If the number of accumulated events:

Res(i, k) < αW, (11)

then the match for this factor is ignored. As a result, a significant part ( ˜(Res)(i, k),
will remains, which participates in the comparison. Let us denote the number of valid
elements ˜(Res)(i, k), by D.

Now it possible return to the example of recognizing a sinusoid as a single construct.
Let the next Fth image be checked against the reference. This reveals coincidences on
a subset of elements ˜(Res)(i, k). The number of found matches exceeding D will be
the final result of the program. The numerical threshold D will also be an adjustable
parameter. If, the experimenter (of course, any other context can be used instead of
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the experimenter) considers the figure F and the reference are same, then all tunable
system parameters will be saved. The resulting set of settings will be used to identify the
construct class in the future. Expanding the number of classes of recognizable constructs
plays the role of training the system.

It is necessary to pay attention to the following circumstance. The loss of primary
information about the image occurred when we split the line of the construct into
segments and switched to the segmentaverage correlations. This is done in order to
speed up the operation of the algorithm and make it possible to compare line segments
of different lengths and orientations.

After that, the description of the image becomes statistical and there are certain
risks that must be taken into account. Figure 11 shows two shapes that the program
unexpectedly found to be the same.

Figure 11. Identification failure.

The reason for this is that the statistical contribution of the upper parts of the figures
significantly exceeded the contribution of the lower ones. This problem is eliminated by
choosing NS .

Simple kinds of correlations between constructs

The previous section discussed statistical method describe of construct. For this,
correlations within the construct were used and these values are not relevant to
correlations between constructs. Within the framework of the general ideology, the way
of determining correlations between constructs can be set based on the conditions of the
problem as it was done above.

Since this approach was developed to obtain highspeed algorithms for realtime
damper control, simple methods of calculating correlations take precedence. In fact, in
a similar way, it’s possible to achieve a sharp increase in the speed of calculations. The
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question remains to what extent the introduced simplifications retain the worth of the
obtained result.

This can be analyzed in the following example. There is a video surveillance camera
installed along the carriageway and recording passing cars. The program performs
automatic target acquisition by comparing checksums calculated on two scan lines
separated by 20 pixels in the lower half of the frame. Simultaneous change of both
amounts is a trigger that starts recording the image in the working memory of the
program. The actuation of the trigger plays the role of external disturbance F acting
on the system.

In Fig. 12 shows a car captured by a camera in poor visibility conditions (low light
and fog). The bad quality of photography here is really due to difficult conditions, not
printing disadvantages

Figure 12. Original target image

In accordance with the above, the captured image defines one current state of the
construct’s system. At the input of the system, the captured frame is a set of pixels
of different intensities ordered by columns and rows. According to the condition, the
program was supposed to distinguish cars, buses and trucks from each other, as well as
determine their speeds. Obviously, one of the target functions will be a subset of pixels
corresponding to images of cars.
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Shown in Fig. 12. the image is a fragment of a full frame with a size of 1920 x 1080
pixels, in a palette of shades of gray at 8 bits per pixel. After capturing the object, the
frame image is rewritten into the programmemory in a raster format, taking into account
the flip and mirror reflection of the original image in the camera.

To get themaximum speed indicators, this part of the program is written in assembler
and uses sparse sampling (see below). The computation time was recorded according to
the number of spent processor cycles. The current value of the processor clock counter
was determined in a typical way, transferring the code 15, 49 to the processor by bytes
and reading the result from the ECX: EAX registers.

The identification of the target contour was carried out using methods of fixing
the brightness discontinuities, while various measures were used to determine the
discontinuity. For Sony XCG500 cameras, the use of an integral measure turned out
to be optimal, which is determined by the sum of intensities of pixels adjacent to
the scanning point normalized with some weight, which helps in conditions of poor
visibility. Under normal conditions this is unnecessary and led to time losses.

The target contour image is formed mainly by piecewise smooth curves. This
circumstance makes it possible to select scan points not in a row, but across 8 pixels
in our case. This technique allows you to increase the speed of program execution in
this area by 82 = 64 times, this is called a sparse sample. The result of scanning the
original image in Fig. 12 is shown in Fig. 13.

Figure 13. View of the target contour in the sparse sample.
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All the operations performed up to this point are quite typical and have no direct
relation to the theory of constructs. Let us show how you can identify a vehicle class
(car or bus) using the simplest correlations between constructs.

Herewewant to show the capabilities of simplified construct and correlationmodels.
The simplest form of the construct is a straight line segment. In this approximation, the
image of the target will be decomposed into constructs of only two types.

In the first approximation, the sequences of points in Fig. 13 can be approximated
by line segments. If we introduce an orthogonal coordinate system in the figure, then
the segments that will have a small deviation from the vertical axis form a system of
vertical constructs  h, similarly, segments close to the abscissa axis create horizontal
constructs  w, other details are ignored.

To avoid excessive finescale detailing, a threshold value for the minimum segment
length is entered. In our case, this corresponds to theminimum number of points forming
a segment equal to 6 (on the nonsparse original image, this corresponds to a segment
with a length of 48 pixels). As a result of the described transformation over the pixel
field (Fig. 13), its representation in a system of two types of constructs is obtained (see
Fig. 14a).

Figure 14. Representations of the original image.

Figure 14a is the result of a direct aproximation to the line segments of points
in Figure 13, as described above. In fig. 14b shows the decomposition of these
approximations into a system of hvertical and whorizontal constructs, that equivalent
to the structural schemes used above (Fig. 7). The hi values are equal to the ratio of the
length of the ith segment in pixels to the maximum vertical size of the area in which
the selected segments belong to the same target. Accordingly, wi are defined in relation
to the horizontal dimension.

This area is determined by two consecutive frames, which are also needed to
determine the vehicle speed. The details of this process are beyond the scope of this
work.

Here important that quite workable correlations can be specified even in such a
simplified approach. Let’s set:

Corh(i, k) = hi/hk, Corw(i, k) = wi/wk, Corwh(i, k) = hi/wk. (12)



198 M. K. Nauryzbayev et al.

The image in Fig. 12 was used as a reference image of a car, based on the fact that
when shooting an object in poor visibility conditions, the most characteristic outlines
of the car will be highlighted. For the reference car, the coefficients are calculated (14).
When loading a new image, the coefficients (14) were calculated using the new data and
compared with the previous ones:

dik = ∥Cr(i, k)− Cr′(i, k)∥,

then there is the accumulation of Res(i, k) on cars of this type, as described in the
previous chapter. This technique is characterized by a relatively small sample size for
determining the significant part ˜(Res)(i, k) in the factor matrixRes(i, k), in our case it
was possible to limit ourselves to 15 values of the factors. Target identification is carried
out by factor assessment (see above):

˜(Res)(i, k) ≥ aW, where :W = max(Res(i, k)), a− adjustablefactor.

The present description of test of model with simplified constructs and correlation
estimates gives about 10% of errors in determining the type of car. A quite large
percentage of errors can be explained rather by the fact that the algorithm was not
specially modified for this task, than by the influence of simplifications of the constructs
and correlations introduced into the model.

At the same time, with an acceptable recognition quality, the algorithm spent about
0.016 s (4, 16 · 107 clock of CPU cycles) per frame on a 2.6 GHz AMD processor on a
1080x1960 frame. During this period, the procedure for forming the contour (Fig. 13)
took 13 560 000 cycles or 0.005 s, which is less than 50% of the computation time.
The procedure for calculating correlations and comparing them is nonlinear and takes
almost as long as the selection of contours.

Another case of a simplified model was tested on the data of technological survey
of a rail track. The camera was installed on a wheeled carriage bogie and continuously
filmed the rail at a rate of 60 frames per second. Capturing one frame corresponds
to 0.5m of railway track. The frame size is 400x300 pixels. The specific task was
to recognize the rail joint and determine its width. As in the previous case, the
computational core of the algorithm is written in assembler, which must be borne in
mindwhen evaluating the speed indicators of the algorithm, since programs in assembler
raise this indicator for reasons independent of the algorithm. In fig. 15a shows an image
frame, the same frame after preprocessing in Fig. 15b.

Using the approach described above, the sparse sampling method obtains contour
images in the form of a system of points (Fig. 15b) h,w− constructs are created. The
result of this operation is shown in Fig. 16.

This is enough to measure the dimensions of the joint. In this case jne defect of
a simplified model are arising. During initial tests, the algorithm often took the herb
captured by frame as a rail joint. In fig. 17 shows a comparison of the structural diagrams
of the constructs formed by the plant (fig 17a) and the rail joint (fig 17b). You can see
that different objects give the same structural diagram.
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Figure 15. Recognition of rail track joints.

Figure 16. Constructs that describe rail track joints.

This problem can be solved relatively easily, given that the plants are beginning
from the ground. Unlike the example above, here the main reason for the failure of the
algorithm lies precisely in the simplified formula for calculating the correlation.

The identified shortcomings made the determination of the correlation somewhat
more complicated. In the new version, it was taken into account that the plants grow
from the ground, and the joints are limited by the rails. After that, false events stopped.
In addition, it was nessesary to parry the influence of sun glare on the working surface
of the rail.

Once modification accepted, the program received sufficient performance. With a
frame size of 400x300 pixels in 256BMP mode, the joints were detected, filtering noise
in the form of grass stalks crossing the rail image in the pictures, spending 3.25 · 105
processor cycles per frame or at an exposure 1/1000 about 800 frames per second in
video sequence.

Conclusion

Attempts to use elementary graphic templates for pattern recognition have been made
since the first works in the field of computer vision. This, for example, is given a
place in the early fundamental monographs [7,8]. In these attempts, elementary graphic
templates are often associated with graphic primitives such as arc, line, circle, etc.
This is facilitated by a certain tendency to perform recognition tasks using a graphics
accelerator.
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Figure 17.Model failure with insufficiently strong correlation.

An example of another approach based on statistical analysis of contours can be
found in [9]. More precisely, this approach is based more on probabilistic concepts,
which greatly complicates the practical use of this theory.

The system of constructs linked by correlations has the features of both these
approaches, but has its own differences. The construct is not a graphic primitive, but
is formed by a line segment of an voluntary shape, bounded at both ends by either
branch points, or points of intersection with other lines, or the start and break points
of the segment. At the same time, the characteristics of the construct are determined
on a statistical basis. Unlike [8], the nature of the statistical model is built taking into
account the problems of applied programming. For this purpose the operations wasmade
as simple as possible, minimizing the amount of computation, and the logical part avoids
probabilistic interpretations.

From the point of view of the programmer, the construct is a correlation table, a
table of custom coefficients and a structural diagram. This data is easily indexed, which
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greatly improves the speed of work. The positive side of the algorithm is that learning
to recognize one construct occurs on several examples. We have never used a database
of more than 15 examples..

However, it should be borne in mind that this algorithm is characterized by a
fundamental nonlinearity associated with the combinatorial nature of the calculation
of pairwise correlations. In the processing of complex images consisting of many
subsystems of nested constructs, this nonlinearity can manifest itself quite radically.

This leads to the current assessment of the field of applicability of this algorithm,
as a technique for special applications in science and technology, where it is required
to determine the belonging of an unknown function to any known class. On such tasks,
the algorithm’s weed rates are high enough. In some cases, it can be used for online
processing.

Another important aspect of the approach is that the original ideology of Kelly’s
theory points the way to constructing complex objects from simple ones. This way
you can get new classes. Constructs formalized both mathematically and in applied
software applications are easy to combine and create new ones. In this case, the control of
constructs of different complexity levels occurs according to one algorithmic drawing.
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Abstract Modeling and calculating the characteristics of electronic devices using
a computer mathematics system is one of the of current interest issues. The scope
of the computer mathematics system in computing the characteristics of electronic
devices is extensive. Even the earliest versions of a computermath system allowed
calculations such as calculating inductance, as well as calculating statistical and
dynamic characteristics in a simple electrical circuit. In this article, effective
application programs were developed in the Mathcad computer mathematics
system for modeling and calculating the characteristics of nonlinear electronic
devices. Many linear electronic devices are well studied and have formulas ready
to calculate their characteristics. Therefore, we consider modeling and calculating
the characteristics of nonlinear electronic devices. The nonlinearity of this system
is due to the fact that the dependence of the current of the tunneling diode on
voltage is nonlinear. Also in the article, a tunnel diode with positive differential
conductivity is considered. It should be noted that the scope of the developed
program is immeasurably wider than the simulation of a specific generator
circuit on a tunnel diode. The developed application programs can be used in
engineering, scientific and technical calculations and laboratory studies of the
discipline ”General Physics”.

Keywords: computer mathematics system, electronic device, computer
simulation, nonlinear amplifier, tunneling diode, generator, trigger, current
voltage characteristic.

Problem settlement

Let’s consider an example that describes a very simple and interesting device  a tunnel
diode generator with a nonlinear Nshaped voltampere characteristic (VAC). This
characteristic is characteristic of devices called “negatrons”. Let the tunnel diode be
connected to a constant voltage source E through a seriesconnected resistor R and
inductor L. Let R and L be further selected so that the operating point of the tunnel
diode is located on the incident section of its VAC. This circumstance is fundamentally



Computer Simulation and Calculation of Characteristics 203

important, since the differential conductivity of the tunnel diode is then negative.
Physically, this means that the tunnel diode gives off energy to the external circuit and
selfoscillations are possible in it. If we take into account the capacitance C of the tunnel
diode (together with the mounting capacitance and the load capacitance), such a scheme
will be described by the following system of nonlinear differential equations [13]:

di

dt
=
E − iR− u

L
,

du

dt
=
i− I(u)

C
;

The nonlinearity of this system is due to the fact that in the second equation the
current of the tunnel diode I(u) nonlinearly depends on the voltage on it and the
capacitance. Dependence I(u) is the Nshaped currentvoltage characteristic of the
tunneling diode. Figure 1 shows the beginning of the program for calculating transients
when the considered circuit of the tabulated Nshaped VAC of the tunnel diode in the
environment of the Mathcad computer mathematics system [48] is included.

Figure 1.Modeling a generator on a tunnel diode (start of program).

It is defined by its tabular values  elements of the vectors U and I . The Nshaped
VAC is obtained by spline interpolation with cubic extrapolation. The solution of the
system of differential equations is provided by the RungKutta method with a fixed step
using the Rkfixed function.

Problem Solution

Let’s start with the case when the operating point of the tunnel diode is set on the
falling section of the VAC. In this case, the differential conductivity of the tunneling
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diode is negative, and oscillations can occur in the circuit of the RLC circuit. With a
sufficiently small amplitude and a sufficiently high quality factor of the circuit, they can
be undamped and almost harmonic. The simulation results for this case (Figure 2) are
presented in two forms. The first has the form of a phase portrait  the position of each
solution point is marked on the graph in the VAC plane. In this case, for each solution
point, on one axis of the twodimensional graph, a variable parameter is delayed, and on
the other, derivative parameters (in our case, this is the voltage across the capacitanceC
and the current flowing through it). For purely harmonic vibrations, the limiting cycle of
oscillations in the phase plane should be in the form of an ellipse (or with equal scales of
the axes— circles). In the phase plane, a load line is also constructed, which is described
by the equation U(I) = E − I ∗ R. The VAC and the load line in Figure 2 is plotted
in bold lines, and the phase portrait in a thin line. In the phase plane, a load line is also
constructed, which is described by theVAC and the load line in Figure 2 is plotted in bold
lines, and the phase portrait in a thin line. The load line crosses the VAC at a single point
on the falling section of the VAC. The difference between the steadystate phase portrait
and the ellipse is small, which indicates, on the one hand, a small effect of nonlinearity,
and on the other, the almost harmonic nature of the oscillations. The second form is the
time dependence of the voltage on the tunneling diode and the current in the circuit of the
capacitor C. These dependencies are close to harmonic (C = 40pF, L = 15nG) at the
end of a noticeable stage of oscillation establishment, which has the character of damped
oscillations (the phase portrait has view of a twisting spiral). The steadystate oscillation
cycle is called the limit cycle. It should be noted that the scope of the developed program
is immeasurably wider than the simulation of a specific generator circuit on a tunnel
diode. In practice, it can be used to simulate the main circuit on any device with an
N or Λshaped VAC (for example, an inductive relaxer on an avalanche transistor, N
and Λdiodes and transistors, their analogs, etc.). It is enough to set the data of their
voltampere characteristics and the corresponding initial data. It is worth, for example,
to reduce the capacitance C by two to three times, and increase the inductance, as the
generator switches to the mode of generation of relaxation oscillations. Oscillations now
occur more sharply, the phase portrait begins immediately with a limit cycle, the shape
of which is noticeably different from the elliptical one. In this case, the vibrations are of
the relaxation type and arise on their own, without any external influence. In practice,
after the first cycle of oscillations, their stationary mode is established.

Now we will consider a more interesting case when the load line is located on the
ascending part of the VAC with positive conductivity. With constant E(t), this position
of the operating point is stable and is not able to cause oscillations in the circuit. But
suppose that along with a constant voltage E = 0.2V , an alternating voltage with an
amplitude of 0.2V and a frequency of 100 MHz is supplied to the circuit. This will lead
to the movement of the operating point along the VAC, and at some points in time it
will begin to fall on the falling section of the VAC, as a result, oscillations may occur.
Computer simulation of this case is shown in Figure 3.

This case can be considered from two perspectives. Firstly, it characterizes the
operation of the circuit as a nonlinear amplifier. In the steady state, the phase portrait of
the oscillations is noticeably different from the ellipse, so that the waveform is sharply
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Figure 2.Modeling a generator on a tunnel diode (the case of the generation of almost sinusoidal
oscillations).

Figure 3.Modeling a nonlinear amplifier on a tunnel diode.
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different from the sinusoidal one. Secondly, we can consider the circuit as a waiting
relaxation generator, which is triggered by the tops of the sinusoidal input signal.

Consider a simulation in a Mathcad environment of pulse generation by a circuit
with a tunneling diode in standby mode (Figure 4). Here, at first, the load line is located
on the ascending portion of the VAC with positive differential conductivity, so that the
circuit is stable. Then the voltage E(t) is increased by superimposing on the constant
component of the pulse. In this case, the load line moves from the initial position (solid
line) to the position (dashed line), at which the operating point is on the falling section
and loses stability. As is easy to see, in this case, in response to the input (triggering)
pulse, the circuit generates one cycle of relaxation oscillations, after which it returns to
its original stable state. Of course, at the end of the transients, it can be started again and
again.

Figure 4.Modeling of a waiting relaxation generator (single vibrator).

Conclusions

At one time, great hopes were pinned on triggers built on tunnel diodes. Their simplicity
shocked them  a resistor and a tunneling diode (elements L and C can be considered
parasitic). Although these hopes did not materialize (an ordinary trigger turned out to
be more stable in operation, and even easier in integrated performance), it is interesting
to analyze the operation of our circuit in the trigger mode. Recall that a trigger is a
device with two stable equilibrium states into which it passes under the influence of
triggering input pulses. For the circuit to operate in trigger mode, it is necessary to select
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the supply voltage E and the value of the resistor R so that the load line intersects the
VAC at three points. Modeling of this process in the Mathcad environment is shown in
Figure 5. Two points in the ascending sections are stable, and the average in the falling
section is unstable. All that is needed to switch the trigger is to add a positive pulse to
the constant component E(t) to transfer the trigger to a state with a high voltage on the
diode or add a negative pulse to transfer to a state with a low voltage on the diode. This
is shown in Figure 5. The phase portrait and time dependencies of voltage and current
in this case indicate the complexity and specificity of transients and, at the same time,
a high degree of their visualization. This is precisely what is characteristic of circuit
simulation on special devices, such as tunnel diodes.

Figure 5.Modeling a trigger on a tunnel diode.
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Abstract The paper considers a model of twophase nonequilibrium filtration of
immiscible fluids. A stabilized finite element method is proposed for the solution
of the problem. The method is demonstrated on a model problem.
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Introduction

The dynamics of filtration flows of a multiphase liquid depends nonlinearly on both the
structural and mechanical properties of the liquid and the properties of the surrounding
skeleton. However, in real reservoir conditions, a significant influence on the filtration
process has the property of delayed phase saturation, the study of which led to the
emergence of the theory of nonequilibrium filtration. The need to take this phenomenon
into account in the development of oil fields is discussed in many works [1,2]. It is
necessary to take into account nonequilibrium at all stages of oil field development,
since the dependences of the pressure drop on time obtained during laboratory studies of
samples of a porousmedium for determining the functions of relative phase permeability
differ significantly from the theoretical curves calculated in the framework of the
classical filtration theory. The effect of nonequilibrium can be significant: the time to
establish saturation in the conditions of oil fields is about a year.

There are several approaches to building a nonequilibrium filtration model. The
first approach [3] is based on thermodynamic arguments and volume averaging of
microscopic equations of conservation of mass and moment. In [3], the concept
of dynamic capillary pressure P dyn

c (instantaneous local difference between phase
pressures) was introduced, which relates to the static capillary pressure P stat

c (capillary
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pressure under quasistatic displacement) by the relation

P dyn
c = P stat

c − τH (sw)
∂sw
∂t

,

where po and pw are the phase pressures of oil and water, τH is a phenomenological
coefficient that takes positive values. During the drainage process, the value ∂sw

∂t

is negative, so P dyn
c > P stat

c , which is confirmed by experimental observations
[4]. Dynamic capillary pressure has been the subject of many experimental [5] and
theoretical [6,7] studies.

The approach proposed by the authors of [3] does not take into account the
effects of nonequilibrium on relative phase permeabilities. A more complete model,
including the effects of nonequilibrium in both capillary pressure and relative
permeability, is proposed by the authors of [8]. With multiphase fluid displacement,
an uncountable number of largescale pore rearrangements occur. The characteristic
time of redistribution for the restructuring of stream networks can be significant. As
a result, the flow of each phase does not depend only on the current saturation. The
approach under consideration is based on the assumption that instantaneous (dynamic)
phase permeabilities and capillary pressure depend on static phase permeabilities and
capillary pressure in some effective saturation ηw [9]:

kdynw (sw) = kstatw (ηw) , kdyno (sw) = kstato (ηw) , pdync (sw) = pstatc (ηw) .

In this case, the following relation between the true sw and the effective ηw saturation
holds

ηw − sw = τB (sw)
∂sw
∂t

.

In [2], an original approach is proposed that generalizes the Barenblatt model. The
essence of the approach is to consider all flows as nonequilibrium flows, where they
differ only in the degree of nonequilibrium.

Generalizations of the nonequilibrium filtration model [8] for the threephase case
are also known. The idea of these generalizations is to introduce a pair of effective
saturations of water and gas, which are related to true saturations by means of a local
evolution equation. The paper [9] analyzes the influence of nonequilibrium effects on
qualitative and quantitative changes in the solution of the threephase filtration problem.
In [10], a mixed finite element method is used for the dynamic capillarity problem.

Formulation of the Problem

Let us consider the problem of twophase nonequilibrium filtration of incompressible
liquids with a generalized nonequilibrium law In a bounded convex domain Ω ⊂ R2

with boundary Γ = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅:

ϕ
∂s

∂t
+∇ · u⃗w = qw (p, η) , (1)

−ϕ∂s
∂t

+∇ · u⃗o = qo (p, η) , (2)



Stabilized Finite Element Method 211

u⃗α = −Kkα (η)

µα
∇pα, α ∈ {w, o} , (3)

po − pw = pc (η) , (4)

τ (x)
∂s

∂t
− τ (x) ν (x)

∂η

∂t
= η − s (5)

with initial and boundary conditions

s (x, 0) = s0 (x) , (6)

u⃗α · n⃗ = 0, x ∈ Γ, (7)

where ϕ,K – porosity, absolute permeability of the medium; s, η are respectively, true
and effective water saturation; pα, kα, µα, u⃗α  respectively, pressure, relative phase
permeability, viscosity and filtration rate of the phase α; τ is substitution time.

We introduce the total velocity vector u⃗ = u⃗w + u⃗o. Sum the equations (1) and (2)
to obtain

∇ · u⃗ = q (p, η) ,

where q = qw + qo. Using the equations (3), (4), we can express the vector u⃗ in terms
of oil pressure and capillary pressure gradients:

u⃗ = −Kλ (η) (∇po − fw (η)∇pc (η)) , (8)

where

fw (η) =
λw (η)

λ (η)
, λα (η) =

kα (η)

µ
, λ (η) = λw (η) + λo (η) .

Let us introduce a new variable π = π (η), such that

∇π (η) = fw (η)∇pc (η) (9)

which yields

π (η) =

∫ η

0

fw (ξ) p′c (ξ) dξ.

We introduce a new variable, ”global pressure“ by the formula p = po − π, or

p = po −
∫ η

0

fw (ξ) p′c (ξ) dξ.

Then (8) is reduced to the form

u⃗ = −Kλ (η)∇p. (10)

Using (3), (9), one can express u⃗w in terms of u⃗:

u⃗w = fw (η) u⃗+Kλo (η) fw (η)
dpc
dη

∇η. (11)
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To obtain the equation for water saturation, put (11) in (1) and reduce the equation
to the following form:

∂s

∂t
+
dfw
dη

u⃗ · ∇η +∇ ·
(
Kλo (η) fw (η)

dpc
dη

∇η
)

= qs (p, η) ,

where qs (p, η) = qw (p, η)− q (p, η) fw (η).
Thus, the original problem (1)(7) is reduced to the following initialboundary value

problem for determining the vector of the total velocity u⃗, global pressure p, true s, and
effective water saturation η :

∇ · u⃗ = q (p, η) , (12)

u⃗ = −Kλ (η)∇p, (13)

∂s

∂t
+
dfw
dη

u⃗ · ∇η +∇ ·
(
Kλo (η) fw (η)

dpc
dη

∇η
)

= qs (p, η) , (14)

τ (x)
∂s

∂t
− τ (x) ν (x)

∂η

∂t
= η − s (15)

with initial and boundary conditions

s (x, 0) = s0 (x) , (16)

u⃗ · n⃗ = 0, x ∈ Γ. (17)

Stabilization of the Equation

To solve the equations (12), (13) a mixed finite element method is applied in [11]. Let
us focus on solving the equation (14). Let us first consider the stationary case

V⃗ · ∇T − k∇2T = f, x ∈ Ω (18)

with the boundary condition

T (x) = gD, x ∈ Γ. (19)

Theweak formulation of the problem corresponding to the standardGalerkinmethod
has the form:

(k∇T,∇w) +
(
V⃗ · ∇T,w

)
= (f, w) , ∀w ∈ C∞ (Ω) . (20)

The finite element method then has the form:

(k∇Th,∇w) +
(
V⃗ · ∇Th, w

)
= (f, w) , ∀w ∈ C∞ (Ω) . (21)

We seek the solution in the form:

T =

NN∑
j=1

TjSj(x, y).
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According to the Galerkin method, we choose the basis function in the form w =
Si(x, y). Thus, we come to the following system of equations with respect to Tj :

NN∑
j=1

[(∇Sj ,∇Si) + (v⃗ · ∇Sj , Si)]Tj =

NN∑
j=1

(f, Si) , i = 1, NN.

This yields the system of algebraic equations

A · Tj = F (22)

with elements

Ai,j = (∇Sj ,∇Si) + (v⃗ · ∇Sj , Si) , Fi = (f, Si) .

It is known [12,13,14] that the application of the classical Galerkin method to
calculate saturation using the widely used IMPES method in the vicinity of the gap
leads to nonphysical oscillations. One of the ways to overcome such oscillations is
the counterflow finite element method SUPG [15]. Here we will consider a method for
constructing highorder convergence schemes for convectiondiffusion equations that
are resistant to the appearance of numerical oscillations. The method is known as the
Streamline Upwinding PetrovGalerkin method (SUPG). It was proposed by Brooks
and Hughes and later earned the attention of many researchers. The SUPG method is
well suited for discretization of equations with convective terms by the finite element
method. The essence of this method is to add an additional artificial viscosity, depending
on the number of Peclet. In [16], three stabilization parameters are proposed.

According to the counterflow finite element method, we modify the elements of the
stiffness matrix Ai,j as follows:

ASUPG
i,j = Ai,j +

∑
K

τSUPG
K

∫
K

(
V⃗ · ∇Sj ,∇Si

)
, (23)

where

τSUPG
K =


hK

2
∣∣∣V⃗K∣∣∣ when PeK ≥ 1,

h2K
12k

when PeK < 1,

where PeK =

∣∣∣V⃗k∣∣∣hK
6k

, hK is diameter of the triangleK.
To check the correctness of this method, the following model problem is considered.

In Ω = [0, 1]
2 consider the problem (18), (19) with the parameters V⃗ =

(√
2
2 ,−

√
2
2

)
,

k = 10−4, f = 0, gD =

{
1, y = 0 or x ≤ 0.8,
0, otherwise.

. Choosing the coefficient k in this

form makes the problem with a predominance of convection.
This problem has a gap along the gap line y = −0.8 + x, including at the point

(0, 0.8) on the boundary of the area. During computational experiments, it was found
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Figure 1. Solution of the model problem obtained without stabilization

Figure 2. Solution of the model problem obtained with stabilization

that stabilization significantly improves and smoothes the solution on a regular grid
(without thickening). To suppress the oscillations, it was necessary to thicken the grid
along the break line and near the break at the border. Figure 1 shows the solution
obtained without stabilization on different meshes with different level of thickness.
Figure 2 shows the solution obtained with stabilization.

Now we apply this method to the problem (12)(17). The following test parameters
where considered: K = 1.0, φ = 1.0, µw = 1.0, µo = 1.0, s0 = 0.0, kw(s) = s,
kw(s) = 1 − s, ∆t = 0.0025. It is assumed that the injection well is located in the
lowerleft corner of the design area. Figure 3 shows the water saturation distribution at
t = 100τ, 250τ, 500τ .
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Abstract The article considers the problem of forming a smooth combined
trajectory of the robot’s movement and determining the position of the connection
points that provide kinematic and dynamic smoothness conditions. When the
trajectory is paired in the form of arcs of curves, there are irregularities at the
junction in the form of a break and a jump in the radii of curvature.
You can plan a combined robot trajectory to search for a conflictfree movement
by using the insert transition section method. To eliminate undesirable jumps
when creating a trajectory, various methods and ways are used, such as stroke,
spline, various interpolations and approximations. There are also specially
developed smoothing special curves such as the majorant curve, clotoid, elastic
line, lemniscata and velocity curve.
All these methods and ways used for planning and smoothing curved robot paths
are less accurate and approximate. To ensure kinematic and dynamic smoothness
conditions, we use the method of inserting a transition section between arcs, the
model of which is a secondorder curve (conic).
An original method has been developed for the analytical determination of
the type and shape of a conic transition area that continuously matches the
smoothness of the second order. Mathematical relations are determined that
express the conditions for connecting the trajectory arcs without a jump in
the radii of curvature at the places of docking. By setting the starting point
of the connection and using the mathematical condition of smoothness of the
connection, you can determine the final point of the connection. To determine
the end point, a slidecrank mechanism has been developed, the coulisse of which
slides along a given highorder curve. The developed method allows us to form
complex technical forms and create new models of a combined robot trajectory
of continuous curvature from arcs of highorder curves with a conical transition
section.

Keywords: conic, kink, smoothness of the trajectory, transition curve, curvature
jump, and docking point.

Introduction

One of the key tasks of mobile robotics is to find a route for traffic and optimize it. When
moving in a work area, the robot must constantly evaluate the surrounding environment,
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determine its position and the position of objects surrounding it.
In the course of robot control, the task of synthesizing the trajectory of the robot’s
transition from a certain initial state to a target state by changing coordinates in space is
relevant, i.e., the task of planning the robot’s trajectory.
In [13], the approach to trajectory planning based on graph theory, spline inertia, and
the advantages of piecewise linear approximation and the method of repulsive swarming
of particles are highlighted. Planning of the obstacle avoidance trajectory based on a
genetic algorithm, generation method and trajectory correction are presented in [47],
and algorithms for solving the inverse kinematics problem of a redundant manipulator
in a confined medium are also considered. In [812], methods of planning the robot’s
trajectory based on the methods of potential fields, copying and learning the natural
optimization of human hand movement, an analytical approach using Jacobi matrices,
Bezier curves, etc. were studied.One of the key tasks of mobile robotics is to find a
route for traffic and optimize it. When moving in a work area, the robot must constantly
evaluate the surrounding environment, determine its position and the position of objects
surrounding it. In the course of robot control, the task of synthesizing the trajectory of
the robot’s transition from a certain initial state to a target state by changing coordinates
in space is relevant, i.e., the task of planning the robot’s trajectory.
In [13], the approach to trajectory planning based on graph theory, spline inertia, and
the advantages of piecewise linear approximation and the method of repulsive swarming
of particles are highlighted. Planning of the obstacle avoidance trajectory based on a
genetic algorithm, generation method and trajectory correction are presented in [47],
and algorithms for solving the inverse kinematics problem of a redundant manipulator
in a confined medium are also considered. In [812], methods of planning the robot’s
trajectory based on the methods of potential fields, copying and learning the natural
optimization of human hand movement, an analytical approach using Jacobi matrices,
Bezier curves, etc. were studied.
Previously, shop vehicles were trolleys that moved along rails. They have now been
replaced by robocars – mobile robots of various types and for various tasks, and the
rails laid along the shop floor have been replaced by a web of trajectory guides drawn
on the floor. Since the real environment in which the robotics located usually contains
various obstacles, it is necessary to avoid them, and often the guiding trajectory is a
composite and can have a combined form. Various restrictions can be imposed on the
actual route, for example: some sections of the route may be offlimits, and some may
only be reached after passing through others.
In addition to restrictions on the route, certain requirements can also be imposed on the
trajectory itself.
The paper considers the trajectory problem  the problem of moving the robot along
a horizontal plane along a prescribed trajectory, set in a physical and mathematical
form. Earlier [13], trajectories consisting only of spherical arcs were considered. In
the presented paper, the combined trajectory with the final interface point is a curve
of a higher (fourth) order. At the smoothing interface points, a kinematic smoothness
condition must be provided, a condition under which the directions and velocity values
must coincide. Similarly, the transition conic eliminates the impact effect at the docking
point, thereby achieving a dynamic smoothness condition. The method of inserting a
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conical transition section between the arcs of curves above the second order makes it
possible to create new combined robot paths with continuous curvature.

Problem statement.

Let’s consider the robot’s movement along a complex trajectory made up of arcs of
curves F (x, y) = 0 and G(x, y) = 0 . There are two most important aspects of the
problem that this research paper is devoted to.
First, S there is no common tangent at the docking point (Fig. 1A). The junction point
is a break point, which has the property that the branches of the arcs into which this
point divides the robot’s initial trajectory have different tangents at this point.

Figure1.a) jumps in speed and acceleration, b) insertion of a transition cone.

This means that the robot’s speed changes with a jump when it passes through a
breakpoint. The robot’s speed before the break point will be one, and then another, so
that at the break point itself, the speed has an abruption.
In practice, it is required that the docking а process is а smooth.
Secondly, there is also a normal acceleration abruption at the docking point, since at
this point the connecting curves have different radii of curvature. Undesired shock
effects occur.
To exclude these two types of jumps when the robot moves along the formed trajectory
[14], a method of inserting the transition section is proposed. The mathematical model
of the transition area is a secondorder curve (conic) (Fig. 1b).
The desired transition section L(x, y) = 0 in the form of a conical arc must meet the
following conditions:
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a) the arc must pass through the docking points A and B . The point taken on the
arc G(x, y) = 0 is called the starting point. The second point B taken on the arc
F (x, y) = 0 is called the finish point.
b) the connecting and connecting arcs must have common tangents AT and BT at
these points, respectively.
c) the connecting and connecting arcs must have radii of curvature at these points
respectively.
In practice, conditions a) and b) are called smoothness of the first order, and the
fulfillment of all three conditions simultaneously is called smoothness of the second
order or smoothness .

Conditions that ensure that the robot moves without jumping.

Studying the properties of conics, previously unknown reference properties were found
[1315] , which relate the radius of curvature to the elements of the conic itself.

Figure2.a) reference triangle, b) the discriminant of engineering.

Let’s introduce a dimensionless coefficient η = 3

√
ρA

ρB
, which is an indicator of

curvature.
The following statement is true (Fig. 2A).
If we have two points A and B an ellipse with radii of curvature ρA and ρB , then the
ratio between the corresponding elements of the reference triangle ∆ATB made up of
tangents AT ,BT and the chord AB is equal to the curvature index η

lA
lb

=
dB
dA

=
hA
hB

The elements of the reference triangle are: lA = AT , lB = BT tangent lengths, dA,
dB distance from the center of the ellipse to the tangents, hA , hB distance from the
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starting and finishing points to the tangents.
In practice, themore convenient way to set a conic is the engineering way of setting it – it
is to set it with two tangents, points of contact on them, and an engineering discriminant.
The engineering discriminant is a special coefficient. This coefficient is the ratio of the
segment CM that is cut off at the median from the base of the median to the value of
this median CT (figure 2b):

f =
CM

CT

By the coefficient f , you can determine which type of cone this curve belongs to:
f < 0.5  ellipse (pointM1 ), parabola (dotM2 ),f > 0.5 hyperbole (dotM3 ). The
radius of curvature at a point is determined by the formula

ρA =
2f2

(1− f)

l2A
hg

The Laiming equation for the transition conic.

We can find an equation of a conic section that has two given tangents at two points and
passes through a third point using the Laiming equation [1316].

(1− λ)LAτLBτ − λL2
AB = 0

where LAτ  the tangent equationAT , LBτ  the tangent equationBT , LAB  the chord
equation (Fig. 2b).
a) the case of a smooth connection. This parameter λ is defined by setting some arbitrary
pointM(xM , yM )

λ =
LAτ (xM , yM )LBτ (xM , yM )

LAτ (xM , yM )LBτ (xM , yM )− L2
AB(xM , yM )

b) the case of smooth connections.
The coordinates of the pointM(xM , yM ) are found using the engineering discriminant
ratio

f =
1

1 +
√

2l2

hρ

Illustrations and variants.

Let’s consider the robot trajectory, which is combined from arcs of curves of the second
and fourth orders

G(x, y) = (x− 9.61812)2 + (y + 7.0905)2 − 36 = 0

and the Bernoulli lemniscate

F (x, y) = [x2 + (y − 7)2]2 − 2a2[x2 − (y − 7)2] = 0,
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a = 5.
And select some arbitrary starting point A(4.8621;−3.5157) on the arc of the second
order curve G(x, y) = 0 .
a)smooth connection. Let us assume that we need to connect the curve F (x, y) = 0 at
a point B(6; 9) . We have a reference triangle with sides (Fig. 4):

Figure4. a) the Laiming Equation and b) smooth conic variants.

LAτ = 1.383x− y − 10.2399 = 0, LBτ = −0.6923x− y + 13.1538 = 0

LAB = 10.9989x− y − 56.9932 = 0

Transition conic equations in the form of the Laiming equation

L1(x, y) = 5.0435x2+1.14y2−1.8251xy−36.1414x+2.6397y+20.98 = 0, λ = 0.05

ellipse

L2(x, y) = (1 + λ)(1.383x− y − 10.23399)(−0.6923x− y + 13.1538)+

λ(10.9989x− y − 56.9932)2 = 0, λ = 0.0055

hyperbole
Checking the smoothness condition of the connection. Radius of curvature of the

lemniscata
ρB =

2a2

3rB
=

50

3 ∗ 6 ∗ 3246
= 2.635
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Curvature index

η = 3

√
ρA
ρB

=
3

√
6

2.635
= 1.316

We’ll find lA
lB

= 10.94
6.4126 = 1.7 it . This condition is not met. This means that there is

not a single conic that ensures smooth docking. All transition conics create only smooth
interfaces.
C) smooth connection.
Using the model of the swing mechanism and solving the system of equations, we
will find the angular coefficient k = tgγ = −1.9155 and then performing all the
mathematical calculations, we will find the finish point B(6.8; 8.1) . Starting point
A(4.8621;−3.5157).
Radius of curvature of the lemniscata

ρB =
2a2

3rB
= 2.4195

Curvature index

η = 3

√
ρA
ρB

=
3

√
6

2.4195
= 1.35

The reference triangle (Fig.5a)

LAτ = 1.383x− y − 10.2399 = 0, LAτ = −1.9155x− y + 21.1258 = 0

LAB = 5.9939x− y − 32.6589 = 0

Find the ratio of tangent lengths

lA
lB

=
7.93

5.86
= 1.35

Engineering discriminant (Fig. 2b):

f =
1

1 +
√

2l2

hρ

=
1

1 +
√

2∗7.932
5.2357∗6

= 0.07, σ =
f

1− f
= 0.075

xM =
xC + σxT
1 + σ

= 6.0876

yM =
yC + σyT
1 + σ

= 2.335,

λ = 0.9298. As a result, we obtain the transition conic equation in the form of the
Laiming equation

L(x, y) = 28.2928x2−10.1189xy+2.8596y2−269.7894x+39.7249y+574.2621 = 0

The resulting equation is an ellipse and the arc of this conical curve provides a smooth
transition from one section to another of the robot’s trajectory. On (Fig.5b) a mirror
version of the robot’s trajectory is presented.
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Figure5. a) smooth transition conic and b) mirror version.

Conclusion

The proposed algorithm for creating an unstressed trajectory allows us to obtain new
technical forms of the combined robot trajectory, which provide kinematic and dynamic
smoothness. The work was performed with the support of fellowship financing of
scientifictechnical programs and projects of the Committee of science of Ministry of
Education and Science of the Republic of Kazakhstan, grant AP05135609.
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