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The problem of numerical simulation of two-dimensional unsteady flows of a viscous incom-
pressible fluid in a bounded domain is considered. Such problems arise in the investigation of
flows in closed and semi-bounded regions, in the analysis of vortex structures, as well as in
hydrodynamics and thermophysics problems related to engineering and applied applications.

The mathematical model of these processes is given by the Navier—Stokes equations, which
describe the time evolution of the velocity and pressure fields. These equations constitute a
nonlinear system of second-order partial differential equations and, in the general case, do not
admit analytical solutions. Therefore, numerical methods are widely used for their study.

A significant feature of the incompressible Navier—Stokes equations is the presence of the
incompressibility condition, which imposes an additional constraint on the velocity field and
leads to the appearance of pressure as an auxiliary unknown. The pressure does not possess
its own evolution equation and is determined from the divergence-free condition of the velocity
field, which substantially complicates the numerical solution of the problem.

One of the effective approaches to solving this problem is the splitting method based on
physical processes [1]. The main idea of such methods consists in the separate treatment of
convection, viscosity, and pressure effects at each time step. This allows one to simplify the
numerical implementation of the algorithm and to ensure the fulfillment of the incompressibility
condition.

In the present work, a numerical algorithm based on the splitting method is considered for
solving the two-dimensional unsteady Navier—Stokes equations. The algorithm is implemented
on a regular rectangular grid and is aimed at modeling vortex flows in a bounded domain.

1. Problem Statement

The problem of numerical simulation of an unsteady flow of a viscous incompressible fluid in
a two-dimensional bounded domain  C R? with a smooth boundary 02 over the time interval
t € (0,T) is considered, where 7" > 0 is a given final time.

The fluid motion is described by the incompressible Navier—Stokes equations:

afV—F(V~V)v+Vp:

1
5 — Av, V.v =0, (1)

Re

where v(z,y,t) = (u(z,y,t), v(z,y,t)) is the fluid velocity vector, p(z,y,t) is the pressure, Re
is the Reynolds number, V is the gradient operator, V - (-) is the divergence operator, and A is
the Laplace operator.

The first equation of system (1) represents the momentum conservation law, taking into ac-
count the contributions of convective transport, pressure, and viscous diffusion. The second
equation is the incompressibility condition, which imposes an additional constraint on the ve-
locity field.

1
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The problem is supplemented with initial conditions specifying the velocity distribution at
the initial time:

V(‘Tay70) = V()(x,y), ($ay) € Q, (2)

where vq is a given vector field.
On the boundary 952, no-slip boundary conditions corresponding to the absence of fluid slip
along solid walls are imposed:

v]ga = 0. (3)

Such conditions are standard in the modeling of viscous fluid flows in closed and bounded
domains.

It should be noted that the pressure p(z,y,t) in the incompressible Navier—Stokes equations
does not possess its own evolution equation and is determined indirectly from the incompress-
ibility condition. This fact leads to the necessity of a special numerical approach for pressure
computation, which ensures the fulfillment of the condition V - v = 0 at each time step.

In the general case, system (1)—(3) represents a nonlinear system of second-order partial
differential equations which, except for certain special cases, does not admit analytical solutions.
Therefore, numerical methods are employed for its investigation.

2. Numerical Method
To solve the unsteady Navier—Stokes equations numerically, the splitting method based on phys-
ical processes is employed. The main idea of the method consists in the separate treatment, at
each time step, of convective and viscous effects as well as pressure, which makes it possible to
ensure the fulfillment of the incompressibility condition for the velocity field.

Let the discrete velocity values v = (u™,v™) be known at time ¢". The transition to the next
time layer t"T! = " 4 7 is carried out in three stages.

I. Computation of the intermediate velocity field.

At the first stage, the pressure is neglected, and the intermediate velocity v is determined
from the equations

<7 n

V-V 1
+ (V" V)Vt = — AvV"™ 4
. (v v 7o OV (4)

Conservative finite-difference approximations are used for the velocity components. In par-
ticular, for the u-component we have

Y _ N n _ n
ity Uiy ()= (i) (gm0

T h1 h2 (5)
n n n n n n
u 5 —2u’ o . u. . —2u’ .+, .
)

nt h3

and for the component v

U, .1 — 0" w)? 11— (uwo)? n 2 n 2
bite Tigty ( )zfé,ﬁ% ( )z+%,3+% (vit)" = (i)
T hl hg (6)
o =207 U oo — 20" + U,
1 i+1,5+3 i+ i—1,j+% ij+3 ij+3 ij—3
Re h% h% '



II. Velocity correction by pressure.
At this stage, an elliptic problem for the pressure, derived earlier, is solved. After the pressure
has been computed, the corrected velocity field is determined by the formulas

n+1 n+1
ntl _ Piy1,5 ~ Pij
Uy = U1 T
i+3,j it3J hy .
ntl o ntl (7)
oL — 5 — sz,J+1 Pi;j
i+ hi+3 ho

ITI. Incompressibility condition and pressure equation.
The velocity field v"*! must satisfy the incompressibility condition

V- v =0. (8)

Substituting the velocity correction formulas into the incompressibility condition, we obtain
the pressure equation, which in discrete form is approximated by the finite-difference scheme

n+1 n+1 n+1 n-+1 n+1 n+1 7 . . .. ..
Pivij = 2P TPty Pigra — 205 tPijor 1 (Uil T Wil Vil T Vil
h2 + h2 o7 h + h '
1 2 1 2

(9)
The solution of this equation makes it possible to determine the pressure, after which the
velocity correction at the new time level is completed.

3. Boundary conditions for the velocity field.

The splitting scheme is closed by approximating the boundary conditions for the velocity
components.

On the lower boundary of the domain, the following conditions are imposed:

u?’L+1 :O’ /Un—"_l:O’ ’L:]_,,Nl (7)

.3
On the left boundary, the discrete boundary conditions take the form

n+1 __ n+1 _ s
ui =0, v, =0, j=1,...,Na. (8)
27.] 27.]+2

On the upper boundary of the square domain, the following conditions are satisfied:

n+l _ n+1 _ .
uz+%7N2+%—07 ,U’L,NQ-F%_O’ Z—l,...7N1. (9)

On the right boundary, the boundary conditions are given by

u’}gi%d =0, ”ﬁi;ﬁ% =0, j=1,...,Ns. (10)
Thus, both the normal and tangential components of the velocity are fully prescribed on the
boundary of the domain, which ensures the correct enforcement of the no-slip condition within
the finite-difference scheme.
4. Finite-difference elliptic scheme for pressure and reconstruction of boundary
equations.
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Using the boundary conditions for the velocity components, we derive finite-difference equa-
tions for the pressure at the boundary nodes of the computational domain. Since no boundary
conditions for the pressure are prescribed on the boundary, it is necessary to construct additional
equations to close system (7).

To this end, the boundary values

n+1 n+1 . .
ui+%,1’ ui+%7N2, i=1,...,Ny —1, )
TL+1 7”L+1 _1 N _1
v v J=1,...,1V2

Lj+37 "Nij+3°

must be determined.

We demonstrate the approximation procedure for the lower boundary. Expanding the function

u""! | into a Taylor series in a neighborhood of the nodes (i + %, 1), we obtain a Taylor series

272

in a neighborhood of the nodes (i + 1,1), we obtain
hg aun—i-l h2 82un+1
=t -2 + 2| 55— +O(h3). 12
’l+%7% 'L+%71 2 8y 7;_,’_1 1 8 ay2 7;_;'_%7]_ ( 2) ( )
Since u’.“ll , =0, it follows that
272
h a n+1 h2 82 n+1
wrtl =2 ( ° > - <“2> +O(h3). (13)
T3, 2 8y ’i+%,1 8 ay ’i+%,1
Projecting the first momentum equation onto the Ox; axis, we obtain
a n+1 1 82 n+1
(5 )7 o ) e
T Jirin € Y zit1;y,1
From relations (16) and (17) we obtain
h ou™ h2 ) n+1
utl =22 S — Re-2 (2L . (14)
3l 2\ Oy il 8 Ox i+l
n
We approximate the derivative () using the discrete values of the function u™ at
Y /irin

the nodes (i + %, %), (1 + %, 1), and (i + %, 2). For this purpose, the following Taylor expansions
are used:

ho [ Ou™ h3 (0*u" :
0:2[”'1 :’U,r’.l+1 - a8 ., +72 +Oh5 ’
ez el 2\ 0y )iy 8 N0 ), "

n+l _  n+l
it3,1 uz‘+%,1’ (15)

8u” h2 82u”
n+1 n—+1 2 3
. =u. +hy | — + —= + O(h3).
u“‘%ﬂ ul+%71 2 ( dy )Z 11 2 ( oy? )1 11 (h2)

u




5
Using the method of undetermined coefficients, we obtain a second-order approximation for

Ay
—4, the second by 3, and the third by 1:

ou™
< > in terms of the function values at three points. The first equation is multiplied by
it1,1

it3:3

Hence, we obtain the second-order finite-difference formula for the first derivative

ou i+3,1 i+3,2 9
- ~ + O(h%). 17
( 5 )W i (h3) (17)

Substituting relation (20) into (19), we obtain

n n +1 +1
bl _ 3Ui+%,1 + Ui-i—%,Q B Reﬁp?+l’1 - pZI (18)
i+l 6 8 hi
Comparing relation (21) with the first formula in (7) for j = 1, we obtain
n n
-~ B 3ui+§71 T UL o
Uipla = 6 ) T=T0= g (19)

To determine the pressure at the interior nodes of the grid domain €y, from relations (7)—(8)
we obtain a finite-difference elliptic scheme

1
(Pt) o+ (p2fY) =y divi VTR =2 N =2, =2, Ny =2 (20)

Due to the absence of boundary conditions for the pressure at the boundary nodes, it is
necessary to construct additional equations based on relations of the form (22). For the lower
boundary, we obtain the incompressibility equation at j = 1:

+1 +1 +1 +1
?+l1_u?fl1 U?é _v?l
2 I 24 22 T 2 =0, i=1,...,Nq. (21)

Substituting into (24) the expressions

n+1 n+1 n n

ntl o - Div11 —Pin Dit11 —Pia

1 — W, 19— -

it3.l i+l h1 h1 ’

n+l _  n+l no__.n
ntl _ - Pig  —Pia Pi2 —Pin n+1
Vog =VU;3 T - ) v =0,

175 ’2 h2 h,2 7‘75
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we obtain the equation for determining the pressure at the nodes (i,1), i =2,...,N; — 1:
70 +1 +1 +1 T +1 +1) _ 70
2 (p?+1,1 - 2p;] +p?—1,1) T2 <p22 - P > =52 (PPy11 — 208 +0P11)
1 2 1
T Upplyg = U 1g U3 =01
+ - n _ n + 27 27 + 12 12 .
h% (pz,Q pz,l) hl h2
(22)

In an analogous manner, the discrete boundary conditions for the velocity components on the
upper, left, and right boundaries of the domain are formulated.

As an illustration of the application of the derived finite-difference scheme, Fig. 1 presents an
example of a steady flow of a viscous incompressible fluid in a closed domain.
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0.0
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 1. Stream function isolines

CONCLUSIONS

The obtained finite-difference elliptic scheme for the pressure and the derived boundary equa-
tions ensure the consistency of the pressure field with the velocity boundary conditions. The
application of the projection method makes it possible to correctly satisfy the incompressibility
condition at each time step. The presented example of a steady flow demonstrates the physical
adequacy and the efficiency of the proposed numerical approach.

The developed numerical algorithm is based on a consistent splitting of the Navier—Stokes
equations with respect to physical processes and is implemented on a regular staggered grid.
The proposed approach provides a stable and accurate approximation of the velocity and pres-
sure fields in bounded domains and allows one to correctly take into account the influence of
boundary conditions. The obtained results indicate that the method can be effectively applied
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to the numerical simulation of incompressible viscous flows in cavity-type domains and can be
extended to more complex geometries, higher Reynolds numbers, and unsteady flow regimes.
Various numerical approaches to the incompressible Navier—Stokes equations, including projec-

tion methods, pressure correction schemes, and cavity-flow configurations, have been extensively
investigated in the literature [2, 3, 6, 5, 7, 4]

Keywords: Navier—Stokes equations, incompressible fluid, splitting method, finite difference scheme, numerical

simulation.

AMS Subject Classification: 35Q30, 65M06, 76D05.
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TRAINING ALGORITHM OF A FULLY CONNECTED NEURAL NETWORK
USING BACKPROPAGATION

N.M. TEMIRBEKOV!2, Z.1. SEITMURATOVA®2

LAl-Farabi Kazakh National University,
?National Engineering Academy of the Republic of Kazakhstan

The application of neural networks in geology contributes to accelerating research processes,
improving the accuracy and reliability of results, and reducing the costs of geological exploration.
At present, several advanced neural network—based systems, such as GigaChat, YaGPT, GPT-
40, and Gemini 1.5 Flash, represent state-of-the-art technologies for modern geology. Across
these neural network platforms, geographic information system (GIS) technologies play a central
role, followed by 3D modeling of geological structures, artificial intelligence, remote sensing of
the Earth, and the analysis of large-scale geological data (Big Data), including multiparametric
geostatistics.

Artificial intelligence enables faster processing of geological data, more accurate identification
of hidden patterns, and a reduction in decision-making risks. Therefore, this study focuses on a
fully connected neural network trained using the backpropagation algorithm. A general overview
of the development of machine learning in geological sciences is presented in [1].

A comprehensive review of machine learning applications has been conducted across multiple
geoscience disciplines. Remote sensing was among the first fields to adopt machine learning
methods, as demonstrated by Lary et al. in 2016 [2]. This was followed by applications in solid
Earth geosciences in the work of Bergen et al. (2019) [3], hydrogeophysics in the study by Shen
(2018) [4], seismology by Kong et al. (2019) [5], seismic interpretation presented by Wang et al.
(2018) [6], and geochemistry discussed in the work of Zuo et al. (2019) [7].

Since the mid-twentieth century, when the first computing machines appeared, significant
changes have occurred. Computational resources are now widely available in both hardware
and software forms, and high-performance computing has become accessible to a broad audi-
ence through cloud computing providers. High-quality machine learning software is extensively
available due to the free and open-source software movement, while major technology compa-
nies (Google, Facebook, Microsoft) actively compete by promoting their open machine learning
frameworks, such as TensorFlow, PyTorch, and CNTK2. In addition, independent develop-
ments have gained widespread adoption, including scikit-learn [8] (Pedregosa et al., 2011) and
XGBoost [9] (Chen and Guestrin, 2016).

The influence of scikit-learn has been particularly significant in shaping modern machine
learning software ecosystems through the introduction of a unified application programming
interface (API) [10] (Buitinck et al., 2013). The considered algorithm consists of three stages:
forward propagation, backward propagation, and updating of the trainable parameters. As
a result of the forward propagation stage, the error F(Q!) is computed. During the backward
propagation stage, the error F(Q?) is used to evaluate the gradient vector g—g(ﬁt). Subsequently,
the trainable parameters are updated.

oF
Qt+1 — Qt _ et Qt 1
ax () 1)
Assume that the dimension of the input vector, denoted as INPUT_DIM, is equal to 4, cor-
responding to four input features. The number of classes is assumed to be 3; therefore, the

dimension of the output layer (OUTPUT_DIM) is equal to 3. A two-layer neural network is
1
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employed in this study. The number of neurons in the first (hidden) layer, denoted as H_DIM,
is set to 5. These parameters may be varied in subsequent computational experiments.

We now describe the backpropagation algorithm. For simplicity, let us consider the input
vector © = [z1,x2] and the output vector h = [hi, ho, hs]. The vector h is the output of a
nonlinear activation function that depends on the input vector x, the trainable weight parameters
w, and the bias parameters.

h = F(zW +b), (2)
where the parameters are defined as follows.

W21 W22 W23
In expanded form, equation (2) can be written as follows

_ |:’LU11 wi2 ’UJ13:| , b — [b17 bQ, bg] (3)

t1 = F(z1w11 + xowa1 + by),
ty = F(z1w12 + v2w2e + b2), (4)
ts = F(z1w13 + z2was + b3).

If we introduce the notation ¢ = W +b, then ¢ depends linearly on z. Furthermore, h = F(t)
where F'(t) is a nonlinear activation function.

FIGURE 1. Neural network architecture

Let us write the expressions for ¢ and h in expanded form

t1 = x1wi1 + w2woq + by,
to = W12 + T2W22 + bo, (5)
t3 = x1w13 + Towas + b3.

For the output vector

h1 = F(t1),
he = F(t2), (6)
hs = F(tg).

the computational graph can be represented as follows:

13



@ @ @ - data nodes

- parameters

FiGure 2. Computational graph

To estimate the neural network parameters during the optimization process using stochastic

gradient descent, the gradient vector g—g(Qt) is required.

y E(QY)

Ficure 3. Forward propagation implementation scheme

Figure 3 illustrates the forward propagation scheme. Here, = denotes the input vector, z
represents the vector of predicted probabilities at the output layer, and y is the known ground-
truth label, represented as a vector consisting of zeros with a single unit entry.

To update the trainable parameters 2 = (w, b), it is necessary to perform backward propaga-
tion (BACKWARD).
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E(QY)

FIGURE 4. Backward propagation along the computational graph

We require g—g and %—f.

We will use an important result from mathematical analysis, namely the chain rule, which is
the differentiation rule for composite functions.

Let the gradient of the error with respect to the output vector be given by

OE _|OE OF OFE
Oh | Ohy’ Ohy' Ohs|’

and the components of this vector will be specified later. The rule for computing the error

gradients is as follows:

FIGURE 5. Rule for computing the error gradients

Figure 5 illustrates the scheme for the sequential computation of gradients. As a result, the
OF

gradient g—g is obtained in the form of a (2 x 3) matrix, % is a row vector of size (1 x 3), and the
input gradient %—f is a row vector of size (1 x 2). The input gradient %—f is required to propagate
the gradient to the previous layer.
Let it be given that
oE [8E OF OE}

Oh | Ohy’ Ohy’ Ohg

15



OF _OF oh _OE
o o on —om Tt (7)

then analogously we obtain

OE _OE 0hy OF

—_ = — = . /
5y~ Ohs Oty — o, T (12); (8)

OE OE Oh OF
OB 08 O _ 98 i) )
Ots  Ohg Ots  Ohs

Let us rewrite formulas (7)—(9) in a more compact form. For this purpose, we introduce the

following notation:

Then, formulas (7)—(9) take the following form

OE OF
— =—QF(t 11
= SC e (), (1)
Here ® denotes the element-wise (Hadamard) product. The Hadamard product is defined as
a binary operation between two matrices of the same dimensions.

We now write the formulas for computing g—g, using the following notation:

OE OE 0t OF

dwy Ot Owy ot -

861)51 B gfz ' aaqj; - gi $¥2, (12)
s = B B = 1)
o~ S e = )
S = B B = 15)
0B _0E 05 _0E "

Qwaz Oty Owaz Oty
Using the transposed input vector
o[
T2

OF _|9FE OF OF
ot |0ty Oty Ots |’

we rewrite equation (12) in a compact matrix form.

and

OE _ , OE

- _ - 17
ow " ot (a7)
The gradient g—g is a matrix of size (2 x 3). Let us derive the formulas for %—f.
OE OE 0ty OF OFE
= L= 1= (18)

by Oty b It Oty
Analogously, we obtain
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OE OE  OE OE

= _ 7= ==, 1
Obs Oty Obs Ots (19)
in a compact form
OF OF

The formulas for the input gradient %—f are determined from the following chain rule for
differentiating composite functions.

OE OE O, OE Oty OE oty

e it ST it A i1 21
8.%'1 8t1 81'1 + 6'152 a.%'l + 8t3 81'17 ( )
From equation (5), we obtain
otq Oto Ots
— =w — =w — =w
8.’E1 11, 81'1 12, 8371 13,
therefore,
OE OF N ) n ) (22)
— =—w —w — - wis.
dr, oty oty oty
By analogous reasoning, we have
OE OF N o)) N o)) (23)
8.7}2 8751 21 8t2 2 8t3 2
or, in matrix form
OE OFE T
-W 24
89: ot (24)
Here 2E is a row vector of size (1 x 2), 92 is a row vector of size (1 x 3) and W7 is a matrix

of size (2 x 3).

Finally, it remains to answer the question: how and where do we obtain %—E?

Let us first describe in more detail the computation of the error. To determine the error, it
is necessary to first compute the vector z using the Softmax activation function at the output
layer. This activation function is commonly used in classification problems because it normalizes
the activations across all output units so that their sum equals one. This is achieved by applying
the exponential function to each output ¢; and dividing this value by the sum of the exponentials
over all outputs:

> — softmax(t) = S(t) = {Z‘ft;j } (25)

Classification problems represent a special class of tasks in which a different type of loss

function, known as cross-entropy, is employed. The cross-entropy loss depends on the true label
y and the prediction produced at the output layer.

E = CrossEntropy(z,y) = CE(z,y) Zyz In z;. (26)

Here y is a vector consisting of zeros and a single unit entry (one-hot encoding). Let us transform
equation (22) using equation (21).

—Zyilnze —Z?Ji ti—lnzetj —_Zyiti+<zyi> 1nzetj
i i j i i j
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Since ), y; = 1, we obtain the prediction error formula

E=-) yti+n) e, (27)
i j

From (23), the derivative of E with respect to t; can be derived

oF el
—_— = — — T = - 2
on, e ST 3)
In compact form
oF
sty =2y (29)

We now choose the activation function. Let us consider

F(t) = ReLU(t) = max(0,1). (30)
The graph of this function is shown in Figure 6.

F()

FIGURE 6. Activation function

The derivative of this function is given by

Fi(t) = {1’ =0 (31)

0, t<O0.

Let us consider an example of a specific neural network consisting of two fully connected
layers. The computational graph of such a neural network is as follows:

N

FiGure 7. Computational graph of the neural network

The neuron computations are performed as follows:
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ti:xw1+b1, h1 :F(tl), to = hqwsg + bo, Z:S(tg), E:CE(Z,y)

As a result, the prediction error F is obtained.
Next, the error backpropagation procedure is performed. The computational graph has the
following form:

\ah, \ae. /) e
dE aE
aw, b,

Ficure 8. Computational graph of error backpropagation

These gradients are computed using the following formulas:

gi:S(tg)—y:z—y,
OE _,r OF
6w2_ 1 8752’
OFE OF
Obs Oty
g}i:gi- 5, gizgf@?ﬁ(tl), (32)

9E 1 OE  OE _OE

dw " o b on

Thus, the required gradients (‘%Eg’ g—i, aaTE17 gTE are obtained, and the trainable parameters

are updated according to formula (1).

In this work, a transition is made from mathematical foundations and theoretical concepts
to the development of software for model validation. The presentation of results moves from
textual descriptions to code examples that complement the theoretical framework and illustrate
model verification as well as the explanation of machine learning methods.
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This article examines the calculation of the option price V (¢, z), the stock price x(t), and
the optimal stopping (execution) time 7; (= ¢) over both finite and infinite time horizons. It
then delves into determining a fair value for American-style options, leveraging the optimal
stopping time within the framework of diffusion processes in stock markets, represented by
(B, S). Additionally, the article explores the pricing of European-style options, starting with
the buyer’s perspective and then transitioning to the seller’s viewpoint. The problems are
solved either analytically, when the optimal stopping time is pre-determined, or numerically
using methods like the sweep method and finite element techniques.These methods are applied
by reducing the problem to Stefan’s problem, where Y*(¢, x) represents the rational option value,
77 indicates the rational execution time, and z*(t) corresponds to the rational stock price.

1. INTRODUCTION

Building on the work in [1], this paper investigates various aspects of calculating the option
price V (¢, z), the stock price x(t), and the optimal stopping (execution) time 7 (= t) over finite
and infinite time intervals. In then explores the determination of a fair price for American-
style options, utilizing the optimal stopping time within diffusion-based (B, S)-stock market
models. The discussion proceeds to address the pricing of European-style options, starting with
an analysis on the buyer’s perspective, particularly the call option, followed by a focus on the put
option. The problems are solved either exactly when the optimal stopping time is predetermined
or numerically by reformulating them into the Stefan problem. In mathematical physics, the
Stefan problem arises in the study of physical processes associated with the phase transformation
of matter and consists in finding a function u = u(¢,z) that describes the temperature regime
of the phases and the separation boundary x = z(t), t > 0 of these phases.

In the case of standard buyer and seller options, a two-phase situation also takes place — when
searching for optimal stopping rules, we can restrict ourselves to considering only two simply
connected phases: the area of continuation of observations C* and the area DT.

All problems can be solved analytically if the optimal stopping time is known beforehand or
numerically if it is not.

The results of numerical modeling of the Stefan’s problem by the sweep method and the
finite element method for standard call and ask options are presented. As well as a comparative
analysis of the numerical results by the sweep method and the finite element method (FEA).

2. THEORY OF CALCULATIONS IN STOCHASTIC FINANCIAL MODELS. AMERICAN TYPE
OPTIONS ON DIFFUSION (B, S) STOCK MARKETS. OPTIMAL STOPPING PROBLEM

Consider an optimal stopping problem in a discrete and finite setting for a stochastic se-
quence f = ( f”)n <y This problem is closely related to American-type options, where the option
B 1
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holder has the right to choose the exercise time, which can be viewed here as an ”optimization
decision”. [2], [3], [4], [5], [6], [7].

Let f = ( I, Fn) . be a stochastic sequence defined on the probability space
0<n<

(Q, F (Fn)0<n<N, P), with Fy = {@, Q}, Fy = F. We assume that E|f,| < oo for all
0 < N < co. TThe task at hand is twofold: 1) To find functions (prices)

VN = sup Ef,, 1)

n
TeEMY

where the supremum is taken over the class Miv of all stopping times 7 such that 0 < 7 < N, 2)
To find the optimal stopping time, which we assume exists in this setting. A distinctive feature
of this finite N < oo case is that the problem can be solved using backward induction, which
is a key method for determining both the prices VV, and the corresponding optimal stopping

times. We define the sequence vV = <%JZV >0< . in the following artificial way:
<n<

o =ty = max (fu, B3N ) ). 2)

We then define the optimal stopping time sequence 0 < 7 < N as:

n (2

TN:max{ngiSN:fizfy-N}. (3)
The following result is one of the central theorems in the theory of optimal stopping problems
over a finite time interval 0 <+ < N.

Theorem 2.1. The sequence vV = (77]1\[)0< . defined by recurrence relations (2) and the
<n<

moments 7Y, AN = (’yﬁ) , have the following properties:
0<n<N
(a) 7. e MY
(b) E(fylFn) =+
(c) E(fT|Fn) < E(fTTsz|Fn> =N for anyone T € MY,
(d) Y = esssup, oy E(fT|Fn) and in particular
% = sup Efr =Efx;
TeM
(e) V¥ =En,.

Theorem 2.1 without proof.

3. STANDARD CALL OPTION

In the context of options and other financial instruments, two scenarios are typically consid-
ered: the first, where the time parameter ¢ is confined to a finite interval [0, 7], and the second,
where it extends over an infinite interval [0, co). The second case is often viewed as an idealized
scenario, though it is mathematically simpler than the first, where the timing of decisions at
any given moment ¢ is significantly influenced by the remaining time 7" — ¢ until the contract’s
expiration. We begin by considering the second case.

Let us assume that on the filtered probability space (Q, F, (Ft)t>0’ P), where (Ft)t>0 is the

Brownian (Wiener) filtration, i.e. the flow of o-algebras F; = a(FtO U N), FP = J(Bs, s < t),
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N=<{AeF:P(A) =0;, is given a standard Wiener process W; = ( W, and the diffusion
g p -0
t>

(B , S) -market has the following structure:
dB; = rBudt, By > 0, (4)
dS; = S; (/J,dt + O'th), So > 0, (5)

in this case, r represents the interest rate, while u and o are the parameters of the geo-
metric Brownian motion that governs the stock price process S; = (St> = S; The stock
¢

price follows the stochastic differential equation (5), and this equation, with the initial condi-

tion Sy independent of the standard Wiener process Wy = ( W, 0’ has the explicit solution
>

S; = Soe“te"wt*"zt/ 2. In this expression, u represents the drift parameter, indicating the av-
erage rate of change in the stock price, while 0? denotes the diffusion term, often referred to
as the differential dispersion or volatility. These parameters can have different interpretations
depending on the specific context of the problem, but in this case, they are assumed to be
deterministic. [11], [12], [13], [14], [15], [16].

For a standard discounted call option, the payoff function f; is defined as follows:

fr=eg(Sh), (6)

where g(z) = (a: — K)+, re k= (O, oo), K is strike price.
Suppose that
* I fT
V*(x) = sup BoEy - (7)
where the supremum is taken over the class of all finite stopping times

MSO:{T:T(w):OST(w)<oo,w€Q} (8)

and E, denotes the expectation with respect to the martingale measure P, under which the

process Sy = (St> o follows a stochastic differential equation.
t>

dSt:St(Tdt-f-O'th), So = x. (9)

For convenience, we will assume from the outset that ;= r. With this assumption, the tilde
symbols in P, and E, can be dropped, and we will use ”~” instead.
Thus, let:
+
V()= sup Eye” A7 (ST - K) . (10)
TEME®

For various applications, it is useful to consider, in addition to the class Mg, the class of
1\7[802{7:7(0.1): 0 <7(w) < oo, weQ}

those Markov times that can take the values +o00, and assume

V*(x) = sup Ege” M7 (ST — K>+I(T < oo). (11)
TeMg®

The determination of the functions V*(x) and V*(x) is closely related to the standard American-
style call option being analyzed, as these values directly correspond to the rational values. This
assumes that the option buyer has the ability to choose the time of exercise either from the
class M{°, alternatively, in the class My~ with Sy = z, the case where 7 = co corresponds to the
situation where the option is never exercised. If 7* and 7" are the optimal stopping times for
solving problems (10) and (11) these will indicate the optimal moments for the buyer to exercise
the option within the classes M&® or Mg .
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Now, let us analyze the optimal stopping problems (10) and (11) in the case where A > 0.
The theorem holds in this context.

Theorem 3.1. If A > 0, then for any x € (0, oo)

. . _Jx—-K if x>a%,
Vi = v ={ Tz 12)
where
1 —=2r+ o024+ V4r2 + 4ro2 + 0% + 802\
21 = 5 : 2 ) (13)
o
denote by k = —2r + 02 + V412 + 4ro? + 04 + 802 \. Then
—( - K
o (—z+ )2 , (14)
(- 22 (o))
exp| — = (In({—F————= )k
P 2 o2 Ii(—ﬂ?-}-K)
. 11
x :—§§</€(—x+K)>. (15)
In the class M~ there is an optimal moment, and as such we can take the moment
r*zinf{tzo: Stzx*}. (16)
Where in
1 f xz%z or T > x*,
P, (m" < o0) = 1-25 ) (17)
(%) T oaf <% and x <"

General Scheme of the Proof of Theorem 3.1. Consider more general optimal stopping prob-
lems than problems (10) and (11). Let

V*(x) = sup Exe_ﬂTg(ST)v (18)
TEMG®
V*(x) = sup Eze_BTg(ST)I(T < 00) (19)
TEMY®

be the prices in optimal stopping problems for the Markov process S = (St, F, Px> 0’
t>

re FE= (0, oo) where P, is the probability distribution of the process S with Sop =z, 8> 0

and g = g(x) is some Borel function.
If g = g(z) is a non-negative function, then, according to the general theory of optimal stop-
ping rules for Markov processes:

1) V*(x) =V*(z), r € E; (20)

2) V*(x) is the least—excessive majorant of the function g(x), i.e. smallest among functions
V(z), such that

V(z) 2 g(), V(z) = e "LV (@), (21)
where T3V (z) = E,V(x);
3 V)= limlimQ)g(a). (22
where
Qug(a) = max (g(a), e Tpng(a) ); (23)

24



A. BAITELIEVA, 1. SHAKENOV, K. SHAKENOV: NUMERICAL MODELING OF SOME PROBLEM ... 5

4) if Ex<sup e_ﬁtg(St)> < 00, then for each £ > 0 moment
t

=it {t: VI($) < e (1) } (24)
is the c-optimal stopping moment in the class M{°, i.e. Py(m, < o) = 1, z € E and
V*(z) — e < Egze Pg(S,);

5) if the moment
o =inf {t: V*(S) <e () } (25)

is the stopping point (Px (7'() < oo) =1, z€ E), then it is optimal in the class Mg®:

V*(z) = Eye P™g(S,,), z € E; (26)

moreover, if some other stopping time 7y is also optimal, then P, (7'0 < 7'1) =1, x € E,ie. 7
is the smallest optimal stopping time.

Let C* = {m eE: V"> g(x)} and D* = {x € E: V= g(m)} It follows from
(22) and (23) that the function V* = V*(x) has a simple structure, being a downward convex
function that £ = (O, oo) majorizes the function g = g(z). Moreover, there exists z* such that

C*:{a:: r<z*rand D*=<qx:x>x*>.
Thus, the solution of problem (10), (11) is reduced to finding the value z* and function V*(x)
(V* (x) = V* (ac)) It follows from the works:that the required value x* and V*(z) is the least

B = (X + r)-excessive majorant of the function g(x), must be solutions of the following Stefan
problem or the problem with a free boundary.

~ . - dv d
LV(2) = (\+ 1)V (@), o <7 V(o) =gle), o235, | _ )
dx 1z dzx zlx
or
1 5 od*V(x) dv(z) ~ N
50— re— = — (A +7)V(2) =0, # < 7, (27)
V(z) =g(x), z > &, (28)
W) _ dgla) 29)
dx 1T du z|T
where
d o o d?
L=rz— + —a?—
T2 a (30)
is an infinitesimal process operator S = (St) >0 With a stochastic differential

dSt = St (Tdt + O'th> .
The solution of equation (27) in the region unknown (0, &) so far has the form:

- 1. —2r+02+k 1 2r—o2+4k
V(z)=crz?2™ >  +cox 27 o2

where k = V412 + 4ro2 + 04 + 802)\.

25
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The characteristic equation has the form:

ZQ_(]‘_P

QT)Z B 2()\+r)

and the roots

1 —2r4o0%+k 1 2r—o?+k
AT T2 BTy T

Because A > 0, then z; > 1. If A = 0, then 2; = 1. Root zo < 0. Then from the general
solution of equation (27) V(z) = c12* + cpx*2, given that zp < 0 we get ¢ = 0. This follows
from the fact that, according to the meaning of the problem under consideration, the function
V(m) must be a non-negative non-decreasing function. Also, if ¢ # 0, then V(z) — +oo for
x | 0, which should be excluded according to the meaning of the problem under consideration:

V*>0and V* < z.

~ 1, —27‘+02+k - ~ .
Thus, V(x) = ciz2™ o2 for z < Z, where ¢; and the ”free” boundary & are still unknown

constants, to determine which we use condition (28) and the ”smooth gluing” condition (29).
Condition (28) gives the relation

it =z - K. (31)
Condition (29) takes the form
@t =1. (32)

Or we get a system of two equations for the unknowns ¢; and Z:

cli‘% P K,
1 &1 (33)
C]_§ . ;I’ o2 =1.
Solution of system (33):
— (:c + K)
= ,
11 1< 20
exp| — == In({ ———— |k
P 202 k(—z+K)
- 11
Thus, the solution V(z) of problem (27) — (29) can be represented as follows:
~ r— K, T >,
Viw) = { ar®, o<1z, (35)

where Z and ¢; are determined from (34) and

2

2

21 = =
2 2

(o g

1 </<c> 1 (—2r+02+\/4r2+4ra2+04+802/\>

Theorem 3.1 is proved. 3
It can be proved that the found function V' (z) coincides with the price V*(z), and the moment

7 = inf {t >0: 5 > :Tc} is optimal in the class 1\7180 and in the class Mg° if P, (% < oo).
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4. STANDARD PUT OPTION

The analysis of put options with payoff functions f; = e_/\tg(St), where g(z) = (K—x)+, x €
E = (07 oo), is conducted in the same manner as for call options. In this case, the function
is bounded. We assume that the diffusion B, S-market is described as (4) and (5) from the
Standard Buy Option and

U.(x) = sup Exe_(M_T)T(K - ST)+, U (z) = sup Eme_()‘”)T(K - ST)+I(7' < 00).

reM TeEMg®

Here U, (z) and U, () are rational prices for the seller by class M{® and M;° all finite and infinite
stopping times.

Theorem 4.1. Let A > 0. Then

r— K, r < x*,

%2, x>z,

Uie) = 0.(0) = {

where

1+
1 2r —o? +k B | ||22\ K =
ZQ - 2 0_2 bl C* - 22 1 _l_ |22‘ )

|z
1+ ‘22|7

T, =K k= /472 + dro? + ot + 802\,

There exists an optimal moment in the class 1\_/180, and the moment 7 = inf {t >0: 5 > x*}
Where in

1 if 1<% or x<z,,

+
Here the function g(x) = (K - x) is limited. Theorem 4.1 is proved similarly to Theorem
3.1.

5. STANDARD EUROPEAN CALL OPTION

Following [39], using Brownian motion and solutions of stochastic differential equations, one
can give a probabilistic representation of solutions V = V(t, :1:) of the Cauchy problem for

oV
parabolic equations of type B = L(z)V, where L(z) is an elliptic operator. See [1] for details.

It can also be shown that the function V = V(t, :U), under the assumption that it belongs to
the class C12, satisfies t > 0 and = € E the equation

ov
o + BV =LV, (36)
where
8V(t, a:) 1, 5,0 V(t, a:)
LV (t, z) =ra e 20T 5 (37)
with initial condition
V(t, z) = g(x). (38)
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Let t € [0, T]. Let’s introduce a function Y (¢, z) = Y (T — ¢, ). Then for Y (¢, z) and (36),
(38) it follows that the function Y =Y (¢, z) for ¢ < T satisfies the equation

oY

— Y =L1Y.

-+ BY =LY, (39)
with the boundary condition

Y (T, ) = g(z). (40)

The fundamental equation (39) is the Feynman-Kac equation. This equation is used to
calculate the rational value (V (T ; :c) = Y(O, :c)) of a standard European call option with
g(z) = (z - K)+ and A = 0.

Finding Rational Cost V* (T, a:) =Y* (O, x)

Let’s define
i =inf{0< < T Yt S) = g(h) } (41)
and
DI = {:U €EE: Yt z)= g(x)}, (42)
or = {x cE: Yt z) > g(:r:)}. (43)

For s <t we have
Y¥(s,2) =V (T —s,2) > V(T -t z) =Yt z).
Therefore, for 0 < s <t < T
pfcprc Dl and ¢ >cTo>Cf.

In the case t = T, obviously, DX = E and C¥ = (. Areas

DT:{(t, )i te o, T),xeDtT} (44)
and

CT:{(t, z): telo, T),xeC’tT} (45)

in phase space [O, T ) x E are called the regions of stopping and continuing observations,
respectively. This is due to the fact that in "typical” optimal stopping problems for Markov
processes, the moment TOT turns out to be optimal:

_8+T %
Eue " g(Sr) = V*(T, 2). (46)
Because the
T()T:inf{OStST:StED?}, (47)
then the interpretation
"= <{t} thT>
t<T
the concept of the stopping region is clear: if: (t, St) € DT, then the observation stops.
The regions DT and CT can have highly complex structures depending on the properties

of the functions g = g(x) and the characteristics of the process S = (St) o For instance,
t

these regions, when viewed as sets [O, T ) X E can be multiply connected, co;lsisting of several
”islands” where stopping occurs, and so on.
In the case of standard buyer and seller options (call and put options), where g(z) = (z— K )+

for the call and g(z) = (K — x)+ for the put, the regions DT and CT are simply connected.
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For these options, the boundary of the stopping region 0D’ can be represented as:
oDT = {(t, x) i te [0, T), T = x*(t)},

where, in the case of a call option

x*(t) = inf {x €EE: Yt z)=(z— K)+}
and in the case of a put option

x*(t) = sup {x €E: Yt z)= (K- x)+}

6. STEFAN’S PROBLEM FOR STANDARD BUY AND ASK OPTIONS

Here, following [39], we present the precise formulations of the Stefan problems corresponding
to the two types of call and put options. We also discuss the qualitative properties of the
solutions Y* = Y*(¢, x) and z* = 2*(¢t) related to these problems.

A) Buyer’s option. Suppose that the (B, S)-market is described by relations (4) and (5)

with 1 = r, 0 <t < T, and the payout function at the moment ¢ has the form f; = e g (St),

where A > 0 and g(z) = (z — K)+, x € E = (0, co). The main results related to the considered
option are as follows.

1) The rational value V* (T, :U), x = Sy, of such a discounted option is determined by the
formula

V*(T, z) = sup Eze_’BTg(ST), (48)
TGME;
where 8 = A+ r and E, is the averaging over the original magningal measure under the as-
sumption Sy = .
2) Let for t € [0, T] and z € E

Y*(t> x) = sup Et,:pe_ﬁ(q—_t)g(st)y (49)
reMf
where E; , denotes the expectation with respect to the martingale measure, assuming x = S;.
The function Y* = Y*(¢, z) riepresents the least excessive upper bound of the function g(z).
3) There exists a rational cost

v (T, a:) =Y (0, a:), (50)
aand the rational moment for the buyer to terminate the observation and exercise the option is
the time at which

=it {0<t<T: V(L 8) = g(S) } (51)
or, equivalently,
T;:inf{ogth: (t,St)eDTU{(T,:c):xEE}}. (52)

4) The stopping region DT nd the continuation region C” are simply connected and are
characterized by the following structure:

p"= | {(t, z): Y*(¢, x)zg(g;)}, (53)

0<t<T

= {(t, ) : Y*(t, ) >g(a:)}. (54)

0<t<T
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5) The function Y* = Y*(t, z) on [0, T) x E belongs to the class C"?. For each fixed
x € FE function Y*(-, z) is non-increasing in ¢; for each fixed ¢ € [O, T), the function Y*(-, x) is
nondecreasing and convex down in .

6) The boundary function z* = 2*(t) is non-increasing on [0, T'), and the sets C{ and D}
for t < T have the following form:

Cth{xEE: St<a:*(t)}, D;:{xEE: Stzx*(t)}.

For t = T many CX = () and DY = E.
If A =0, then z*(t) = oo, which corresponds to that for each ¢t < T

ol =E, DI =0.
In other words, for all ¢ < T, observations should be continue regardless of the values taken by
the prices St, which follows from the fact that the process (e*” (St—K ) +) . is a submartingale,
(24

and by the Doob halting theorem for any (e‘”(St - K)+) o
t>

E e (ST - K>+ < Eye (ST — K>+

A similar result holds in the discrete time case, which can be interpreted as follows: standard
American-style and European-style call options are essentially equivalent.

7) The function Y* = Y*(¢, x), where t € [0, T), x € F, along with the boundary function
x* = x*(t), where 0 <t < T is a solution to the ”two-phase” Stefan problem, or a problem with

a moving (free) boundary. In the region CT = {(t, x): x<x*(t), te [O, T) }, the equation is:
oY *(t, x)

ot

in the region DT U {(T, x) T x € E}

+BY*(t, ) = LY* (¢, ); (55)

Yi(t, x) = g(x); (56)

at the boundary z* = x*(¢), 0 <t < T, the section of the "two phases” the Dirichlet condition
is fulfilled:

Y*(t, () = g(z*(1)); (57)
and the Neumann condition:
oY *(t, x) B dg(z)
Ox xtz* (¢) - dx a:¢$*(t)’ (58)

which is often called the smooth gluing condition.

For the solvability of the Stefan’s problem (55) — (58) and properties of the boundary function
x* = x*(t).

B) Seller option. In this case g(z) = (K — x)+. Properties 1) — 4) of the call option
remain in effect, and the function Y* = Y*(¢, z) again belongs to the class C''2. For each fixed
x € E function Y*(-, x) is non-increasing in ¢; for each fixed ¢ € [0, T), the function Y*(¢, -) is
non-increasing and convex downwards in x.

For any A > 0 set C{" and D} have the following form for ¢ < T

ol = {:1:: Sy > x*(t)}, DI = {l‘ 5 < x*(t)}

For t =T many C% = @ and DL = E.
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The boundary function z* = z*(t) is a non-decreasing function in ¢; if A = 0, then ltlTr%l x*(t) =

K.

The Stefan’s problem for Y* (t, :c) and x*(t) is formulated in a similar way. In this case,
equation (55) and conditions (56), (57) are combined, and condition (58) for 0 < t < T takes
the following form:

oY (t, 1:) _ dg(z) (59)
Ox zta*(t) dx xdx*(t)
where
dx xlx*(t)

because the g(z) = (K — x)+ and z*(t) < K.

For more information about the properties of the functions Y*(¢, ) and z*(¢) can be found
in the work [1], which is specifically devoted to the standard American type put option and
contains extensive information related to other options. [2], [3], [4], [5].

Some information about Brownian motion and stochastic processes, controlled diffusion pro-
cesses, option prices and their models and calculations, American options, optimal stopping in
American put options are contained in the following works: [11], [12], [13 ], [14], [15], [16].

7. NUMERICAL SOLUTION OF THE STEFAN’S PROBLEM (55) — (58) FOR THE CALL OPTION

In the area CT = {(t, :1;) cx<z¥(t), te [0, T)} consider the equation

Y *(t
_8E§t,x) + BY*(t, 2) = LY*(t, z), (61)
. aY*(t,z) 1 O?Y*(t, ) )
where 8 = A+ r, LY*(t, z) = rr— + 502$2T and in the area DT U {(T, z) :
reE } consider
Y*(t, z) = g(x) (62)

at the boundary z* = z*(¢t), 0 <t < T, the section of "two phases”, the Dirichlet condition is
fulfilled:

Y* (1, (1)) = g(a*(1): (63)
and the Neumann condition:
v a)|  _dew)| o)
O iz (t) dx xdx*(t)

Let us discretize the phase domain CT = {(t, z): x<a*(t), t €0, T)} with ¢ respect to the
stepr,tp,=n7,n=0,1,2,..., N, 7= %,Withxrespecttothes‘cep h,x;=1th, 1=0,1, ....
We also discretize the area DT U {(T, z) 1 =z € E} Omit index * above Y*(t, x)). We

approximate (61) by an implicit scheme, and for the discrete domain C%; we obtain the difference
equation

1
YT 4 BV Y = *;Yin, (65)

2,..2 2.2 2.2
where o; = —(% + %), Bi = <% + Uhgi + 48— %), Y = —UQ—JQ". In the discrete domain Dgl-,
we write the Dirichlet condition (63):
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Yt =g; or Y"(x7) = g(x}) (66)
and the Neumann condition (64):

n n
i+1 Y; _ 9i+1 — G:

. . (67)

zi=x;+0 zi=z7—0

If the condition 8 > %, is satisfied, equation (65) can be solved, for instance, using the sweep
method. To solve (65) we ensure that at the boundary (a:*):b, the two-phase conditions (66) and
(67) are met. At each step, we verify that the ”front” (ac*):L is defined at a grid point. If not,
we can adjust the step sizes 7 and h.

Next, issues of numerical modeling of the Stefan’s problem are considered. [8], [9], [10], [17],
[18].

8. NUMERICAL MODELING BY THE METHOD OF RUNNING THE STEFAN’S PROBLEM FOR
STANDARD CALL OPTIONS

As a first example for a call option, we consider an American call option with financial
variables K = 10, ¢ = 0.6, r = 0.25, § = 0.2, zp = 10 and T' = 1. For these data, proposes a
value of Y* (0, K ) = 2.18728, which corresponds to the variant shown in following Figure 1

] L L L L
o & 10 16 20 265 30

FI1GURE 1. American call option pricing for K = 10, 0 = 0.6, r = 0.25, § = 0,
T =1 (grid dimension 1600 x 1600).

The selected values for the test data (K =10,0=06,r=0.25,0=0,T = 1) are shown in
Table 1 and visualized in Figure 2.

Table 1. Values Y*(0,z) of the American call option at K=10, 0=0.6, r=0.25, 6=0, T=1.

m (grid dimension), Y% . | Sweep method | Finite element method (FEM)
100 2.181171 2.186701
200 2.186031 2.187181
400 2.186941 2.187251
800 2.187191 2.187271
1600 2.187261 2.187281

As a second example for call option, we consider an American call option with financial
variables K =50, 0 = 0.4, r = 0.1, § = 0, zp = 50 and 7" = 5/12. For these data proposes a
value of Y* (0, K ) = 21.28638, which corresponds to the variant shown in Figure 3.

The selected values for the test data (K =50,0=04,r=01,6=0,T = 5/12) are shown
in Table 2 and visualized in Figure 4.

Table 2. Values Y*(0,x) of the American call option at K=50, 0=0.4, r=0.1, =0, T=5/12.

| m (grid dimension), Y% | Sweep method | Finite element method (FEM), |
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100 21.280341 21.285981
200 21.285171 21.286281
400 21.286051 21.286351
800 21.286281 21.286371
1600 21.286351 21.286381

9. NUMERICAL MODELING BY THE METHOD OF RUNNING THE STEFAN’S PROBLEM FOR
STANDARD PUT OPTIONS

As the first example for a put option, we consider an American put option with financial
variables K = 10, 0 = 0.6, r = 0.25, § = 0.2, g = 10, T' = 1, which is shown in Figure 5.

This curve, shown in Figure 6, defines the option’s early exercise strategy.

As a second example for a put option, we consider an American put option with financial
variables K =50, 0 = 0.4, 7 =0.1, 6 = 0, 29 = 50 and T' = 5/12, which is shown in Figure 7

We also calculate the point z*(0) for early exercise of the put option. Numerical results are
given in Table 3 and illustrated in Figure 8.

Table 3. The boundary x*(0) of the early exercise of the K =50, 0 = 0.4, r =0.1, 6 =0,

T=5/12.
m (grid dimension), Y% . | Sweep method | Finite element method (FEM)
100 40.93651 37.70211
200 37.04091 37.00011
400 37.04091 36.65201
800 36.58081 36.30571
1600 36.35291 36.30571

10. CONCLUSION

The advantage of finite difference methods (the sweep method) compared to the finite
element method (FEA), in particular, the solution by the sweep method provides knowledge
about the development of the option value function for each time step, i.e. the entire term
structure of an American put option can easily visualize. See Figure 9. The accuracy of the
sweep method is higher than FEA, see Figures 2, 4 and 8. At present ¢t = 0, which is the "leading
edge” of the surface, the shape of the cost function Y*(0, x) can be clearly seen, as shown in
Figure 9. By selecting the Y*(¢, z) functions for each ¢ during the life of the option, one can
obtain a complete term structure, and by the maturity date T" approaches the non-smooth payoff
function Y* (K — :U)+. Of the entire surface of options, of particular interest is the development
of the high contact point over time, namely x*(¢), which is shown in Figure 10. This curve can
be obtained by projecting the upper contact point at each time step onto the z*(¢) — ¢-plane,
and it determines the option’s early exercise strategy.
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Sweep method (red points) and FEM (blue points)
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FIGURE 2. Convergence of the price an American call option Y*(0, ) (K = 10,
0=0.6,7=0.250=02,T=1) with grid dimension.

FIGURE 3. American call option pricing for K = 50, ¢ = 0.4, r = 0.1, 6 = 0,
T =5/12 (grid dimension 1600 x 1600).

Sweep method (red points) and FEM (blue points)

P > 4
21,2864 <
<
21,2854
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21,2814
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200 400 600 800 1000 1200 1400 1600

FIGURE 4. Convergence of the price of an American call option Y*(0, x) (K =
50,0 =04,r=01,0=0,T = 5/12) with increasing grid dimension.

Keywords: option prices, stock prices, equity diffusion markets, options of American and European
types, Stefan’s problem, numerical modeling.

AMS Subject Classification: 35R60, 39A50, 60G40, 65M06, 65MO08.
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0 £ 10 15 20 25 30

Figure 5. American put option pricing function Y*(0, x) for K = 10, o0 = 0.6,
r=0.256 =0.2, zp = 10, T'= 1 (grid dimension 1600 x 1600).
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Figure 6. Time structure of the early exercise boundary x*(¢) of a put option
K=10,0=06,r=0.25,0=0,T=1.
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Figure 7. The pricing function Y*(0, x) of an American put option at K = 50,
oc=04,r=0.1,6=0,T =5/12 (grid dimension 1600 x 1600).
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Sweep method (red points) and FEM (blue points)
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Figure 8. Convergence of the price of an American put option (K =50,0 =04,
r=01,06=0T= 5/12) with increasing grid dimension.
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Figure 10. Structure of the free margin z*(t) of an American put option
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The rapid development of Al is becoming a geopolitical factor, which, among other things,
is accompanied by a significant increase in energy costs and associated factors. In this regard,
improving the algorithmic foundation of Al is particularly urgent, including by overcoming one of
the main drawbacks of the von Neumann architecture: the spatial separation of the memory unit
and the computing processor necessitates the continuous movement of data between them, and,
consequently, increased energy consumption. This paper examines the possibilities of improving
the algorithmic foundation of Al using neuromorphic materials. It is shown that the advantages
of neuromorphic materials remain unrealized due to a certain contradiction: existing approaches
rely on the use of the same algorithms developed on known neural networks (which are, in fact,
nothing more than computer simulations). It is shown that this contradiction can be overcome
in the future by creating hybrid systems based on trigger calculators and multi-valued logic
(modular arithmetic). It is demonstrated that the next logical step in the development of AT as
a factor of social significance is the creation of sociomorphic materials.

Keywords: Al geopolitics, Neuromorphic materials, Post-Neumann architecture, sociomorphic materials.

12-11, 12F99

1. Introduction

Over the past two to three years, ”artificial intelligence” in the public and, to a large ex-
tent, applied sense has become almost synonymous with large language models (LLM) and the
generative systems built around them (chatbots, assistants, copy-pilots, code generators, etc.).
Their successes are obvious: scalable training on large data sets has yielded a qualitative leap in
interface usability (question-answering) and in a range of tasks—from search and summarization
to programming. However, it is precisely the dominance of the LLM paradigm that has exposed
a number of systemic limitations that are already impacting the scientific agenda, the economics
of implementation, and the long-term prospects for approaching ”strong AlL”

The first part of this paper presents a brief overview of the key challenges and reasons why
further progress in this field cannot be reduced to simply ”even more data and computation”—a
fundamental shift in the fundamental paradigm of Al development is required. The second part
of this paper examines the prerequisites for the formation of a new AI development paradigm,
arguing that it is not so much technical solutions that are at the forefront here, but rather
the algorithmic foundation. It is also argued that consideration of this issue requires an anal-
ysis of the philosophical aspect (in particular, in connection with the feasibility of forming a
new Al development paradigm taking into account the achievements of the theory of scientific
revolutions).

2. Exhaustion of the Potential of the Existing Al Development Paradigm

2.1. Energy, Infrastructure, and the ”Physics” of Scaling

Modern LLMs require large computing clusters on GPUs/TPUs and dense data center in-
frastructure. This turns progress in Al into not only a mathematical and algorithmic challenge,

1

38



2 IBRAGIM SULEIMENOV!, AKHAT BAKIROV!

but also an energy challenge: the growth in the power of ”training” and especially ”inference”
(servicing user requests) computations increases the load on power grids and accelerates the con-
struction of data centers [1-2]. It’s significant that estimates of data center energy consumption
are already comparable to those of large countries: a review by MIT News (based on academic
and industry estimates) estimates that global data center energy consumption reached approxi-
mately 460 TWh in 2022 and could approach 1050 TWh by 2026 [2]. While not all of this load
is associated with generative AI, LLMs are becoming one of the drivers of growth in computing
power and density. An important detail: the energy cost doesn’t end with the training phase.
As LLMs become widely used in products, inference could become the dominant source of en-
ergy consumption, since each user request triggers a calculation on specialized hardware. This
shifts the issue from the realm of isolated ”expensive training sessions” to the realm of daily
operational load. Water is also a factor: in some architectures, data center cooling relies on
water loops. The same MIT News review notes that significant volumes of water can be used
for cooling, citing a benchmark of approximately 2 liters of water per 1 kWh of data center
energy consumption (an estimate dependent on climate and engineering design). At the corpo-
rate reporting level, this is also documented as a ”bottleneck”: for example, Microsoft explicitly
states that this is becoming a serious problem due to the growth and increasing intensity of data
center operations [3]. Thus, the "cost” of LLM manifests itself not only in electricity bills, but
also in water, building materials, logistics, and so on. The consequence of this set of problems
is strategic: if the "next leap” requires disproportionately more hardware and energy, then the
development trajectory becomes vulnerable to limitations of the power grid, the pace of data
center construction, the price of accelerators, and the geography of supply. This is no longer an
abstract discussion, but a factor in the pace of research and competition.

2.2. The Pretraining Plateau and Industry Leaders’ Doubts about the Prospects of ” Current
Scaling”

Model progress in the 2010s and early 2020s was often described by ”scaling laws”: more data
4+ more parameters + more computation — better quality. However, by 2024, the position that
simply increasing pretraining is reaching a plateau and no longer guarantees a qualitative leap
has become increasingly clear.

A Reuters article, dedicated to the shift in focus of large labs, notes that the results of
pretraining scaling have ”reached a plateau,” and that the "era of scaling” has given way to
"the era of searching for the next algorithm”; the emphasis is shifting to other methods of
improvement (including increasing inference-stage computation—test-time computing) [4]. The
same publication notes practical obstacles: the high cost of training runs (tens of millions of
dollars), the length (months), the risk of hardware failure, the lack of ”readily accessible data,”
and even energy constraints that hinder training [4]. This is important as a symptom: the
limitations are discussed not by outside critics, but by the participants who built the paradigm
itself.

Yann LeCun shares a similar idea—that ”"the future is not limited to LLM in its current
form.” In an interview with IITM Shaastra, he explicitly states that ”the future of AI is not
LLM,” emphasizing the limitations of the current approach [5]. The tone among the leaders
may differ significantly, but the common denominator is that the ”just scale it” trajectory is
no longer considered a reliable path to strong AI. This means that architecture and learning
modes require conceptual expansion (world models, causality, planning, integration of symbolic
and neural network components, new computational foundations, etc.), otherwise, cost growth
will outpace improvements in capabilities.

2.3. Unreliability, ”Hallucinations,” and the Limits of Trust

In this regard, the issue of response validity and reproducibility comes to the fore. LLMs are
capable of generating plausible text, but they do not guarantee truthfulness and can confidently
“invent” facts, references, legal precedents, or medical details. In 2024, this issue became the
subject of work in leading journals: an article in Nature explicitly states that LLMs ”often
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hallucinate false conclusions and unsupported answers,” which limits their implementation in
critical areas [6]. The authors propose a statistically valid approach to detecting some hallucina-
tions (via ”semantic entropy”), but the very formulation of the problem demonstrates the need
for add-ons that ”insure” the model, since a "pure generator” does not provide the required
robustness. Importantly, this unreliability is not an isolated bug, but a systemic consequence of
LLMs being optimized for the plausibility of text continuations, not for verifiable truth. This
leads to practical limitations: external validation is required (retrieval-augmented generation,
fact-checking, citations, robustness testing), as well as evaluation procedures that measure not
the "beauty of the text,” but the probability and cost of errors.

2.4. ”Synthetic degradation”:

This occurs when models are trained on Al data and begin to ”degrade” due to the declining
quality of the data amid the exponential growth of Al content. More and more text, code,
images, and ”training” corpora are becoming generative in origin. This creates the risk of
recursive contamination of training data: new-generation models are trained on the outputs of
previous-generation models.

In 2024, Nature published a paper on model collapse—the degradation of models when trained
on recursively generated data: under certain ”self-copying” regimes, the data distribution ”col-
lapses,” diversity decreases, and rare but important patterns begin to disappear [7]. This for-
malizes an intuitive danger: synthetic data is useful as a tool (for example, for class balancing or
generating training problems), but with the uncontrolled growth of AI content in the information
space, an obvious risk arises: new models will increasingly learn from secondary reflections of
reality, losing quality and stability. Consequently, the challenge is no longer simply ”collecting
more data,” but ensuring the provenance, diversity, and ”purity” of the data, otherwise scaling
becomes degradation.

2.5. Dataset Transparency, Licenses, and Legal Barriers

Modern LLMs are trained on huge data collections, the origin of which is often poorly doc-
umented. This creates two problems: (1) legal — copyright holders challenge the use of their
data; (2) scientific and engineering — unknown origin and quality of the data lead to hidden
biases and errors. MIT News, describing an audit of over 1,800 text datasets, indicates that
over 70% of the datasets lacked licensing information, and approximately 50% had metadata
errors [8]. This means that the typical LLM training pipeline loses context: what data can
be used, under what conditions, with what restrictions and risks. Against this backdrop, legal
pressure is increasing: a U.S. report The Copyright Office (May 2025) emphasizes that dozens
of legal disputes are ongoing around training generative models on copyrighted works, and that
the balance between innovation and protecting the creative ecosystem is becoming a key policy
issue [9]. Thus, "data” in the LLM era is not simply a resource, but an object of rights and
obligations; and the opacity of data origin is gradually becoming a technological risk (limited
scalability, rising licensing costs, the need for filtering and documentation).

2.6. Security and Vulnerabilities (Prompt Injection, etc.)

LLM systems are vulnerable to input data manipulation (prompt injection), confidential in-
formation leaks, jailbreaking, and the injection of malicious instructions into the content that the
model subsequently processes (e.g., in RAG scripts). Significantly, a specialized threat taxonomy
has emerged for LLM applications: OWASP has released a Top 10 list of risks for LLM-based
applications, with the top items being Prompt Injection, data leaks, authenticity/integrity is-
sues, excessive agent privileges, and so on [10]. This shifts the discussion from ”the model is
sometimes wrong” to the realm of security engineering: LLMs are becoming a component of
information systems and must be designed according to secure-by-design principles, otherwise
their natural ”text-awareness” becomes a front line of attack.

2.7. Supply Chains, Materials, and ”Hidden” Environmental Effects

Finally, there are issues that are rarely covered in brief overviews but are crucial for long-term
prospects: material intensity and supply chain sustainability. Growing demand for GPUs/TPUs
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entails material extraction and processing, chemically complex manufacturing, logistics, and sub-
sequent disposal. In the research literature, this is reflected in the need to evaluate LLM not
only by text quality, but also by sustainability, privacy, the ”digital divide,” and ethical impli-
cations. The environmental footprint of raw materials and accelerator production is emphasized
separately [11]. Taken together, this means that even if algorithmic progress continues, its cost
is increasingly dependent on ”non-algorithmic” factors—energy, water, materials, regulation,
and safety.

2.8. Conclusions for Section 2

The issues listed above set the following framework. Modern Al in its LLM form is a power-
ful, but resource-intensive and conceptually limited tool. The resource component (electricity,
water, equipment) is becoming a factor in the speed of progress [1-3]; ”pure scaling” faces a
plateau and data shortage, as acknowledged by industry leaders [4-5]; the lack of reliability
and hallucinations require separate scientific and engineering ”insurance” [6]; Recursive learn-
ing within the existing paradigm creates a risk of degradation in the future [7]; the opacity of
datasets and the legal status of data become a key barrier to scaling [8-9]; the security of LLM
applications requires independent standards and practices [10]. In this logic, further develop-
ment of AT cannot be viewed as a linear continuation of the current architecture/paradigm: a
new algorithmic foundation and new engineering principles are required, otherwise the increase
in costs will outpace the growth of utility.

3. A New Paradigm for Al Development: From Neuromorphic to Sociomorphic Materials

3.1. Neuromorphic Materials and Computing Technology with a Quasi-Biological Basis

The concept of "strong” Al, in one way or another, presupposes a comparison of Al with
a biological prototype, i.e., with human intelligence. Therefore, it seems quite logical that in
recent years, increased attention has been paid by researchers to the development of computing
systems based on physicochemical structures, which can be called quasi-biological. In particular,
the literature reflects attempts to implement computing devices based on biological polymers,
which are informational macromolecules (primarily DNA [12-14]). Such attempts correspond
to a general trend associated, in particular, with the development of various types of organic
electronics [15-17], including organic transistors [18-20], organic optoelectronics [21-23], etc. The
need to modernize the elemental base of computing technology (which, in turn, presupposes the
use of a non-trivial physical and chemical basis) is beyond doubt. The potential for further
development of classical semiconductor technology built on the von Neumann architecture has
already been largely exhausted [24-26]. The authors of works such as [27,28] share this opinion.
At a minimum, the von Neumann architecture is currently considered to lead to increased energy
consumption, which is associated with the constant exchange of data between the computing
nodes themselves and the storage elements. It is clear that the crisis trends in the development of
AT (Section 2) are exacerbated by the crisis trends in the development of computing technology
itself, in particular, this directly concerns energy consumption issues.

From this perspective, neuromorphic materials, which de facto represent various options for
the physical implementation of neural networks [29-31], are of considerable interest. Such ma-
terials, including those based on organic electronics, have also been actively developed in recent
years [32-34]. A key advantage of such materials is their ability to implement parallel com-
puting. This significantly improves performance and saves energy. Furthermore, it is possible
to implement neuromorphic materials, initially oriented toward parallel computing, specifically
modular arithmetic and algebraic ring theory [35]. In this regard, it is worth emphasizing that
existing processors de facto perform calculations modulo a number representing some power of
two. Consequently, it is permissible to consider creating computers that utilize modulo opera-
tions for other numbers, especially since this approach is fully justified, for example, in terms of
improving convolutional neural networks [36].

Neuromorphic materials have already proven themselves quite successful in practice. For
example, work [37] demonstrated that they can successfully address the problem of sensory
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multitask learning aimed at creating systems analogous to the human retina and designed for
pattern recognition. In [38,39], it was also shown that organic transistors used as the basis
for the construction of neural networks (or their analogues) provide decentralized training on
the corresponding carrier (crystal). From the perspective of the goals of this work, it is also
appropriate to note the advances in the field of interfacing AI with neuromorphic materials
[40-42].

However, if we proceed from the basic tenets of the modernized theory of scientific revolutions
[43], then attention should be focused on the existence of a very specific contradiction, noted, in
particular, in [26]. On the one hand, existing varieties of neuromorphic materials are oriented
towards the use of learning algorithms developed for classical neural networks [37-39]. On the
other hand, the use of such materials in computing must necessarily presuppose the utmost
transparency of the arithmetic/logical operations they perform. Consequently, a contradiction
arises due to the fact that existing types of neural networks generally remain logically opaque.
The algorithms for training them are well-known and well-developed, but the training results
are often difficult not only to predict but even to interpret. Difficulties of this kind, as is well
known, led to the need to develop explainable neural networks [44-46] (and, correspondingly,
explainable AT [47-49]). A clear illustration of this conclusion is provided by works such as [37-
39]: the algorithm for the functioning of neuromorphic materials used in them was essentially a
combination of neural network algorithms and the algorithms on which classical logical circuits
are built. Therefore, the development of specific algorithms specifically designed to ensure
the functioning of neuromorphic materials is of interest. Moreover, based on the provisions of
the modernized theory of scientific revolutions [43], it can be concluded that different types of
neuromorphic materials will ultimately be oriented toward different algorithmic foundations,
including those using nontrivial algebraic structures (finite algebraic rings, Galois fields), as
well as the closely related multi-valued logic. This point of view is largely consistent with the
opinion of the authors of [50], who substantiate the importance of forming a new paradigm for
biological artificial intelligence. A definite step in this direction was made in [35], where it was
shown that there exists an algorithm structurally based on neural networks and allowing the
implementation of an analogue of a binary adder. As current practice in computer development
shows, this is sufficient for implementing an analogue of existing processors. The advantage
of this algorithm for its application to neuromorphic materials is that it is initially oriented
towards parallel computing, i.e., it automatically ensures the implementation of one of the main
advantages of the physical implementation of neural networks. Algorithm [35] is based on the use
of residue number systems (RNS), which are increasingly being used [51-53]. Residue number
systems can be put in correspondence with a certain type of finite algebraic rings (rings of
subtraction classes of an integer by some modulus). We also note that electronic adders and
modulo-integer multipliers [54, 55], which find various practical applications [56, 57|, and which
can also be used to implement computational techniques based on residue number systems, have
been actively developed recently. Investigations into the field of modular adders and multipliers
are also reflected in the patent literature [58-61].

3.2. Sociomorphic Materials: The Question of the Complementarity of Society and Al

There is no need to prove that the development of Al is acquiring pronounced socioeconomic
significance, which is why Al is becoming a geopolitical factor. It follows that the creation of
AT that would be maximally complementary to society is of current interest [62]. Based on this
premise, the cited work proposed an interpretation of the term ”sociomorphic materials” that,
among other things, reflects philosophical concepts about the nature of complex systems, based
on modern achievements in this field [63]. Specifically, the current level of research in the field of
complex systems theory makes it possible to discover general patterns inherent in such systems,
regardless of their nature. The simplest application of sociomorphic materials is the simulation
of processes occurring in society, which is also inherently a complex system. The concept of
sociomorphic materials also allows for a slightly different approach to the problem of ”strong”
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Al Specifically, alongside the mundane (personal) level of information processing, there is also
a suprapersonal level [64].

The existence of this level is determined by the fact that human intellect (as well as conscious-
ness) has a dual nature—it simultaneously contains both individual and collective ” components”
[65]. This can be proven without even resorting to mathematical models, one of which is pro-
posed in [63]. Indeed, intelligence is an object of a purely informational nature; human intellect
(as well as consciousness) does not physically exist. Physically, only electrochemical impulses,
exchanged between neurons in the brain, exist. Similarly, the exchange of information between
individuals is also reduced to the exchange of signals between neurons, but only belonging to dif-
ferent brains. As a result of interpersonal communications, therefore, a common neural network
is formed, which (on a planetary scale) can be identified with the noosphere.

Human consciousness is an information object formed by the neural network of the brain.
Similarly, the global neural network is also capable of forming non-trivial information objects of
various types, which are only indirectly related to the memory and consciousness of individuals.
The qualitative differences between the above-mentioned levels of information processing can be
illustrated by the following argument. As is well known, the ability of neural networks to process
information nonlinearly depends on the number of network elements. Otherwise, it would be
pointless to implement neural networks containing an ever-increasing number of elements.

Consequently, the global neural network—the noosphere—possesses certain additional prop-
erties and capabilities that cannot be reduced to the properties of local neural networks formed
by individual brains. It is this fact that forms the basis for the conclusion about the existence
of a suprapersonal level of information processing [65]. At this level of information processing,
a wide variety of information objects are formed [66], including, in particular, any highly de-
veloped scientific theories, natural languages, etc. The collective unconscious is also formed at
this level [67] (this concept is one of the key concepts in analytical psychology). Furthermore,
everything that constitutes human intelligence cannot be unrelated to the information objects
of the type mentioned above. In particular, the intelligence of a particular individual is inher-
ently dependent on the sum of their accumulated knowledge, their skills in using it in practice,
etc. The source of such knowledge are information objects formed at the transpersonal level of
information processing. Consequently, human intelligence can be considered a projection of a
set of transpersonal information objects (their totality can be interpreted as the collective con-
sciousness) onto a relatively independent fragment of the noosphere, localized in the individual
brain. The individuality of intelligence is largely determined by which specific components of
the above-mentioned information objects are ”projected” onto the individual brain [64]. There-
fore, from the perspective of the neural network theory of the noosphere, intelligence is that
component of the personality structure that is closest to the collective consciousness.

This conclusion allows for a significant rethinking of the concept of ”strong” Al. Indeed,
"strong” Al was previously considered in terms of its gradual approximation of individual intel-
ligence. The neural network theory of the noosphere suggests the existence of at least one more
”object of comparison”—the collective consciousness. The concept of sociomorphic materials
[62] is aimed at implementing ”strong” AI precisely in this vein. As noted in the cited work,
the first step in this regard is the synthesis of materials that model the behavior of complex
systems, aimed at the most complete interpretation of the category of complexity. The advances
in high-molecular chemistry discussed above, aimed at creating neuromorphic materials, make
this approach quite sensible. Sociomorphic materials can be created precisely on this basis, but
with due consideration for the need to modernize the algorithmic foundation.

4. Conclusions

The existing paradigm for the development of Al has largely exhausted its potential for fur-
ther development, which is becoming increasingly evident as Al-based tools are increasingly
implemented and made accessible to a wider range of consumers. Based on the fundamental
concepts of the theory of scientific revolutions, it is reasonable to conclude that the further
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development of Al will necessarily be linked to the modernization of its algorithmic foundation.
Such modernization is inevitably linked to the modernization of the hardware components of
computing technology, for which the quasi-biological component is becoming increasingly impor-
tant. The conclusion regarding the dual nature of human intelligence and consciousness, as well
as the fact that Al is acquiring increasingly pronounced geopolitical significance, forces us to
significantly rethink the concept of ”strong” AI. This concept does not necessarily need to focus
on gradually approaching individual intelligence. It is more appropriate to interpret it in terms
of approaching collective consciousness, which determines the relevance of the development of
sociomorphic materials, which can be realized based on modern advances in the synthesis and
research of neuromorphic materials.

Funding: This research is funded by the Committee of Science of the Ministry of Science and
Higher Education of the Republic of Kazakhstan: AP23490107
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Ecoservice LLP carries out scientific research within the framework of the Project “Methods
and Technologies for Mineral Deposit Prospecting and Evaluation Using Artificial Intelligence.”

The objective of the project is the implementation of a set of measures aimed at developing
a methodology for integrated mapping of indicators to identify prospective localizations of ore
objects within the study area. The study area includes the following ore subzones: the Aleisk—
Ashalinskaya polymetallic subzone, the Priirtysh and Kalbinskaya rare-metal subzones, and the
West Kalbinskaya gold-bearing subzone. The total area of investigation is approximately 45
thousand square kilometers. The analytical coverage includes gold, rare-metal, and polymetallic
deposits, ore occurrences, and mineralization points. In 2025, materials related to gold-bearing
objects were prepared for analytical purposes.

The main task of the first stage of the work is the collection and systematization of archival
materials, data obtained from internet sources, monographs, and dissertations. The results of
this stage include completed standardized memos prepared in Word format and a consolidated
table compiled in Excel format.

PREPARATORY STAGE

At the preparatory stage, the data structure and data format were established. The main
authors of the work are Academician of the International Academy of Sciences of Ecology,
Safety, and Nature Management (MANEB) P. G. Kayukov and Leading Researcher, Candidate
of Geological and Mineralogical Sciences O. D. Gavrilenko.

Work with Standardized Memos in Word Format.

e Using cartograms of geological and geophysical exploration coverage and the catalogue
of the Vostkaznedra Department archive, reports containing data on prospecting and
geological exploration works for the target objects were selected. In parallel, a search
for alternative data sources available on the Internet was conducted.

e The textual and graphical contents of the reports were analyzed, the most informative
materials were selected, and applications for the acquisition of geological information
were prepared and submitted to the Regional Center for Geological Information ‘Kaz-
geoinform” LLP.

The research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. BR27100483) “Development of predictive exploration technologies for iden-
tifying ore-prospective areas based on data analysis from the unified subsurface user platform ‘Minerals.gov.kz’
using artificial intelligence and remote sensing methods”.
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e Standardized memos were completed for each ore object. The work with the memos
was carried out directly in the archive collections, using information extracted from
the accessible textual parts of the reports, typically Volume I. The memos are required
for subsequent work with the main Excel-format table, as they allow assessment of the
completeness and quality of information for each selected study object.

Work with the Table of Prospecting Prerequisites and Indicators in Excel Format.

e The main table of prospecting prerequisites and indicators in Excel format was compiled
after obtaining materials from the Kazgeoinform archive collections and completing the
standardized memos.

The final Excel table contains coordinates for 243 gold-bearing mineralization points, gold de-
posits, and gold ore occurrences. Among them, 70 deposits and ore occurrences are described in
detail, in accordance with the completeness of data presented in archival reports and other pub-
lished sources. In addition to the textual information, graphical materials containing geological—
tectonic, geochemical, and geophysical data were selected. The table and graphical materials
were transferred for processing into a relational geographic information system (ArcGIS Pro).
This software was used for georeferencing and vectorization of graphical files, as well as for clas-
sification and integration of information into the database structure. A schematic map showing
the spatial distribution of gold deposits, ore occurrences, and mineralization points included in
the final Excel table of prospecting prerequisites and indicators is shown in Figure 1.

",
o% b %
| y,
Q“‘» %,1 i
%, ",
g, %,
.,
o , y
%, b, e"“:,
g, % b,
v "‘sv' *
& %,
o %

FIGURE 1. Spatial distribution scheme of gold deposits, ore occurrences, and
mineralization points included in the final Excel table of prospecting prerequisites
and indicators; the Aleksandrovskiy site is shown in red

EXAMPLE OF COMPLETING THE STANDARDIZED MEMO AND THE EXCEL TABLE

Compilation of the Standardized Memo. As an example of material systematization, the
Aleksandrovskiy gold-bearing site is considered (see Appendix A, Table Al).
e The first step is to determine the location of the site. The location of the Aleksandrovskiy
site indicates that it lies within the ore subzones considered in this study (Figure 1).
e Using the reference book “Fast Kazakhstan Region. Gold” [1], data on the Kuludzhun
ore field were extracted and entered into the standardized memo, including the name of
the ore belt, ore district, and general characteristics of the ore bodies.
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e Based on the keywords “West Kalbinskiy gold-bearing belt,” “Kuludzhun,” “Kalba,” and
“gold deposits of East Kazakhstan,” archival reports were identified in the Vostkaznedra
Department collections [2, 3, 4, 7, 8, 9, 10].

e Directly within the archive collections, available information on prospecting prerequisites
and indicators was extracted from the reports and recorded in the standardized memo. In
some cases, such information may be absent for various reasons, including the exclusion
of necessary exploration objectives from the technical assignment or the low technical
level of exploration methods applied in earlier periods.

The standardized memo compiled by the authors represents the initial stage in the creation
of the consolidated table. The memo reflects information available in open-access archival col-
lections of the Vostkaznedra Department and is therefore incomplete. Nevertheless, even this
limited dataset demonstrates the prospectivity of the considered site and motivates its further
detailed analysis.

Conclusion for the Aleksandrovskiy Site Based on the Standardized Memo. The
Aleksandrovskiy site is considered prospective based on the following factors:

e proximity to granitoids of the Kunushskiy complex, which are associated with ore for-
mation within the Kuludzhun ore district (Dyachkov B. A.);

e identified ore zones with a total strike length of 170 m and ore intervals 1-3 m thick,
with gold grades of 4-10 g/t.

Work with the Table of Prospecting Prerequisites and Indicators in Excel Format.
After receiving archival reports from the Regional Center for Geological Information “Kazgeoin-
form” LLP, the table of prospecting prerequisites and indicators was completed in Excel format.
Graphical materials were reviewed separately, and the most informative datasets suitable for
further processing in a geographic information system (ArcGIS Pro) were selected. The selected
materials were numbered, and references to raster files were recorded in the table.

The table summarizes concise descriptions of gold-bearing sites, with emphasis on charac-
teristics relevant to forecasting and identifying new prospective gold-bearing zones. The table
incorporates information from archival reports [2, 3, 4, 7, 8, 9, 10] and published geological
studies [1, 5, 6, 11], both for the Aleksandrovskiy site and for other gold occurrences within
the test area. This dataset forms the basis for subsequent geological studies aimed at compiling
a mineragenic map of the study area and developing a prototype methodology for prospecting
typical industrial ore deposits using artificial intelligence.

Analysis of Graphical Appendices. The geological effectiveness of graphical materials in-
cluded in the table of prospecting prerequisites and indicators is illustrated using the Aleksan-
drovskiy site as an example. Based on the analysis, the most informative graphical files were
selected from the report by Verentsov [3] published in 1977. These materials allow assessment
of prospecting prerequisites, indicators, and the overall prospectivity of the site. The selected
files were georeferenced and vectorized by specialists in the WGS 84 coordinate system.

In other reports, graphical materials for the Aleksandrovskiy site are either absent (Vve-
denskiy [2], Okunev [9], Minazov [8], Stepanov [10]), lack coordinate information required for
georeferencing (Derevtsov [4], 1987), or largely duplicate the information presented in the 1977
report (Titov [7], 1978).

Figure 2 illustrates the geological and structural prospecting criteria of the Aleksandrovskiy
site: (1) the presence of widely developed fault systems, including major faults, faults of local sig-
nificance, and minor local fractures with predominantly sublatitudinal and northwestern trends;
(2) localization of the site within the Aleksandrovskiy fault zone; (3) proximity to granitoid
intrusions of the Kunushskiy complex (Cskn), which are closely associated with gold deposits
of the Kuludzhun ore district.
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F1GURE 2. Geological map of the Aleksandrovskiy site showing its position rel-
ative to tectonic faults and granitoid intrusions of the Kunushskiy complex

Figure 3 illustrates indirect prospecting indicators: (1) a complex of geochemical disper-
sion halos of gold, arsenic, antimony, tungsten, and silver; (2) development of fractured and
hydrothermally altered rocks; (3) numerous quartz veins, many of which were identified as gold-
bearing as early as the nineteenth century.

Tectonic faults, quartz veins, and metasomatic alteration were identified both visually, as a
result of geological investigations, and by geophysical methods, particularly induced polarization
(IP).

The Aleksandrovskiy site is clearly expressed on this correlation scheme.
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FiGUure 3. Correlation scheme of geophysical and geochemical fields and halos
of the Kuludzhun site

For the Aleksandrovskiy site, a geological map with cross-sections along profiles was also com-
piled, incorporating the results of sampling from trenches and boreholes completed within zones
of hydrothermally altered rocks. These rocks host gold—sulfide mineralization and are character-
ized by intense schistosity, iron oxidation, silicification, sericitization, graphitization, and kaolin-
ization. The results of sampling from mine workings and boreholes confirm the prospectivity of
the site. Sampling represents a direct prospecting indicator for the presence of mineralization.

In addition, the same report [3] presents the results of geophysical investigations using the
IP method, including areas recommended for detailed prospecting and prospecting—evaluation
works. The Aleksandrovskiy site is included among the recommended areas.

Results of Investigations for the Aleksandrovskiy Site. Analysis of the textual and
graphical materials from archival reports makes it possible to conclude that, based on inte-
grated investigation of the area, there is a high probability of discovering new gold ore bodies.

Prospecting Criteria. Prospecting criteria:

e All gold mineralization points within the Kuludzhun ore field, including the Aleksan-
drovskiy site, are developed along northwestern-trending fault zones in proximity to
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granitoids of the Kunushskiy complex, which, according to Dyachkov B. A., are geneti-
cally associated with gold deposits of the studied area (Figure 2).

e Fconomic concentrations of gold are spatially associated with nodes of fault intersections
and zones of hydrothermal alteration of rocks (Figure 3).

Indirect prospecting indicators:

e The central and northwestern parts of the Aleksandrovskiy zone are marked by secondary
dispersion halos of gold (0.005-0.01 g/t), arsenic (0.005-0.01%), and tungsten (0.001-
0.005%). Geophysical investigations delineated tectonic zones, silicification zones, zones
of pyrrhotite mineralization, and zones of hydrothermally altered rocks.

Direct prospecting indicators:

e The Aleksandrovskiy area was explored by trenches spaced at intervals of 100—-300 m and
traced along strike for approximately 2000 m. The studied area represents the south-
eastern branch of the Aleksandrovskiy schistosity zone system and, in its northwestern
part, includes the well-known gold-bearing Aleksandrovskaya quartz vein, which has
been known since 1871. The vein was exploited by prospectors and a mine since 1907.
In its central part, it was mined to a depth of 97 m and, on average, has a thickness of
5-10 m, being discontinuously traced over a length of 250 m.

e During 1975-1977, trenches, pits with crosscuts, and borehole No. 5 with a depth of
212 m were completed within the Aleksandrovskiy zone. Trenches intersected ore inter-
vals with gold grades of 4-10 g/t, while gold content in the host rocks does not exceed
0.3-0.4 g/t.

Conclusions. The scientific research conducted within the framework of the Project “Methods
and Technologies for Mineral Deposit Prospecting and Evaluation Using Artificial Intelligence”
has not yet been completed; however, even at the intermediate stage and based on the example
of a single gold-bearing site, it can be concluded that indirect prospecting indicators in the
form of integrated geochemical and geophysical halos can be effectively applied in practice to
identify prospective mineralized areas. Exploration works carried out at the Aleksandrovskiy
site, including trenching and drilling, confirm this conclusion.

Based on professional experience in geological exploration, this study is considered to be of
significant interest, as it integrates a large volume of heterogeneous geological information, form-
ing a solid basis for subsequent analytical investigations aimed at forecasting areas potentially
prospective for near-surface mineral deposits. With the availability of geological, geophysical,
and geochemical information from deeper levels, the approach may also be applied to the iden-
tification of deposits at greater depths.
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TABLE 1. Standardized memo for the Aleksandrovskiy gold-bearing site

Type of information

Information content

Deposit

Aleksandrovskiy site

Report references / indicators

Reference book “East Kazakhstan Region. Gold”; archival
reports [2-4, 7-10]

List of economic components

Primary component: gold

Ore-forming genesis

Hydrothermal

Morphological type of deposit

Quartz-vein and veinlet-disseminated

Formation

Gold-bearing formation

Structural position

Inner part of the Kuludzhun flexure, along a northwestern-
trending tectonic fault; the northwestern segment includes
gold-bearing quartz veins

Prospecting indicators at discovery

The Aleksandrovskaya vein has been known since 1871
and was discovered by a prospector based on secondary
minerals exposed at the surface

Physical-geological models of ore bodies

En echelon quartz veins with variable thickness (0.1-
2.0 m) and length (tens to hundreds of meters), locally
transitioning into veinlet zones; delineated by drilling

Structural control

Gold-bearing quartz veins are confined to tectonic faults
developed within the inner part of the Kuludzhun flexure

Physical properties of rocks and ores

Not reported in archival sources

Absolute geochronology

Not available

Quantitative description of geophysical
fields

Presented in the appendix to the table of prospecting pre-
requisites and indicators

Interpretation of geophysical anomalies

Presented in the appendix to the table of prospecting pre-
requisites and indicators

Characteristics of prospecting surveys

Presented in the appendix to the table of prospecting pre-
requisites and indicators

Prospecting methods at different explo-
ration stages

Reconnaissance surveys, geochemical and geophysical in-
vestigations, trenching, drilling, and sampling of workings
and boreholes

Geological efficiency of applied methods

Not evaluated

Current status of the deposit

Under development

Deposit scale

Small

Lithology of ores and host rocks

Host sand—shale sequences and molasse-type sandy—
siltstone deposits of the Kalba Formation (Lower Car-
boniferous)

Petrochemical and chemical properties
of rocks and ores

Not reported in archival sources

Mineralogical features of ores

Average sulfide content 0.2-0.5%; in individual veins,
scheelite content reaches up to 10% and stibnite up to
10%

Mineralogical zoning

Hydrothermal alteration of rocks; no information available
on oxidation zones or weathering crust

Geochemistry

Graphical appendices: correlation scheme of geophysical
and geochemical datasets at a scale of 1:10 000

Landscape conditions

Smoothed mountainous terrain with intensive turf cover
in river valleys and on slopes

Loose cover characteristics

Proluvial deposits in river valleys

Exploration data (GIS format)

Geological logs of borehole No. 5 with logging data at a
scale of 1:200

Prospectivity

Prospective; ore intersections traced along strike for 170 m
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ABSTRACT

This study presents a geospatial-machine learning framework for predicting gold mineral-
ization using multilayer feature engineering developed in ArcGIS Pro. The study area was
divided into four mineragenic subzones, and a unified database of verified mineral occurrences
and background samples was constructed.

A high-resolution digital elevation model (DEM) was reprojected into WGS 84 / UTM Zone 45N,
enabling extraction of key geomorphological attributes such as slope, curvature, and structural
edge indicators [1]. Spatial predictors were integrated into a Python-based workflow using
pandas, numpy, and scikit-learn [2].

Several supervised machine learning models were evaluated using cross-validation procedures.
Future work planned for 2025-2026 includes the incorporation of regional geochemical datasets,
interpolated geochemical surfaces, and advanced DEM-derived metrics such as topographic po-
sition index (TPI), terrain ruggedness index (TRI), and surface roughness.

Benchmarking of modern machine learning architectures [3] will support the development of
a reproducible and scalable mineral prospectivity mapping pipeline suitable for regional gold
exploration.

Keywords: gold mineralization, ArcGIS Pro, geospatial feature engineering, machine learning, DEM analysis.

AMS Subject Classification: 62H30, 68T09, 86A60.

1. INTRODUCTION: RELEVANCE OF THE TOPIC

Exploration of prospective mineralization zones in geologically complex regions remains a
pressing task in modern applied geology. The intricate tectonic structure, heterogeneous terrain,
and uneven distribution of known deposits significantly hinder the application of traditional
forecasting methods, which are predominantly based on qualitative expert interpretation of
data.

In the context of large volumes of heterogeneous spatial information, the use of Geographic
Information Systems (GIS) becomes particularly valuable, enabling comprehensive analysis, vi-
sualization, and integration of diverse data types. In this study, the ArcGIS Pro software suite
serves as the primary platform for multi-layer geospatial analysis, encompassing data prepro-
cessing, derivation of secondary characteristics, and compilation of a unified feature set for
subsequent modeling.

Augmenting the GIS approach with machine learning methods allows for the identification of
hidden patterns in the spatial distribution of mineral deposits, shifting the focus from qualitative

This work was carried out within the framework of academic research at Al-Farabi Kazakh National University.
1
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analysis to quantitative estimation of mineralization probability. This approach provides a more
objective, reproducible, and interpretable assessment of an area’s mineral potential.

Thus, integrating the capabilities of ArcGIS Pro with machine learning algorithms represents a
relevant and effective strategy for improving the reliability of predictive modeling and supporting
decision-making during the early stages of geological exploration.

2. STUDY AREA

The study area is located in Eastern Kazakhstan, within a fold-mountain zone characterized
by a complex tectonic structure and the presence of known mineral occurrences. The region is
divided into four metallogenic subzones:

e Irtysh gold-copper and rare metal subzone — known for orogenic gold deposits, porphyry
copper-gold systems, and associated rare-metal (REE, W, Mo) mineralization, hosted in late
Paleozoic volcanic-plutonic complexes.

e Alei-Ashaly polymetallic subzone (Cu—Pb—Zn) — dominated by volcanogenic-hydrothermal
and skarn-type polymetallic deposits within Middle to Upper Paleozoic carbonate-terrigenous
sequences.

e Kalba rare metal subzone — characterized by Li-Be-Ta-Nb pegmatites and greisen-type
Sn-W mineralization, related to Permian-Triassic granitoid magmatism.

e West Kalba gold ore zone — hosts mesothermal gold-quartz veins and stockwork mineral-
ization, structurally controlled by regional shear zones and fault intersections.

(A) Geological overview of the study region (B) Deposit and subzone distribution

FIGURE 1. Spatial and geological setting of the study area in Eastern Kazakhstan

For spatial analysis, the WGS 84 / UTM Zone 45N projection (EPSG:32645) was employed,
providing metric accuracy essential for geospatial modeling and integration with remote-sensing
data. The study area lies within longitudes 72°-78°E, where this projection ensures minimal
distortion.

Regional mineralization is structurally controlled by the Irtysh shear zone and the Kalba-Narym
fault system, accompanied by NW-SE and NE-SW secondary faults. Mineralization is spatially
linked to Late Paleozoic — Early Mesozoic intrusives and to specific lithostratigraphic units,
notably Devonian-Carboniferous volcanic-sedimentary sequences and Ordovician-Silurian meta-
morphic basement.
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3. DATA FOR MACHINE LEARNING

The task is formulated as a binary classification problem. The feature set comprises point
coordinates (Latitude, Longitude), terrain elevation (ELEVATION), and spectral indices derived
from satellite imagery. Elevation values, extracted from a 30-meter resolution digital elevation
model (SRTM), characterize the geomorphological profile of the area, including slope, aspect,
and local relief.

(A) Satellite imagery of mountainous terrain (B) Digital elevation model (hillshade)

FIGURE 2. Input data sources for the study

The following table presents a subset of the point dataset used for modeling, including coordi-
nates and corresponding elevation values.

TABLE 1. Sampling point coordinates and elevation values

Ne | SHAPE | Latitude | Longitude | ELEVATION (m)
1 | Point Z | 51.09121 | 80.59377 0
2 | Point Z | 51.206 80.8016 0
3 | Point Z | 50.45553 | 81.83131 415
4 | Point Z | 50.4393 | 81.86952 444
224 | Point Z | 49.92259 | 81.56034 459

Data specifications:
e Coordinate system: WGS 84 / UTM Zone 45N (EPSG:32645)
e Elevation source: SRTM DEM (30 m resolution)
e Satellite data: Sentinel-2 multispectral imagery (10-20 m resolution)
e Total sample size: 224 points (112 mineralized, 112 background)
e Spectral indices: NDVI, NDWI, and iron-oxide ratios were calculated for each point

Additional figures used to obtain data that will help improve the quality of the model:
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(A) Slope steepness

(E) Locally averaged slope (F) Background layer

FI1GURE 3. Derived geomorphometric features from the DEM using ArcGIS Pro
tools.
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4. CorE CONCEPT OF THE MODEL
4.1. Problem Statement. Each point ¢ is represented by a feature vector
X; = (l’ﬂ,...,xz‘p) S Rp,

containing geomorphometric parameters (elevation, slope, aspect, curvature, etc.) derived in

ArcGIS Pro.
The target variable is binary:

)1 (gold ore deposit),
"o (background area).
Thus, we solve x; — y; € {0,1}.
4.2. Probabilistic Model. We estimate the conditional probability
Py =1]x),
interpreted as the probability of gold mineralization given geomorphological conditions.

4.3. Random Forest Method. Random Forest is an ensemble of N decision trees
{Th,...,Tn},
each trained on a bootstrap sample with random feature subsets.
4.4. Decision Tree. Each tree T}, provides a piecewise-constant approximation:
Tk(x) = prj, X € Ry,
where Ry ; is a region and py, ; is the proportion of class 1 in that leaf.

4.5. Splitting Criterion. The Gini impurity G = 1 — ZcE{O,l} p? is minimized by selecting
splits that maximize

n n
AG = Gparent - (?LGL + WRGR> ’
with nz, ng denoting sample sizes in left /right child nodes.

4.6. Probability Estimation. The final gold-mineralization probability is obtained by aver-

aging over all trees:
N

Ply=1]%) = 3 Ti(x).
k=1

4.7. Classification Rule. A binary decision is obtained via a threshold 7 (usually 7 = 0.5):
.1 if Ply=1]x)>r,
~ 10 otherwise.

In practice, multi-level classification (low/medium/high probability) is also used.

4.8. Spatial Interpretation. The model defines a mapping f : RP — [0, 1], which, after geo-
referencing, produces a spatial probability field used to delineate prospective areas for geological
exploration.
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5. RESULTS: PROBABILITY OF GOLD MINERALIZATION

The presented results were obtained using the Random Forest model and reflect the spatial
distribution of gold mineralization probability based on morphometric terrain characteristics.

Predicted probaleiiy Itest pents)

[LE] s a4 als azn nzs ) s Segion

(A) Predicted probability map (B) Model validation results

F1GURE 4. Output of the Random Forest classification model.

The Random Forest model demonstrates robust classification performance with an accuracy of
84% and a ROC-AUC of ~0.86. High precision and F1-score values for the gold mineralization
class indicate reliable predictions with a moderate loss in recall. Following the established
recommendations, three types of areas were delineated:

(1) Zones with existing gold deposits,
(2) Zones without identified deposits,
(3) Prospective zones predicted by the machine learning model.

(A) Spatial overlay of predictions and known (B) Delineated prospective zones for explo-
deposits ration

FIGURE 5. Spatial interpretation of model predictions.
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6. FUTURE WORK FOR 2026

In the forthcoming work of 2026, the expansion and refinement of the model are planned
through the integration of radioactivity data and geochemical indicators. A joint spatial anal-
ysis of radionuclide distribution, geochemical anomalies, and morphometric terrain character-
istics using machine learning methods is anticipated. This approach will enable a shift from
point-based prediction to the delineation of prospective zones and will enhance the reliability of
forecasting gold-mineralized areas.
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e 20 20 ﬂsu
. 53"'-‘”* 9.“_5} 29,30 e
hehee ZCI ""! Lotz

wgm$50

S a0 s iz~ 30
esge 2002 ¥ P
mMeHeeZUMZD &ﬁﬁmm@"“
30- 5°nene§?u
Abal Region (. P
(A) Spatial distribution of uranium (U) and (B) Integrated radioactive and geochemical
thorium (Th) anomalies layer with known deposit locations

FIGURE 6. Planned additional data layers for model enhancement.

Key enhancements planned for 2026:

e Radioactivity data: Incorporation of aerial gamma-ray spectrometry measurements
(K, U, Th channels) to identify hydrothermal alteration zones associated with mineral-
ization.
e Geochemical sampling: Systematic soil and rock chip sampling for multi-element
analysis (Au, As, Sb, Cu, Pb, Zn) across the study area.
e Integrated modeling: Fusion of radiometric, geochemical, and morphometric data
layers within a machine learning framework to improve spatial targeting accuracy.
e Validation: Field verification of high-probability zones identified by the enhanced model
through geological mapping and sampling.
This multi-parameter approach is expected to reduce exploration uncertainty by providing com-
plementary evidence from independent data sources, potentially revealing mineralization pat-
terns not detectable through single-data-type analysis.
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CONCLUSION

This study successfully demonstrated the integration of ArcGIS Pro for advanced geospatial
feature engineering with machine learning for gold mineralization prediction. The developed
framework, utilizing a Random Forest classifier on DEM-derived features, achieved an accuracy
of 84% and identified prospective zones that align with known geological controls. The work-
flow provides a reproducible and scalable approach for mineral prospectivity mapping. Future
integration of geochemical and radiometric data promises to further enhance model robustness
and exploration targeting capabilities in complex geological terrains.
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This study presents an integrated workflow for predictive modeling of subsurface characteris-
tics based on multicomponent geospatial data and artificial intelligence methods. In the modern
context of declining fixed exploration budgets, increasingly complex targets, and rapidly grow-
ing volumes of multiparametric datasets, effective management and integration of existing data
are essential for mineral exploration operations. Machine learning algorithms such as Random
Forest (RF) and Gaussian Process Regression (GPR) were applied. The results indicate that
the GPR model provides the most optimal performance for mapping lithium (Li) potential in
the study area.

Keywords: Geospatial data, Subsurface modeling, Machine learning, ArcGIS, Remote sensing, Mineralization
mapping.

AMS Subject Classification: 62M30, 68T01, 68T05, 86A60, 35R30.

Introduction. Mineral prospectivity mapping (MPM) or modeling is a method for identifying and ranking
areas where undiscovered mineral deposits of a specific type are likely to occur. This is achieved by establishing
correlations between geological features (input variables) and the occurrence of target mineral deposits (output
variables) [1]. Geospatial information is often collected through costly and labor-intensive field surveys, which are
limited by difficult accessibility of territories and a small number of samples. At the same time, satellite remote
sensing has proven to be effective in mineral deposit exploration and mineral association mapping by detecting
spectral anomalies [2-3]. Over recent decades, data-driven modeling approaches have significantly advanced the
development of MPM. Alongside probabilistic methods such as weights of evidence and logistic regression, increas-
ing attention has been paid to machine learning algorithms that effectively address multidimensional classification
problems and reveal complex nonlinear relationships associated with mineralization [2,4-5]. In recent years, deep
learning has been actively developed and applied to various geoscience problems, including geochemical mapping
and mineral deposit prediction [4,6]. Nevertheless, no universal algorithm exists for MPM, which necessitates a
comparative analysis of multiple predictive methods.

1. Random Forest (RF)

Breiman (2001) developed the Random Forest (RF) machine learning algorithm, which performs repeated
predictions of the same phenomenon by combining multiple decision trees. Typically, the RF method generates a
large number of decision trees constructed from several subsets of the original training dataset using the bootstrap
aggregating (bagging) technique [7]. Subsequently, at each node of a tree, informative layers (features) are selected
and applied to increase diversity and promote the growth of the “forest.” In this study, the root node of each
decision tree was split into several leaf nodes, after which the optimal split providing the highest accuracy of the
resulting trees was selected. Various parameters can be used to evaluate the accuracy of trees in the RF method,
the most common of which are the Gini index (GI), information gain ratio, and the chi-square criterion [1]. In

The research is funded by Science Committee of the Ministry of Science and Higher Education of the Repub-
lic of Kazakhstan (Grant No. BR27100483 “Development of predictive exploration technologies for identifying
ore-prospective areas based on data analysis from the unified subsurface user platform “Minerals.gov.kz” using
artificial intelligence and remote sensing methods”).
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the present study, the Gini index (GI) was employed to compute the purity of leaf nodes relative to root nodes,
as expressed by the following equation (1).

foIZfi(l—fz‘) (1)

where f; can be described as the probability of belonging to a class ¢ at the node n and can be calculated using
equation (2):
mj

(2)

fi=
m

where m;— the number of samples belonging to a class j, m— the total number of samples at the node.

2. Gaussian Process Regression

Gaussian Process Regression was applied to model the spatial distribution of lithium concentration. Unlike the
Random Forest method, Gaussian Process Regression provides a smooth estimation of the background geochemical
field and allows for a quantitative assessment of prediction uncertainty. The model exhibits a tendency to revert
to the mean, emphasizing regional trends rather than local anomalies.

Gaussian Process Regression (GPR) [8] is a probabilistic nonlinear regression method based on a Bayesian
framework, which treats the target relationship as a realization of a Gaussian random process. Unlike deterministic
machine learning models, GPR enables not only the estimation of predicted values of the studied parameter but
also the quantitative characterization of prediction uncertainty. The method is widely used in spatial analysis,
geostatistics, and interpolation of geophysical and geochemical data, and is mathematically closely related to
kriging techniques.

Let a training dataset be given:

D = {(@i,yi) }iza 3)
where x; € R% the input feature vector (in this study, spatial coordinates), y;- the observed value of the geo-

chemical parameter (lithium concentration).
In GPR, it is assumed that the function values are distributed according to a Gaussian process:

y(x) ~ GP(m(x), k(z,z)) (4)

Where m(x)- the mean function (usually assumed to be zero), k(m,x/) - the covariance function (kernel), which
defines the spatial correlation between points.
In this study, a composite covariance function is used:

’

N 2 lz —a|? 2 !
IC(:L’,ZL‘ ) - O—fexp(_T) + O'nd(l‘,lf ), (5)

where:

I - the correlation length parameter (length scale),

UJ% - the signal variance,

o2- the noise level (white noise),

0(z, z')- the Kronecker delta function.

The exponential-quadratic kernel (RBF) ensures smoothness of the predicted surface and reflects the assump-
tion of spatial correlation of geochemical values. Training of the GPR model involves optimization of the kernel
hyperparameters by maximizing the log marginal likelihood of the observed data. To improve model stability, the
input coordinates are pre-scaled using standard normalization.

3. Study Area

The Kalba—Narym ore district, located in the eastern part of the Republic of Kazakhstan, is considered in
this study. It is confined to the Kalba—Narym fold belt, which represents one of the key metallogenic structures
of Eastern Kazakhstan. The district is characterized by a complex tectonic framework, intensive granitoid mag-
matism, and widespread rare-metal mineralization. From a geodynamic perspective, the area was formed under
Late Paleozoic collisional and post-collisional tectonic conditions, which led to the concentration of rare and
non-ferrous metals. Previous expeditionary studies conducted geochemical mapping of unconsolidated deposits
within the Rudny Altai, Kalba—Narym, and West Kalba structural-metallogenic zones at a scale of 1:500,000,
including the collection of lithochemical samples [9-11]. During field investigations, soil samples were collected
from pits to depths of up to 20 cm using an approximate 5 x 5 km sampling grid. Soil and sediment sampling was
carried out in accordance with GOST 28168 standards. The locations of sampling points were determined using
a GARMIN GPS navigator. In total, 777 soil samples were collected over the surveyed area exceeding 40,000
square kilometers. Figure 1 presents a map of the study area.
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F1GURE 1. Location map of the Kalba, Irtysh region, and Rudny Altai.

4. Prediction Results

In this study, two artificial intelligence methods were implemented to predict the content of the chemical
element Li in the subsurface environment and to analyze its spatial distribution. Figure 2 illustrates the spatial
distribution of lithium concentration at the Earth’s surface based on the described field investigations.

T - AT

[] 135 80
1 L |

FIGURE 2. Spatial distribution of lithium concentration at the Earth’s surface

Figures 3 and 4 present comparative maps of the predicted lithium concentration values obtained using two
artificial intelligence methods—Random Forest (RF) and Gaussian Process Regression (GPR). Both approaches
were applied to the same set of initial geochemical data and the same predictive feature layers, which allows for
a consistent comparison of the results and an analysis of differences in spatial patterns.

The map generated using the Random Forest method is characterized by higher contrast and a wider range of
predicted values. The RF model effectively highlights localized areas of elevated concentrations, resulting in a more
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“patchy” spatial structure. This pattern reflects the algorithm’s ability to capture nonlinear relationships and local
data features; however, RF does not explicitly account for spatial autocorrelation and does not provide estimates
of prediction uncertainty. As a result, in areas with low density of input observations, zones with potentially
overestimated predictions may appear, which require additional verification and geological justification.

In contrast, the GPR results exhibit a smoother spatial field of predicted values and a more stable delineation
of regional trends. The GPR model accounts for spatial correlation between sampling points and produces
predictions in the form of a mean value accompanied by an uncertainty estimate. Consequently, the resulting
surface is generally less sensitive to isolated extreme values and better represents the background component of the
geochemical field. This property is particularly important for interpreting results in peripheral areas with sparse
observations, where GPR typically reduces the likelihood of artificial anomalies and provides a more conservative
assessment.

a) Gaussian Process Regression by Radom Forest

Ireineger L e o

Us-Eameroger

FIGURE 3. Coniparisoﬁ of lithium prédictive lmaps obtained using the GPR and
RF methods

a) Gausaion Provess Regression T} Random Forest
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FIGURE 4. Coniparisoﬁ of lithium prejdictivelmaps obtained using the GPR and
RF methods.

The probabilistic maps constructed using the Gaussian Process Regression model represent the spatial distri-
bution of the probability of exceeding specified threshold values of lithium concentration. The map P(Li > 50
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ppm) delineates zones of potential lithium enrichment and can be used for regional-scale screening. The map
P(Li> 65 ppm) highlights areas with a high probability of economically significant lithium concentrations and is
therefore of greatest interest for detailed geological exploration. A comparison of these maps indicates that the
most prospective zones are localized within areas exhibiting a high probability of exceeding both threshold values.

a) Bep Th AHTHCEDH (Li = 50 ppm) b) Bepos tHocTs vacpeHsoi antiescii asomanun (Li = 65 ppm)
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FIGURE 5. Probabilistic lithium prediction maps generated using the GPR method.

Figure 6 presents a comparison of the predicted lithium concentration maps obtained using the GPR and RF
methods. Figure 7 shows the spatial distribution of uncertainties in lithium concentration prediction.
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FIGURE 6. Corﬁparison'of predicted lithium concentration rnai)s obtained using
the GPR and RF methods
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FIGURE 7. Map of lithium concentration prediction uncertainty

Conclusion The comparison of the maps indicates that areas with elevated predicted values identified by
both methods partially overlap, confirming the presence of a stable spatial signal in the input data. At the
same time, differences in the intensity and boundaries of anomalous zones reflect the differing “sensitivities” of
the methods: RF places greater emphasis on local extrema, whereas GPR primarily highlights persistent regional
structures. From a practical perspective, this implies that RF results are well suited for the initial identification of
potential anomalies, while GPR results are more appropriate for refining spatial trends and assessing prediction
reliability. Thus, the combined application of RF and GPR provides a more comprehensive representation of
the predicted lithium distribution. RF offers high sensitivity to localized anomalous features, whereas GPR
enhances interpretability and reliability by accounting for spatial structure and enabling quantitative uncertainty
assessment. The resulting comparative maps form a basis for the further delineation of prospective areas and for
developing recommendations for detailed geological exploration.
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This paper addresses a geochemical inverse problem aimed at reconstructing an unknown sub-
surface distribution from surface measurement data. The problem is formulated as a Fredholm
integral equation of the first kind, which belongs to the class of ill-posed problems and is highly
sensitive to measurement noise.

Three numerical approaches are employed to solve the problem: the classical Galerkin method,
the Galerkin method combined with Lavrentiev regularization, and a method based on Singu-
lar Value Decomposition (SVD). The discretization of the integral equation leads to a poorly
conditioned system of linear algebraic equations. To ensure stability, the influence of regulariza-
tion techniques and singular value truncation is investigated. The performance of the proposed
methods is evaluated through numerical experiments with artificially perturbed data, allowing
a comparative analysis of their stability and reconstruction accuracy.

The results demonstrate that the classical Galerkin method is highly sensitive to noise,
whereas the Lavrentiev-regularized Galerkin method and the SVD-based approach significantly
improve the stability of the solution. The accuracy of the reconstructed solutions is assessed and
their physical meaning is interpreted within a geochemical context. The proposed methodology
proves to be an effective numerical tool for solving geochemical inverse problems governed by
the Fredholm integral equations.

Keywords: Fredholm integral equation, inverse problems, Galerkin method, Lavrentiev regularization, singular
value decomposition, geochemical modeling
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1. Introduction

Predicting the subsurface distribution of mineral deposits based on surface measurements is a key challenge
in modern geochemistry and mineral exploration. Direct investigation methods, such as drilling, require signif-
icant time and financial resources, making the development of mathematical methods for interpreting indirect
measurements highly relevant.

In many geochemical tasks, the relationship between surface measurements and subsurface properties is of
integral nature. These problems naturally lead to Fredholm integral equations of the first kind. A distinctive
feature of such equations is their ill-posedness, manifested as a high sensitivity of the solution to errors in the
input data.

Given the presence of noise and incomplete experimental information, classical solution methods often fail
without additional stabilization. Therefore, regularized numerical methods play a critical role. The aim of
this study is to investigate and compare numerical methods for solving geochemical inverse problems based on
Fredholm integral equations of the first kind.

2. Mathematical Formulation of the Geochemical Inverse Problem
Let
QCR"”

denote the investigated geological domain. Let f(x) represent the measured surface geochemical data, and u(s)
denote the unknown function describing the subsurface distribution of the chemical element.
The relationship between these quantities is modeled by the Fredholm integral equation of the first kind:

K(z,s)u(s)ds = f(z), z=€Q (1)
Q
where K(x,s) is the kernel of the integral operator, reflecting the physical-chemical processes of material mi-
gration in the geological medium.
The integral operator K is compact, which leads to the ill-posedness of the problem in the sense of Hadamard.
Small perturbations in f(x), which are inevitable in experimental measurements, can result in large deviations in
the solution u(s).

3. Discretization of the Integral Equation
For numerical implementation, the integral equation is discretized. Let the domain €2 be divided into nodes
{s;}7_, with corresponding quadrature weights w;. Then, the integral can be approximated as:

N
/ K(x;,s)u(s)ds =~ ZK(mi, sj)u(s;)w;, 1=1,....,.M (2)
Q —
Jj=1
As a result, we obtain a system of linear algebraic equations:
Ku=f (3)
where
K e RM*N  __ discretized integral operator,
ueRY — vector of unknown concentrations,
feRM — vector of observed data.

The resulting system is ill-conditioned, reflecting the ill-posedness of the original geochemical problem.

4. Lavrentiev Regularization
To stabilize the solution, Lavrentiev regularization is applied by minimizing the functional:

J(u) = |[Ku - fj3 + aful3, (4)
where a > 0 is the regularization parameter. Unlike Tikhonov regularization, this method does not use the

operator L and directly smooths the solution.
Minimizing this functional leads to the normal equations:

(K"K + ol)u = K"f. (5)
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where I is the identity matrix. The regularization term suppresses the influence of noisy components, ensuring
solution stability. Geochemically, this corresponds to assuming smooth variations in subsurface concentration.

5. Choice of Optimal Regularization Parameter («)

The quality of the Lavrentiev regularized solution heavily depends on the choice of the parameter o« > 0. A
common and effective method for selecting « is the L-curve criterion.

The L-curve plots the norm of the regularized solution ||Lu|| versus the residual norm ||[Ku, — f|| in log-log
scale:

(IKua = fll2, [luall2), a>0 (6)
The curve typically has an ”"L.” shape. The corner of the L-curve corresponds to a balanced choice of «,
providing a compromise between:

e Fidelity to the data — small residual norm, and
e Stability /smoothness — small solution norm.

Mathematically, the corner can be found by maximizing the curvature x(«) of the L-curve:

)~ 0" (@) (@)
(@2 (@2 "

where p(a) = ||Kua — f||2 and n(a) = |[Tua]|2.
This method is widely used in geophysical and geochemical inverse problems to select an optimal regularization
parameter automatically.

FIGURE 1. L-curve example

6. Galerkin Method
The Galerkin method approximates the unknown function in a finite-dimensional basis:

s) & ZCkSOk(S), (8)

where {pr}7—; is a chosen system of basis functions.
Substituting this approximation into the integral equation and requiring orthogonality of the residual yields
the system:

ch/ K(z,s) pr(s) pi(z )dsdm*/f pi(x)dz, i=1,...,n 9)

The Galerkin method incorporates a priori information about the solution’s structure and provides good
interpretability, which is important for analyzing geochemical data.

7. Singular Value Decomposition (SVD)
After discretization, the problem reduces to solving
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Ku=f, (10)

where K is ill-conditioned. Small errors in f can significantly distort u.
To analyze operator properties and construct a stable solution, Singular Value Decomposition (SVD) is applied:

K=UxV", (11)

where:

e U contains orthonormal left singular vectors, associated with observed data;
e V contains orthonormal right singular vectors, associated with the subsurface solution;
e X =diag(o1,...,0,) contains singular values ordered as o1 > 02 > -+ > o, > 0.

Large singular values correspond to stable solution components, whereas small ones correspond to noise-
sensitive components.
The formal SVD solution is

T
w=Sufy (12)

which is unstable for small o;. Stability is improved by truncated SVD:

0 T
o
um = Z s Vi, (13)

o
i=1 '

where r9 < r is the truncation index chosen to remove noise-sensitive components corresponding to small
singular values.

8. Numerical Experiments

Numerical experiments were conducted on geochemical models predicting gold concentrations at depths of 100,
200, 300 meters, and 400 meters, based on surface data.

Findings:

Lavrentiev regularization produces the most stable and smooth solution;

The Galerkin method yields an interpretable subsurface structure;

SVD allows control over spectral influence of noise and evaluates the informative content of solution compo-
nents.

All methods proved effective in the presence of noisy data typical of field geochemical measurements.

9. Data and Results Visualization

The geochemical data used in the study include surface measurements of gold concentrations at different
locations. The following figures illustrate the raw data and the reconstructed subsurface distributions obtained
using the numerical methods described above.
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1e6 Estimated z(y,5) at depth 100 m (Lavrentiey regulanzation|

5.468 FEEEERRELE 3
5407 Hill 0z
3
H o
1 =4
| 01 =
5.466 g
- | z] <
i &
E
| on B
5.465 1 £
{ i z
H
i -01
5.464 it
i
02

307500 308000 308500 309000 308500 310000 310300 311000
sim}

FI1GURE 3. Reconstructed subsurface distribution using Lavrentiev regularization

(100 m).
Comparison of Exact and Reconstructed Solutions
186 Exact Solution Reconstructed Solution {Lavrentiav)
EEia 0.4 o4
5467 3 o
02 02
5466 S T
£ &
= E = £
.51 a1
E 3
5.465
o 0.0
5404 - -0.1 -0.1
. -0z , -0
07500 D000 IE500 I0OH0 309500 310000 310500 311000 307500 303000 JOB500 309000 309500 310000 L0500 I1I0OD
s im simb
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10.Comparative analysis In this study, the distribution of gold at various depths was investigated based
on geochemical data obtained from the surface. The problem was formulated as an inverse problem, with the aim
of reconstructing the subsurface distribution of gold using surface measurements.
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During the study, for example, the gold distributions at depths of 100 m and 200 m were determined and
comparatively analyzed. In addition, the data at a depth of 100 m were conditionally treated as surface data and
used to recompute the gold distribution at a depth of 200 m. The differences between the obtained results were
analyzed to assess depth-dependent variations. This approach helps to identify whether certain regular patterns
exist in the distribution of gold.
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11. Conclusion

This study investigated numerical methods for solving geochemical inverse problems based on Fredholm integral
equations of the first kind. The methods considered include:

Lavrentiev regularization;

Galerkin method;

Singular value decomposition (SVD).

It was shown that their combined use yields physically meaningful, stable solutions that adequately reflect
subsurface mineral distributions. The proposed approaches are applicable for predicting mineral concentrations
based on indirect surface measurements.
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Motor imagery (MI) based brain—computer interfaces (BCIs) rely on the reliable interpretation
of electroencephalography (EEG) signals, which is particularly important in rehabilitation and
assistive applications. In practice, however, MI decoding performance is often affected by pro-
nounced inter-subject variability and by differences in experimental and evaluation protocols.
Filter Bank Common Spatial Patterns (FBCSP) remains one of the most commonly used base-
line methods in this domain, yet its reported performance varies considerably across studies due
to inconsistent preprocessing, feature selection strategies, and validation procedures.

In this study, an adjusted FBCSP-based workflow is considered with the goal of reducing the
influence of common methodological biases. Particular attention is paid to the organization of
the evaluation procedure. Nested stratified cross-validation is used to avoid information leakage
and to preserve class balance across folds. In addition, Independent Component Analysis (ICA)
is applied to identify and remove components associated with ocular and muscle artifacts, using
their spatial distribution and temporal characteristics. When tested on the training session of
the BCI Competition IV-2a dataset, the proposed pipeline achieves an average within-session
accuracy of 81.8% with a Cohen’s Kappa value of k = 0.757.

In addition to overall performance measures, the behavior of the classifier is examined in
subjects with comparatively low decoding accuracy. The analysis suggests that in some cases
motor imagery-related activity is present but masked by strong background rhythms originat-
ing from the occipital region. This effect, referred to as Visual Alpha Masking, indicates that
dominant visual alpha activity can obscure sensorimotor signals at the scalp level. The observa-
tions support the use of spatial filtering techniques, which make it possible to separate weaker
motor-related patterns from more prominent background activity.

Keywords: Brain—Computer Interface, Motor Imagery, Electroencephalography, Filter Bank Common Spatial
Patterns, Nested Stratified Cross-Validation, Independent Component Analysis

AMS Subject Classification: 92C55

1. INTRODUCTION

Brain-computer interfaces (BCIs) are designed to translate patterns of brain activity into
control commands for external devices. One of the most common approaches in non-invasive
BCI research is motor imagery (MI), which is based on changes in sensorimotor rhythms during
imagined movements. Owing to its physiological relevance and absence of external stimulation,
MI has been widely investigated in rehabilitation-oriented applications, particularly for patients
with motor impairments [1]. At the same time, MI-based systems are known to be sensitive to
variability in EEG signals and to experimental conditions.

A large number of studies report high classification accuracy for MI decoding; however, com-
parable results are often difficult to reproduce. Even when the same datasets and algorithms
are used, performance estimates may differ substantially across publications. This inconsistency
is frequently related to the organization of data processing and evaluation rather than to the

1
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choice of the classifier itself. In particular, information leakage may occur if feature selection is
performed before data partitioning. In addition, insufficient suppression of ocular and muscular
artifacts can lead to classifiers that rely on non-neural activity. Validation schemes that do not
control class balance or trial structure further contribute to optimistic performance estimates
that cannot be generalized [2].

An additional challenge is the so-called phenomenon of BCI illiteracy, where a considerable
proportion of users fail to achieve reliable control of MI-based systems. It is commonly reported
that approximately 15-30% of participants do not exceed the accuracy threshold required for
effective communication [3]. The underlying reasons for this limitation are still debated and are
frequently described in terms of poor signal quality or weak sensorimotor modulation, without
a detailed analysis of the contributing factors.

In this study, we focus on establishing a transparent and reproducible baseline for MI classi-
fication using the Filter Bank Common Spatial Patterns (FBCSP) method. A nested stratified
cross-validation scheme is employed to prevent information leakage and to ensure fair perfor-
mance evaluation. Furthermore, artifact suppression is performed using automated Indepen-
dent Component Analysis. The analysis is conducted in a within-session setting in order to
estimate the upper bound of decoding performance under controlled conditions. Beyond report-
ing classification accuracy, we investigate the mechanisms behind performance degradation in
low-performing subjects and introduce the concept of Visual Alpha Masking, which describes
the spatial dominance of occipital alpha activity over weaker sensorimotor patterns.

The main contribution of this study is threefold. First, a leakage-free FBCSP pipeline with
nested stratified cross-validation is established as a reliable baseline for within-session motor im-
agery decoding. Second, a systematic stability analysis demonstrates that the proposed frame-
work is robust to feature dimensionality. Third, a detailed case study introduces the concept
of Visual Alpha Masking, providing a neurophysiological explanation for successful decoding in
subjects traditionally considered BCl-illiterate.

2. METHODOLOGICAL FRAMEWORK

The experiments were carried out using the BCI Competition IV-2a dataset [4], which is
widely employed as a reference benchmark in motor imagery studies. The dataset consists of
EEG recordings from nine healthy subjects (A01-A09) performing four motor imagery tasks: left
hand, right hand, feet, and tongue. Signals were acquired from 22 Ag/AgCl electrodes positioned
according to the international 10-20 system and sampled at 250 Hz. To reduce the influence
of session-to-session non-stationarity and to focus on the intrinsic properties of the decoding
pipeline, only the training session was considered in this study. Each subject contributed 288
trials in total.

Prior to feature extraction, EEG data were subjected to a sequence of preprocessing steps
aimed at improving the signal-to-noise ratio while preserving task-related temporal information.
First, the signals were filtered using a zero-phase finite impulse response (FIR) band-pass filter
in the range of 828 Hz, covering the sensorimotor p and 8 rhythms. A linear-phase FIR design
was selected to avoid temporal distortions of event-related activity. The filter coefficients were
obtained using a Hamming window to reduce spectral leakage.

After temporal filtering, the signals were re-referenced using the common average reference
(CAR). This operation suppresses spatially global activity by subtracting the mean signal across
all channels and enhances local cortical sources associated with motor imagery. To further reduce
the influence of non-neural artifacts, Independent Component Analysis (ICA) was applied to
separate neural activity from physiological contamination. The FastICA algorithm [5] was used
to decompose the EEG into statistically independent components. Components were excluded
when their scalp topographies exhibited pronounced frontal dominance, indicative of ocular
artifacts, or when their temporal activations showed high kurtosis, consistent with transient
muscle-related activity.
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Feature extraction was performed using the Filter Bank Common Spatial Patterns (FBCSP)
method. The EEG signals were decomposed into eight overlapping frequency bands (4-8 Hz,
8-12 Hz, ..., 28-32 Hz). For each sub-band, class-specific covariance matrices were estimated
and spatial filters were obtained by solving a generalized eigenvalue problem that maximizes the
variance ratio between classes,

B wI' Y w (1)
- wT(Zl + Eg)w’

where Y1 and Y5 denote the covariance matrices of the two motor imagery classes. The resulting
spatial filters were applied to the EEG signals, and trial-wise variance values were computed from
the projected data. These values were then transformed using a logarithmic scale to stabilize
their distribution and facilitate subsequent linear classification.

Classification performance was assessed using a nested stratified cross-validation strategy. The
outer cross-validation loop consisted of 10 folds and served exclusively for the final evaluation on
held-out data. Within each outer training split, an additional 5-fold stratified cross-validation
was employed to rank and select features based on mutual information. This strict separation
between feature selection, model optimization, and evaluation avoids information leakage and
provides a realistic estimate of within-session generalization performance.

J(w)

3. RESuLTS

The effect of preprocessing was first assessed to verify that artifact suppression did not inter-
fere with neural activity related to motor imagery. Particular attention was paid to the behavior
of the ICA decomposition, as improper component rejection may introduce non-neural bias into
subsequent analysis.

Figure 1 illustrates representative ICA component topographies. A component with pro-
nounced frontal dominance was identified as ocular activity and removed, whereas a retained
component exhibited a more central distribution consistent with sensorimotor sources: (a) ex-
cluded component with frontal dominance (ocular artifact), (b) retained component with a more
central distribution. These examples indicate that the adopted ICA rejection criteria primarily
target non-neural activity while preserving task-relevant spatial structure.

(a) ICA component (EOG artifact) (b) ICA component (neural, SMR-like)

FiGURE 1. ICA-based artifact rejection examples

The stability of the extracted FBCSP representation was examined by varying the number of
selected features k from 16 to 128. This analysis evaluates whether classification performance is
driven by a narrow feature subset or remains stable under feature-count changes.
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As shown in Fig. 2, classification accuracy remains stable across the tested range of k values,
suggesting that discriminative information is distributed across multiple spatial-spectral features
rather than concentrated in a single peak.

0.90 A e ---- Mean accuracy
o
0.85 A
> [T - I AR
C 0.80 1
>
(9]
|9}
<
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e
o
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61 62 63 64 65 66 67
Number of selected features (k)

FIGURE 2. Sensitivity to the number of selected features k.

Following confirmation of feature stability, the complete FBCSP pipeline was evaluated using
the training session of the BCI Competition IV-2a dataset. The mean classification accuracy
across subjects reached 81.8% with a standard deviation of +£0.9%, accompanied by a Cohen’s
Kappa value of 0.757. Individual results for all subjects are reported in Table 1.

TABLE 1. Within-subject performance (training session).

Subject Accuracy (%) Kappa Artifacts Removed

A01T 90.3 £2.7 0.871 2
A02T 74.0 £ 4.7 0.653 3
A03T 90.2 £ 3.2 0.869 1
A04T 72.91+6.2 0.639 2
A05T 80.7+£4.7 0.742 1
A06T 68.6 £ 7.2 0.581 4
AO7TT 90.3 £2.38 0.871 1
AO8T 87.2£2.7 0.830 1
A09T 81.9+ 3.3 0.759 2
Mean 81.8 £ 0.9 0.757 1.9

To assess whether high accuracy values were influenced by class imbalance, accuracy was
compared with Cohen’s Kappa across subjects. As shown in Fig. 3, both metrics exhibit a
strong linear relationship (Pearson correlation r = 0.98) , indicating consistent and reliable
performance estimates.
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FIGURE 3. Accuracy versus Cohen’s Kappa.
Despite high overall performance, classification errors were observed. The confusion matrix
for a representative high-performing subject (A01T) is shown in Fig. 4. Misclassifications pre-

dominantly occur between left- and right-hand motor imagery, whereas imagery of feet and
tongue is classified with higher accuracy.

Left

Right

True

Foot

Tongue

Left Right Foot Tongue
Predicted

F1cURE 4. Confusion matrix for Subject AO1T.

The robustness of the proposed pipeline was further examined on Subject A09, who is often
reported as BCl-illiterate due to unstable cross-session performance. In the present within-
session evaluation, an accuracy of 81.9% was achieved, suggesting that the motor imagery
signal is present but obscured.
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To explore this effect, global pre-trial alpha power was compared between correctly and incor-
rectly classified trials. As shown in Fig. 5, the distributions largely overlap and no statistically
significant difference was detected (p > 0.05).

Alpha Power Distribution (8-12 Hz)
p > 0.05 (n.s.)

10!

Alpha Power (uV?)

Success Failure

FIGURE 5. Pre-trial alpha power for Subject A09.

Decoding performance across frequency bands for Subject AQ9 is summarized in Fig. 6. The
highest accuracy is observed within the conventional 8-12 Hz alpha band, while neighboring
frequency ranges yield lower performance.

Spectral Profile of Subject A09: Signal Localization
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FIGURE 6. Spectral decoding profile for Subject A09.
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The spatial structure of the extracted CSP components provides further insight. As illustrated
in Fig. 7, dominant components are influenced by occipital alpha activity, while a lower-variance
component reveals a localized sensorimotor pattern over C3/C4. This effect, referred to as Visual
Alpha Masking, indicates that motor-related activity can be spatially overshadowed by strong
visual alpha rhythms. Despite reduced signal-to-noise ratio in terms of power, spatial filtering
enables recovery of the latent motor command.
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Spatial Patterns: Subject A09 (Alpha Band 8-12 Hz)
Comp 0 Comp 1 Comp 2 Comp 3

{Dominant Visual Noise) {Misual/Mixed) (Sensorimotor Signal) (Auxiliary)

FIGURE 7. Spatial manifestation of Visual Alpha Masking.

4. DISCUSSION

The present within-session results indicate that comparatively low decoding accuracy in motor
imagery (MI) BCIs does not necessarily imply an absence of task-related neural information. In
some subjects, MI-related patterns may be weakly expressed at the sensor level and partially
obscured by competing rhythms with stronger scalp-level amplitude. This interpretation is
supported by the analysis of Subject A09, who is frequently reported as unstable in cross-session
settings but achieved high within-session accuracy in the present evaluation.

For Subject A09, strong occipital alpha activity can dominate global power measures while the
sensorimotor structure remains recoverable through spatial filtering. The comparison of pre-trial
alpha power between correctly and incorrectly classified trials did not reveal a clear separation,
suggesting that global energy measures are not sufficient to explain trial-level decoding outcomes
in this case. In addition, the spectral decoding profile remained centered in the conventional
alpha band, which does not support a substantial shift in the informative frequency range as
the primary limiting factor.

Further evidence is provided by the spatial domain. While the dominant CSP components
for Subject A09 exhibit patterns consistent with visually related alpha activity, lower-variance
components preserve a physiologically plausible sensorimotor topology over central regions. This
observation motivates the term Visual Alpha Masking, describing a scenario in which MI-related
activity is present but spatially overshadowed by stronger non-motor rhythms. Importantly,
this phenomenon is not readily captured by temporal or power-based summaries alone and
becomes apparent when spatial filtering explicitly exploits the topographical organization of
neural sources.

From a methodological standpoint, these results highlight the value of spatially adaptive
baselines in MI decoding. Spatial filters such as CSP and FBCSP can be interpreted as data-
driven spatial projectors that separate overlapping sources even when their relative power differs
substantially. Consequently, increased model complexity is not necessarily the most effective first
response to low performance; a careful evaluation of whether task-related structure can already
be recovered through principled spatial filtering may be informative.

The reliability of the reported performance is further supported by the close correspondence
between classification accuracy and Cohen’s k across subjects. The alignment between these
metrics suggests that performance differences are unlikely to be primarily driven by class im-
balance effects. More generally, the results underline the importance of leakage-free evaluation
protocols, particularly in within-subject settings where optimistic bias can be introduced by
improper separation of model selection and testing stages.

Several limitations should be noted. First, the analysis is restricted to a within-session set-
ting using the training session of a single benchmark dataset, and the observations may not
directly translate to cross-session generalization. Second, the ICA-based artifact rejection relies
on automated heuristics and may not fully capture all non-neural sources. Third, Visual Alpha
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Masking is introduced as an interpretation supported by spatial patterns in the present data;
further validation using additional datasets and experimental conditions is needed to assess its
generality.

5. CONCLUSION

This study evaluated an FBCSP-based motor imagery decoding pipeline under leakage-free,
nested stratified cross-validation with automated ICA-based artifact rejection in a within-session
setting on the BCI Competition IV-2a dataset. The resulting baseline achieved a mean accuracy
of 81.8% with a Cohen’s k of 0.757 and exhibited stable performance under changes in the number
of selected features.

A focused analysis of Subject A09 provided evidence consistent with the Visual Alpha Masking
hypothesis: although occipital alpha rhythms can dominate scalp-level power measures, MI-
related spatial structure can remain recoverable via spatial filtering. These findings suggest that
decoding difficulties may, in some cases, reflect insufficient separation of overlapping sources
rather than an absence of task-related information. Overall, the results support the continued
use of carefully validated spatial filtering pipelines as interpretable and reliable baselines for
motor imagery BCI research, especially when methodological transparency and evaluation rigor
are prioritized.
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INTRODUCTION

The conservation of ecosystems and the creation of favorable living conditions for the pop-
ulation are among the key components of the Sustainable Development Goals adopted by the
United Nations [1]. In the Republic of Kazakhstan, substantial efforts are being undertaken in
this direction. In particular, the Environmental Code adopted in 2021 establishes a legal frame-
work that allows, based on the results of comprehensive studies of environmental conditions and
public health, decisions to be made on classifying a territory as a zone of ecological disaster, a
zone of emergency ecological situation, or a territory with relatively satisfactory environmen-
tal conditions [2], followed by the implementation of a system of measures depending on the
assigned environmental status.

It should be noted that, in accordance with the Environmental Code of the Republic of
Kazakhstan, comprehensive studies of the ecological condition of a territory must be conducted
in compliance with the requirements of the Criteria for Assessing the FEcological Situation of
Territories [3].

According to Article 405 of the Environmental Code, the results of a comprehensive scientific
assessment of the ecological condition of a territory are submitted for expert review to the
authorized body in the field of environmental protection, as well as to the authorized state
bodies in the fields of healthcare, education, and science.

If environmental problems meeting the established Criteria are identified, the studied territory,
based on the conclusions of the expert assessments, is declared by a resolution of the Government
of the Republic of Kazakhstan as a zone of emergency ecological situation, or, by a law of the
Republic of Kazakhstan, as a zone of ecological disaster [2].

Regulatory legal acts specify the boundaries of a zone of emergency ecological situation or a
zone of ecological disaster; the duration of such status; the legal regime governing these zones;
measures aimed at stabilizing and reducing adverse environmental conditions within the relevant
territory or provisions indicating the need for their development; as well as the procedure for
classifying citizens as affected by an emergency ecological situation or ecological disaster and
the measures for their social protection [2].

The study was carried out by Ecoservice-S LLP under commission from the Akimat of Kentau within the
project “Comprehensive assessment of the environmental condition and public health of Kentau city and adjacent
settlements”.

1
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At the same time, measures for the restoration (reproduction) of natural resources, improve-
ment of environmental quality, and provision of medical assistance to the population are devel-
oped and implemented in a differentiated manner [2].

Thus, Kazakhstan has the institutional and legal capacity to substantiate the environmental
status of a territory on the basis of a comprehensive scientific assessment of environmental
conditions and to adopt appropriate state-level decisions.

Below, using the city of Kentau and the adjacent settlements as an example, the practical
implementation of this approach is demonstrated.

MAIN PART

The study was carried out by the well-known Kazakhstani environmental company Fcoservice-
S LLP under commission from the Akimat of the city of Kentau within the framework of the
project “Comprehensive Assessment of the Environmental Condition and Public Health of the
City of Kentau and Adjacent Settlements”. The period of investigation covered September 2019
to December 2020.

The relevance of conducting a comprehensive environmental assessment in this region was
determined by several factors:

e changes in the geological environment resulting from past mining activities, including
heavy-metal contamination of the environment, flooding of building foundations, and
the formation of subsidence features within the urban area;

e the fact that the city of Kentau and adjacent settlements (Achisai, Kantagi, Bayaldyr,
Karnak, Kushata, Shashtobe, and Burgem) are surrounded by territories classified as
zones of ecological pre-crisis condition related to the Aral Sea problem, while not formally
belonging to this zone;

e the absence of objective and comprehensive information on the environmental condition
and public health in the city of Kentau and the adjacent settlements.

The objective of the study was to provide an integrated characterization of the environmen-
tal condition and the level of public health in the city of Kentau and the adjacent settlements
(Achisai, Kantagi, Bayaldyr, Karnak, Kushata, Shashtobe, and Burgem) in order to obtain a
scientifically substantiated conclusion regarding the possibility of classifying the investigated ter-
ritories as a zone of emergency ecological situation or a zone of ecological disaster in accordance
with the Criteria for Assessing the Ecological Situation of Territories, or as a zone of ecological
pre-crisis condition according to the classification of environmental disturbance of territories in
the Kazakhstani part of the Aral Sea region [4].

The overall design of the study was defined by the requirements specified in the above-
mentioned regulatory documents [3, 4]. Specialists from leading research institutes and or-
ganizations of the Republic of Kazakhstan and neighboring countries were involved in the study,
including the D. A. Kunayev Institute of Mining, the U. U. Uspanov Kazakh Research Institute
of Soil Science and Agrochemistry, the Kazakh Research Institute of Oncology and Radiology,
the Institute of Biology and Plant Biotechnology, the Institute of General Genetics and Cy-
tology, Khoja Akhmet Yassawi International Kazakh—Turkish University, the Medical Center
Hospital of the Presidential Administration, Perm State National Research University, the Ural
State Mining University (Yekaterinburg), and the South Ural Federal Scientific Center for Min-
eralogy and Geoecology of the Russian Academy of Sciences (Miass), among others. Laboratory
analyses were conducted exclusively in accredited laboratories.

Field investigations were carried out within the territories of the following settlements: the
city of Kentau and the villages of Achisai, Kantagi, Bayaldyr, Karnak, Kushata, Shashtobe,
and Burgem. The settlement of Lenger (Tolebi District, Turkestan Region) was selected as the
background area. The city of Lenger has socio-economic conditions similar to those of Kentau
but is located in an environmentally more favorable area. As comparison territories, the nearest
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urban (Turkestan) and rural (Orangai) settlements classified as zones of ecological pre-crisis
condition were selected.

The work was conducted along five main directions: assessment of the ecological situation;
analysis of geological and hydrogeological conditions; evaluation of public health and the socio-
economic situation; and development of a mitigation and action plan.

A comprehensive set of methods was applied during the implementation of the project, includ-
ing field investigations; laboratory analysis of samples from environmental components (soil, wa-
ter, air, and agricultural products) and biological media (blood and hair); methods for detecting
genetic mutations; assessment of phytotoxicity; cartographic analysis using GIS software and re-
mote sensing data; geophysical methods (vertical electrical sounding (VES), ground-penetrating
radar surveys, and others); hydrogeological methods; and methods for assessing public health
status (immunological, genetic, anthropometric analyses, medical examinations, etc.).

To investigate natural environments and collect samples, field teams were formed and equipped
with vehicles, sampling equipment, and georeferencing tools for precise localization of sampling
points.

Within the scope of the environmental assessment block, the following aspects were examined:
ambient air quality; drinking and surface water quality; soil contamination levels; radiological
conditions; total mutagenic activity of drinking water and residential soil samples; depletion of
water resources; ecological condition of soils; quality of agricultural products; degradation of
terrestrial ecosystems; condition of vegetation; soil phytotoxicity; and the status of fauna.

Ambient air quality assessment was conducted through field measurements. In total, more
than 14 000 air quality measurements were performed. As a result, 195 exceedances of maximum
permissible concentrations (MPCs) for single-time measurements and 166 exceedances for aver-
age daily values were identified. In most cases, the exceedance levels did not exceed three times
the MPC. Elevated concentrations were primarily observed for sulfur dioxide, nitrogen dioxide,
suspended particulate matter, and carbon monoxide. Data from the Kazhydromet monitoring
system and other organizations were also taken into account.

In accordance with the technical specifications, the composition of atmospheric deposition
was analyzed. The results indicated the influence of both regional processes, including dust
transport from the Aral Sea region, and local pollution sources. Samples of dry atmospheric
deposition revealed elevated concentrations of heavy metals and arsenic, which are characteristic
pollutants of the Kentau urban agglomeration. In particular, maximum lead concentrations of
780 mg/kg (24.4 MPC) and 560 mg/kg (17.5 MPC) were recorded in samples collected in the
village of Achisai and the city of Kentau, respectively. These results indicate dust emission from
lead-contaminated areas and long-range transport of lead-bearing dust.

Analysis of satellite imagery from the TERRA and AQUA platforms for the period from
2002 to 2020 confirmed the possibility of salt—dust transport from the Aral Sea region. It was
noted that under global trends such as increasing air temperatures, more frequent droughts, and
intensified storm activity associated with climate change, the removal of dust and salt particles
from the dried seabed of the Aral Sea is likely to intensify, followed by their deposition in the
region. This process may lead to the desertification and aridization of soils.

The quality of drinking water from centralized and decentralized water supply systems was
assessed based on quarterly sampling and laboratory analysis. In total, more than 175 drinking
water samples were collected and analyzed from 26 sampling points, covering 11 settlements.
In certain water samples, exceedances of existing standards for hardness, total mineralization,
and iron content (ranging from 1.1 to 4 MPC) were identified. These exceedances are associated
with the natural geochemical background of the region.

Surface water quality assessment was carried out through the analysis of water samples col-
lected from the Bayaldyr, Biresik, Achisai, Khantagi, Karashyk, and Ermekozen rivers, as well
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as the Kushkorgan and Shashtobe reservoirs and a drainage adit channel. In a number of sam-
ples, exceedances of established regulatory limits were detected for dissolved oxygen, sulfates,
lead, zinc, and nitrites.

To assess soil contamination within the Kentau urban agglomeration, extensive field inves-
tigations were conducted, including more than 21000 elemental determinations. The concen-
trations of heavy metals were determined, including total content, mobile and water-soluble
forms, and bioavailability, as well as bacteriological indicators, pesticide residues, and radiolog-
ical parameters. Areal contamination of soils by heavy metals, particularly lead, was identified.
The primary source of contamination is associated with past industrial activities. According
to territorial zoning based on the cumulative soil pollution index (Z.), areas with moderately
hazardous and hazardous levels of soil contamination were identified within the city of Kentau
and the settlements of Bayaldyr, Kantagi, and Achisai.

The assessment of the radiation situation in the region included pedestrian gamma surveys
(more than 12000 gamma radiation measurements), measurements of indoor radon concentra-
tions using both instantaneous and integrated methods, and determination of radon concentra-
tions in water. The recorded gamma background ranged from 0.09 to 0.15 uSv/h.

Evaluation of water resource depletion within the Kentau urban agglomeration involved the
study of five rivers located directly within the study area and reflecting potential changes in
local water resources. The assessment of filtration losses in the runoff of the Karashyk, Biresik,
and Bayaldyr rivers demonstrated the role of these rivers in the formation of groundwater flows
entering the territory of Kentau through near-surface deposits, as well as their influence on
the redistribution of groundwater pressures across all aquifers and hydrogeological complexes
underlying the city.

The study of vegetation condition revealed that, in certain areas, forage plant species are
being replaced by weedy species of low nutritional value; the distribution ranges of endemic
plant species are decreasing; and vegetation cover is degrading. In addition, damage to and
deterioration of the vitality of woody plant species were observed as a result of habitat changes,
reaching up to 80% in some areas.

Investigation of the fauna within the Kentau urban agglomeration showed a significant de-
cline in biodiversity compared to 2017. This trend was particularly evident among insects,
the most abundant class of animals, for which species diversity decreased by approximately
30%. As insects are a key component of trophic networks in biocenoses, a reduction in their
diversity and abundance inevitably leads to a decline in overall faunal diversity and population
size, indicating unfavorable changes in the ecological situation. The proportion of harmful and
sanitary—epidemiologically significant species was high at all sampling sites, exceeding 50-60%
in most locations and reaching up to 80% in some cases. Such values indicate a substantially
disturbed state of the biocenosis (values approaching 30% are generally characteristic of only
slightly disturbed ecosystems, whereas unstable ecosystems tend to favor harmful species that
are better adapted to adverse environmental conditions).

The results of the conducted studies, characterized by relatively low faunal diversity, low
abundance (with the exception of harmful and synanthropic species), and infrequent occurrence,
indicate that the biodiversity of the animal world within the Kentau urban agglomeration is
currently disturbed.

A forecast of further deterioration of the ecological situation was developed, initially for
specific locations (the city of Kentau and the settlements of Karnak, Shashtobe, Kushata, and
Orangai), and subsequently for the Kentau urban agglomeration as a whole. It was noted that
this forecast is driven not only by the existing unfavorable environmental conditions but also
by climate change associated with global warming. As a result, animal species adapted to hot
and arid conditions are expected to gain further advantage, as are harmful synanthropic species
capable of persisting in close association with human activity.
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Assessment of the geological and hydrogeological situation included investigation of ground-
water contamination levels, analysis of processes associated with geological deformation and
surface subsidence, as well as the study of indicators of induced seismicity and karst formation.

Flooding represents one of the major problems in Kentau, as pressurized groundwater inun-
dation leads to the leaching of gypsum from clay strata, resulting in the formation of cavities
and surface subsidence. These processes, in turn, cause damage to buildings founded on clayey
deposits.

Observations of surface subsidence and ground displacement within the city of Kentau were
conducted using two complementary approaches: satellite (radar) interferometry and instru-
mental measurements at established monitoring points. Interferometric data revealed both sub-
sidence and uplift processes. It was established that subsidence occurs at average rates of up to
12 mm per year, particularly in the western and southwestern parts of the territory, while uplift
reaches rates of up to 7 mm per year. Given that the risk of increasing ground deformation
within Kentau persists, it was recommended to continue areal geomonitoring across residential
areas in combination with instrumental observations.

Seismological monitoring was carried out within the city of Kentau to assess indicators of
potential induced seismicity and to delineate areas susceptible to disturbance from external
impacts. The study of karst formation processes in Kentau involved the collection, analysis,
and synthesis of results from all previous geophysical investigations, as well as the application of
geophysical methods under field conditions, including electrical resistivity surveys and ground-
penetrating radar profiling.

Based on electrical survey data, tectonic structures and conductive zones potentially asso-
ciated with karst manifestations were identified. Integrating all available data, a karst hazard
map was compiled, distinguishing zones of very high hazard, high hazard, potential hazard, and
low hazard. The low-hazard zone occupies most of the southern part of the city, whereas the
very high and high hazard zones are confined to the northeastern and northern parts of Kentau,
including the industrial area.

The degree of terrestrial ecosystem degradation was assessed using satellite image interpreta-
tion combined with landscape—ecological investigations. The presence of suffosion and collapse
phenomena in the northeastern part of Kentau, waste rock dumps, sinkholes associated with
karst processes, open pits, and degraded lands, collectively exceeding 5% of the total area, al-
lowed the territory adjacent to the northern part of Kentau and covering approximately 900 ha
to be classified as an area with an emergency ecological situation.

A comprehensive assessment of population health was conducted, including analysis of the
dynamics and structure of child, perinatal, and infant mortality; evaluation of health status
based on screening studies; assessment of morbidity trends; analysis of the incidence of congeni-
tal malformations in newborns; in-depth evaluation of morbidity and mortality from oncological
diseases; analysis of reproductive health disorders in women; characterization of the frequency of
pregnancy complications, adverse pregnancy outcomes, and childbirth complications; assessment
of the condition of full-term newborns; investigation of the mental development of school-aged
children; determination of the frequency of genetic abnormalities in population cells; immuno-
logical studies; detailed medical examinations of selected population groups; assessment of heavy
metal accumulation in biological media of children; and evaluation of health risks to the popu-
lation. The study revealed generally low indicators of population health.

The integrated assessment of environmental conditions and population health provided the
basis for classifying the territories of the city of Kentau, as well as the settlements of Karnak,
Shashtobe, Kushata, Achisai, Khantagi, Bayaldyr, and Burgem, as a zone of pre-crisis ecological
condition. This classification was based on evidence of excessive soil contamination, vegetation
degradation, reduction in the abundance and species diversity of fauna, and specific health
indicators of the population (including immunological status, results of in-depth medical exami-
nations, and morbidity rates), in accordance with the Law of the Republic of Kazakhstan dated
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30 June 1992 No. 1468-XII “On Social Protection of Citizens Affected by Ecological Disaster in
the Aral Sea Region”.

The influence of the Aral Sea region was confirmed. Interpretation of satellite imagery demon-
strated that, beginning in the early 2000s, the transport of sand-silt particles of saline aerosol
from the dried bottom of the Aral Sea has reached distances of 700 km and more, covering
the territory of the Kentau urban agglomeration. In addition, the results of analyses of dry
atmospheric deposition composition indicate the impact of regional processes, including dust
transport originating from the Aral Sea region.

Based on the results of investigations conducted in 2019-2020, sufficient grounds were iden-
tified for classifying part of the Kentau urban agglomeration as a zone of emergency ecological
situation, in accordance with the Criteria for Environmental Situation Assessment [3].

CONCLUSION

Following the completion of all stages of expert review and coordination procedures stipulated
by the Environmental Code of the Republic of Kazakhstan, amendments were introduced to the
Law of the Republic of Kazakhstan “On Social Protection of Citizens Affected by Ecological
Disaster in the Aral Sea Region”. As a result, the territory of the city of Kentau and adjacent
settlements was classified as a zone of pre-crisis ecological condition. These amendments entered
into force on 1 July 2025.

In addition, in accordance with Order No. 106-p of the Ministry of Ecology and Natural
Resources of the Republic of Kazakhstan dated 23 April 2025, the industrial zone of the city of
Kentau was officially declared a zone of emergency ecological situation.

It should be emphasized that such a decision to amend the legislative framework, based on
the results of a comprehensive environmental and health assessment, was implemented in the
Republic of Kazakhstan for the first time.

The adoption of these legislative acts ensures the implementation of a comprehensive set of
measures aimed at protecting the population from adverse environmental factors and improving
social conditions.

Thus, the comprehensive study conducted in the city of Kentau and adjacent settlements not
only provided an objective characterization of environmental conditions and population health,
but also served as a scientifically substantiated basis for governmental decision-making with high
social significance.

The presented study may serve as a reference example for conducting similar comprehensive
assessments in other regions experiencing environmental degradation.
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Application of the RBF Interpolation Method for Identifying
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1. INTRODUCTION

In recent years, interpolation methods have been widely applied in geoinformation and geo-
chemical studies to reconstruct continuous concentration fields from a limited number of mea-
sured data points. This approach not only enables visualization of the spatial distribution of
elements but also facilitates the identification of mineralization patterns and geochemical anom-
alies.

The present study is devoted to the construction of spatial models of geochemical element
concentrations—gold (Au), silver (Ag), aluminum (Al), antimony (Sb), and mercury (Hg)—
based on radial basis functions (RBFs). The RBF method provides a smooth approximation
and allows for the prediction of concentrations at intermediate locations, which is particularly
relevant for geological objects characterized by complex structural features.

The study utilizes geochemical data comprising approximately 800 initial measurement points.
Based on these data, 50,000 coordinate points were generated using the RBF method, and the
concentration distributions of each element were determined at these locations. For analytical
and visualization purposes, two-dimensional maps were constructed to illustrate zones of local
accumulation, and ten points with the highest concentration values were identified for each
element.

The developed models make it possible not only to trace spatial variations in element concen-
trations but also to identify areas of potential mineralization, which is of practical significance
for geological exploration activities.

Object of the study: Geochemical data represented as a coordinate-based dataset of concentra-
tions of the elements Au, Ag, Al, Sb, and Hg.

Purpose of the study: To determine the spatial distribution of geochemical elements and to visu-
alize their concentrations in two-dimensional coordinate systems using the radial basis function
(RBF) method, as well as to identify patterns of their joint distribution, delineate zones of local
accumulation, and construct predictive models for assessing potentially mineralized areas within
the study region.

2. SOURCE DATA AND METHODOLOGY

2.1. Source Data. The initial data were obtained from the file “Geochemical Data.zlsz”, which
contains spatial coordinates and concentration values of five chemical elements: Au, Ag, Al, Sbh,
and Hg.

Each row of the dataset represents the result of a geochemical sampling point, including its
spatial coordinates and the measured concentrations of the selected elements.
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Ne X Y AU AG AL SB HG
(KOOPH.) (KOOPH.) (PPM) (PPM) (%) (PPM) (PPM)

1 | 82.315 49.627 0.35 0.42 7.25 1.20 0.08

2 | 82.317 49.630 0.28 0.31 7.18 L.11 0.06

3 | 82.320 49.634 0.47 0.55 7.41 1.36 0.09

4 | 82.324 49.638 0.39 0.44 7.29 1.24 0.07

5 | 82.328 49.642 0.51 0.60 7.53 1.48 0.10

FiGUurE 1. Example of the structure of the initial geochemical dataset

2.2. RBF Interpolation Method. In this study, an interpolation method based on radial
basis functions (RBFs) was employed. This approach makes it possible to construct a contin-
uous approximating surface of geochemical element concentration distributions from discrete
experimental data.

The general interpolation formula can be expressed as follows:

N
fl@y) = wiellr—l), (1)
i=1

where f(x,y) is the computed value of the interpolated function at an arbitrary point in
space, x; = (x;,y;) are the coordinates of the known observation points, w; are the weighting
coefficients, o(r) is the radial basis function, r = ||x—x;|| denotes the Euclidean distance between
the interpolation point and the observation point.

2.3. Multiquadric (MQ) Radial Basis Function. In this study, a Multiquadric (MQ) type
radial basis function was employed, which is defined as follows:

o(r) =1+ (er)?, (2)

where € > 0 is the scale (or smoothing) parameter that controls the degree of smoothness and
the sensitivity of the interpolation.

Physical and Mathematical Interpretation. The Multiquadric function is characterized by a high
degree of smoothness and continuity, which makes it particularly suitable for describing gradual
spatial variations in the concentrations of geochemical elements. It effectively models large-
scale trends, such as the distribution of mineralization zones, and demonstrates robustness with
respect to random noise in the input data.

Due to these properties, the MQ function is widely applied in geological and geophysical
problems, especially in modeling the spatial distribution of elements such as gold (Au), silver
(Ag), antimony (Sb), and mercury (Hg).

Software: Python (NumPy, SciPy, Matplotlib, Plotly).

3. RESULTS AND ANALYSIS

3.1. Two-Dimensional Interpolation (2D). Within the framework of the present study,
interpolation was performed at 50,000 coordinate points using the radial basis function (RBF)
method. For each element (Au, Ag, Al, Sb, and Hg), individual concentration distribution
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models were constructed. Based on the obtained results, ten points with the highest predicted
concentration values were identified and presented for each element.
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F1cURE 2. Example of the structure of the initial geochemical dataset

Figure 3.1 — Two-dimensional map of the spatial distribution of gold (Au). The interpolation
was performed at 50,000 coordinate points using the radial basis function (RBF) method. Gold
concentrations are represented in yellow on the map. Ten points with the highest concentra-
tion values are highlighted, corresponding to zones of local accumulation and potential gold
mineralization.
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FicUure 3. Example of the structure of the initial geochemical dataset

The map was constructed based on the interpolation of 50,000 coordinate points. Silver
concentrations are shown in gray, and ten maximum points characterizing areas of elevated ele-
ment content are highlighted. The anomalous zones partially overlap with the gold distribution,
indicating a possible Au—Ag association.
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FIGURE 4. Example of the structure of the initial geochemical dataset

The interpolation was performed using 50,000 measurement points. Aluminum is shown in
blue and is characterized by a relatively uniform background distribution over the entire study
area. The ten highlighted points indicate minimal concentration variations and confirm the
lithological homogeneity of the background.
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F1cURrE 5. Example of the structure of the initial geochemical dataset

The distribution was calculated based on 50,000 coordinate points. Antimony is represented in
green. Ten points with maximum concentration values are highlighted on the map, corresponding
to tectonic structures and zones of increased hydrothermal activity.
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F1GURE 6. Example of the structure of the initial geochemical dataset
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The interpolation was performed using 50,000 points. Mercury is shown in red, and ten areas
with the highest concentration values are highlighted, predominantly located in the southeastern
part of the study area. Zones of elevated Hg content spatially coincide with Sb anomalies,
indicating a common hydrothermal origin. Each map illustrates characteristic patterns of the
spatial distribution of individual elements:

e Gold (Au): distinct local zones of elevated concentrations are observed, primarily
located in the central part of the study area.

e Silver (Ag): exhibits distribution patterns similar to those of Au.

e Aluminum (Al): shows a uniform background distribution across the entire area.

e Antimony (Sb) and Mercury (Hg): are characterized by localized anomalous zones
that tend to be associated with tectonic structures.
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FIiGURE 7. Example of the structure of the initial geochemical dataset

At the next stage, all obtained results were visualized on a single combined map, which made
it possible to clearly represent the spatial distribution of the predicted values and the relative
positions of anomalous zones.

In the combined map, each element is represented by a specific color: Au—yellow, Ag—gray,
Al—blue, Hg—red, and Sb—green.

The integrated visualization enabled the identification of spatial relationships between anoma-
lous zones. The overlap of Au and Ag anomalies indicates the presence of potentially polymetallic
areas, while the coincidence of Sb and Hg zones suggests the influence of hydrothermal processes.

Gold (Au): as a result of interpolation, several high-concentration zones were identified, which
may be considered potential ore clusters.

Silver (Ag): zones overlapping with Au were detected, indicating a possible occurrence of
polymetallic mineralization, particularly where spatial superposition of anomalies is observed.

Mercury (Hg) and Antimony (Sb): in certain areas, these elements overlap with Au and Ag
anomalies, suggesting a hydrothermal or magmatic origin of the observed anomalies. Aluminum
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(Al): exhibits a uniform distribution reflecting the geological background and can be used as a
normalizing element in anomaly detection.

3.2. Conclusions Based on the Interpolation Results.

e The RBF interpolation method provided stable and physically consistent models of the
spatial distribution of the studied elements.

e The spatial overlap of Au and Ag anomalies indicates their possible association within
a single mineralized zone.

e Local Sb and Hg anomalies may be related to hydrothermal processes or deep-seated
magmatic sources.

e Aluminum (Al) can be used as a background marker in the comparative analysis of other
geochemical anomalies.

e The combined map (Figure 3.2) enables the identification of complex geochemical anom-
alies that are promising for further prospecting and geological exploration activities.

4. CONCLUSION

In this study, a methodology for spatial modeling of geochemical element concentrations based
on the radial basis function (RBF) interpolation method was implemented. This approach
made it possible to construct continuous approximating surfaces of element distributions and to
identify anomalous concentration zones with a high degree of reliability.

Based on the initial dataset, interpolation was performed at 50,000 coordinate points for five
key elements: gold (Au), silver (Ag), aluminum (Al), antimony (Sb), and mercury (Hg). For
each element, individual two-dimensional maps were generated, illustrating the distribution of
predicted values and concentration isolines.

In addition, ten points with the highest predicted concentration values were identified for
each element, enabling the localization of areas with the greatest geochemical potential. The
combined spatial distribution map provided a comprehensive visualization of the relationships
between mineralization zones of different elements.

Particular attention was given to the overlapping anomalies of Au and Ag, which may indi-
cate the presence of potential polymetallic deposits. Sb and Hg anomalies detected near tectonic
faults suggest a probable hydrothermal or magmatic origin of the geochemical processes. Alu-
minum (Al) exhibited a uniform background distribution and was therefore used as an indicator
of lithological homogeneity within the study area. The interpolation results demonstrated high
stability and physical consistency of the developed models. The RBF method proved to be
effective for processing large datasets (50,000 points) and for visualizing complex spatial rela-
tionships. The algorithm not only enabled the reconstruction of continuous concentration fields
but also revealed spatial distribution patterns that are difficult to detect using classical statistical
methods.

Thus, the application of the radial basis function method made it possible to:

construct continuous models of geochemical fields;

identify anomalous zones of elevated element concentrations;

reveal relationships among different geochemical indicators;

visualize spatial structures and potential mineralization areas;

establish a foundation for the further application of machine learning algorithms and
geographic information systems (GIS) in the prediction of prospective mineral zones.

The obtained results confirm that the RBF interpolation method is a reliable and efficient tool
for the analysis and prediction of geochemical data and can be effectively applied to geological
exploration and spatial modeling tasks.
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ABSTRACT. Accurate prediction of geochemical anomalies strongly depends on the quality of
data preprocessing, since geographic coordinates alone are weakly informative and poorly corre-
lated with element concentrations. In neural-network-based geochemical forecasting, this often
leads to overly simplified and compressed predictions that do not reflect the true range of geo-
chemical values.

This study proposes an anisotropy-based data preprocessing approach that accounts for di-
rectional spatial variability and enhances the relationship between input features and the target
variable. The transformed features are used to train a multilayer perceptron for predicting gold
concentrations at unsampled locations.

Numerical experiments demonstrate that anisotropic preprocessing significantly improves the
accuracy and stability of geochemical anomaly prediction, confirming the decisive role of data
preprocessing in neural-network-based geochemical forecasting.

Keywords: data preprocessing; geochemical anomalies; neural networks; multilayer perceptron; anisotropy.

AMS Subject Classification: The author(s) should provide AMS Subject Classification numbers using the
link https://mathscinet.ams.org/msnhtml/msc2020.pdf.

1. INTRODUCTION

Modern exploration tasks require not only an increase in data volumes but also the develop-
ment of advanced data analysis methods capable of accounting for the complex spatial structure
of geochemical fields. In this context, the advancement of computational and intelligent tech-
nologies aimed at improving the accuracy of geochemical anomaly forecasting is of particular
importance.

A number of studies demonstrate the high potential of multilayer perceptrons (MLP) in solv-
ing geological forecasting problems. Thus, study [1] shows that the integration of geological,
geochemical, and geophysical data within a digital platform enables the identification of spatial
patterns of ore bodies and the construction of three-dimensional models of element distribution.
At the same time, high forecasting accuracy is achieved under conditions of a pronounced cor-
relation between input features and target characteristics, which emphasizes the critical role of
proper data preprocessing and feature structuring.

In study [2], a multilayer perceptron was applied to reconstruct fracture parameters of car-
bonate reservoirs based on geophysical data. The obtained results confirm the ability of MLP
models to efficiently approximate complex nonlinear relationships; however, the performance
of the model is largely determined by the use of informative features obtained through data
preprocessing and careful input parameter selection.

This research was funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (BR) No. 27100483 “Development of predictive exploration technologies for identifying
ore-prospective areas based on data analysis from the unified subsurface user platform ”Minerals.gov.kz” using
artificial intelligence and remote sensing methods”.
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In study [3], a neural network was employed for three-dimensional geological modeling using
a large drilling database. Data preprocessing stages, including coordinate normalization, han-
dling of missing values, and integration of heterogeneous data sources, played a decisive role
in achieving reliable results. Such preprocessing enabled the identification of spatial structures
that are difficult to capture using traditional geostatistical approaches.

Of particular interest is study [4], in which a multilayer perceptron was used to predict the
spatial distribution of Cu, Pb, and Zn concentrations in the Hokuroku ore district (Japan). The
authors demonstrated that the neural network can reveal hidden spatial patterns even in cases
where classical variogram analysis fails to detect significant correlations. This result highlights
the potential of neural network models when the spatial structure of the data is adequately
represented.

In study [5], neural network methods were compared with geostatistical approaches for as-
sessing the quality of a shale deposit. The results showed that accounting for anisotropy and
spatial heterogeneity significantly affects the characteristics of predicted distributions. Moreover,
different neural network architectures produce fundamentally different spatial representations,
emphasizing the necessity of a well-founded choice of data preprocessing techniques depending
on the geological structure of the studied object.

Despite the substantial number of publications devoted to the application of neural networks in
geology, many studies still perform spatial prediction by directly mapping geographic coordinates
to element concentrations without sufficiently considering the anisotropy of geochemical fields
and the spatial organization of the data. Such an approach reduces the informativeness of input
features and limits the ability of neural network models to identify latent spatial relationships.

In this regard, an important scientific challenge is the development and analysis of geochem-
ical data preprocessing methods aimed at strengthening the relationship between input and
output variables and improving the stability of neural network predictions. This paper focuses
on investigating the impact of anisotropic data preprocessing on the accuracy of geochemical
anomaly forecasting using multilayer perceptrons.

2. PROBLEM STATEMENT

For the studied territory, the results of geochemical sampling are available for a single mineral
commodity, namely gold. Each sampling location is characterized by known geographical coor-
dinates (X;,Y;) and an associated gold concentration C;. The numerical values of the sampling
data are summarized in Table 1.

TABLE 1. Geochemical sampling data and corresponding coordinates

No. | Longitude | Latitude | Grade, g/tonne
1 | 82.77855 | 49.96831 0.3639
2 | 81.80126 | 49.47704 0.1140
3 | 81.98683 | 49.68197 0.3069

580 | 82.95850 | 50.10450 0.3639

The spatial arrangement of the geochemical sampling points is illustrated in Figure 1 by red
markers, with darker shading indicating higher values of gold concentration.

In the northwestern part of the study area, an additional grid consisting of 820 points was
generated (Figure 1, green markers). A portion of these generated points falls within zones
covered by thick unconsolidated deposits, where geochemical sampling data are absent. Since
the gold concentrations at these locations are unknown, all generated points are displayed with
uniform color intensity.
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FIGURE 1. Spatial distribution of geochemical sampling locations (red) and gen-
erated grid points (green) used to construct prediction maps for the study area.

The objective of this research is to estimate the gold content at the generated grid points by
utilizing information from the sampled locations, based on a multilayer perceptron trained on
the dataset presented in Table 1.

From a formal perspective, the problem can be described as follows. Let there be a set of
sampling locations with known coordinates (X;,Y;) and corresponding gold concentrations C;.
A multilayer perceptron (MLP) is used as a nonlinear operator that establishes a functional
relationship between the spatial coordinates of a point and the associated gold concentration:

MLP : (X,Y) — C. (1)

The dataset given in Table 1 serves as the training set for the neural network. Consequently,
the input layer of the MLP contains two neurons representing the spatial coordinates (X,Y),
while the output layer consists of a single neuron corresponding to the predicted gold concen-
tration C'. To completely specify the neural network model, it is necessary to define the number
of hidden layers and the number of neurons within each hidden layer.

It is important to note that a straightforward mapping between spatial coordinates and geo-
chemical concentrations is typically characterized by weak correlation between the input and
output variables. This property complicates the learning process and often results in overly
smoothed predictions that fail to capture the true spatial variability of geochemical fields. There-
fore, enhancing the informativeness of the input features through appropriate data preprocessing
is a key requirement for effectively addressing the stated prediction problem.

3. FEATURE TRANSFORMATION BASED ON AN ANISOTROPIC INFORMATION MODEL AND
FORMATION OF TRAINING AND PREDICTION SETS

Anisotropy in geological and geochemical data is manifested as a dependence of spatial vari-
ability on direction. In geochemical studies, this implies that mineral concentrations may vary
with different intensities in different spatial directions, which is typically controlled by the ge-
ological structure of the area. The physical origin of anisotropy is commonly associated with
lithological layering, tectonic dislocations, fracture systems, metamorphic processes, and other
structural and textural characteristics of rocks.

In this study, anisotropy is considered in relation to the spatial variability of gold concentra-
tion, that is, the dependence of concentration values on the direction of prediction. The input
data consist of geochemical sampling results presented in Table 1 and visualized on the spatial
distribution map. The color intensity of the sampling points reflects the magnitude of gold con-
centration, whereas the generated points, for which geochemical measurements are unavailable,
are displayed with uniform color.
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3.1. Spatial Problem Statement for Prediction. The prediction task is formulated for
generated points located predominantly in the northwestern direction relative to the area of
geochemical sampling. To formally define the geometric boundaries of the study area, convex
hulls are constructed for the set of geochemical sampling points and for the set of generated
points. This representation makes it possible to clearly identify the overlapping domain and the
regions extending beyond the area covered by direct geochemical observations.

FIGURE 2. Geochemical sampling points (red) and generated points (green) to-
gether with their corresponding convex hulls.

Let the following sets be defined:

R — the set of points with known geochemical sampling results;

G — the set of generated points;

C' = RUG — the union of the two sets;

S = RN G — their intersection;

GR = G\ R — the set of generated points located outside the geochemical sampling
domain.

Under these definitions, the problem of forecasting gold concentration at points belonging to
the set G can be naturally decomposed into two subproblems. The first subproblem is inter-
polation, which consists in estimating gold concentrations at points located within the spatial
domain covered by geochemical sampling data. The second subproblem is extrapolation, which
involves predicting gold concentrations at points situated outside the geochemical sampling area.

In this study, a unified feature construction and prediction framework is employed, which is
applicable to both interpolation and extrapolation tasks.

3.2. Anisotropy Direction and Selection of the Prediction Point. To identify the dom-
inant direction of spatial variability, correlation lines are constructed for the set of geochemical
sampling points and for the set of generated prediction points. These lines are found to be
nearly parallel and therefore define the principal direction of spatial continuity in the data. In
the present case, the dominant direction corresponds to a northwestern trend.

For each prediction point, a prediction line is defined as a line perpendicular to the correlation
direction and passing through the considered point. This line partitions the plane into two half-
spaces. The southeastern half-space contains points with known geochemical sampling results,
while the northwestern half-space contains the prediction points.

A prediction point is selected such that a sufficient number of sampling points are located
in the southeastern half-space within a distance not exceeding the maximum spacing between
neighboring generated points. This condition ensures the availability of representative geochem-
ical information required for constructing a reliable anisotropic model.
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FIGURE 3. Geochemical sampling points and generated prediction points with
their corresponding correlation lines.

FIGURE 4. Geometric construction for the interpretation of the anisotropic in-
formation model converging to the prediction point p.

3.3. Sector—Radial Decomposition of Space. For a selected prediction point, the south-
eastern half-space is partitioned into Ng angular sectors. Each sector is further subdivided into
Np radial subsectors bounded by arcs of increasing radius. This sector-radial decomposition
provides a structured representation of the spatial neighborhood surrounding the prediction
point.

The number of sectors and subsectors is selected according to the density of geochemical sam-
pling points, the spatial scale of variability, and the type of the investigated mineral commodity.

Let M;; denote the set of geochemical sampling points that fall into the j-th subsector of the
i-th sector. For each subsector, the following quantities are computed:

e the mean gold concentration;
e the weighted mean coordinates of the sampling points.

The mean gold concentration within a subsector is defined as the arithmetic average of con-
centration values of all sampling points belonging to the corresponding subsector. The weighted
mean coordinates are calculated as the average longitude and latitude of the points contained
in the subsector.
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3.4. Anisotropic Information Model. The anisotropic information model converging to a
prediction point represents an ordered set of parameters that describes the directional variability
of gold concentration as the spatial distance to the prediction point decreases.
The anisotropic information model includes the following components:
(1) the geographic coordinates of the prediction point;
(2) the mean gold concentrations computed for the subsectors;
(3) the weighted mean coordinates of the subsectors.

An example of the anisotropic information model for a single sector is presented in Table 2.

TABLE 2. Anisotropic information model for a single sector

No. Model element Symbol Description
1 Longitude of the prediction point lon Geographic longitude
2 Latitude of the prediction point lat Geographic latitude
3 Gold concentration at the prediction point c Gold concentration value
4  Mean concentration in subsector 1 Ch1 Averaged gold concentration
5 Mean longitude of subsector 1 Lony;  Geographic longitude
6  Mean latitude of subsector 1 Lati1  Geographic latitude
7  Mean concentration in subsector 2 Cia Averaged gold concentration
8  Mean longitude of subsector 2 Lonis  Geographic longitude
9  Mean latitude of subsector 2 Lat1o  Geographic latitude
10 Mean concentration in subsector 3 Cis Averaged gold concentration
11 Mean longitude of subsector 3 Lonys  Geographic longitude
12 Mean latitude of subsector 3 Lat1s  Geographic latitude

In contrast to classical anisotropy descriptions based on variogram models, the proposed
approach represents anisotropy as an ordered sequence of averaged concentration values and
associated spatial coordinates. This sequence captures the directional structure of the geochem-
ical field and provides a compact and informative representation suitable for subsequent neural
network modeling.

3.5. Formation of the Training Dataset for the MLP. To employ the anisotropic infor-
mation model in neural network modeling, it is transformed into a set of input features suitable
for a multilayer perceptron (MLP). For each sector associated with a prediction point, a single
row of the training dataset is constructed.

An example of the format of one training data row is presented in Table 3.

TABLE 3. Format of a single training dataset row

lon lat 011 012 013 LOTLH Latu Lonlg Latu L0n13 Lat13 C

81.801 49.477 0.247 0.169 0.417 81.904 49.492 82.109 49.550 82.279 49.600 0.114

In this example, the space surrounding each prediction point is divided into three sectors,
and each sector is subdivided into three subsectors. The first eleven parameters in the table
constitute the input features of the MLP, while the last parameter represents the output value
corresponding to the gold concentration at the prediction point.

For each prediction point, Ng rows of the training dataset are generated, one for each sector.
When forming a training dataset for multiple prediction points, the total number of rows is equal
to the product of the number of prediction points and the number of sectors. This representation
allows the neural network to learn directional patterns of spatial variability encoded in the
anisotropic feature structure.
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4. RESuLTS: EFFECT OF DATA PREPROCESSING

This section illustrates the impact of anisotropic data preprocessing on the quality of geo-
chemical anomaly prediction using multilayer perceptrons. The comparison is carried out on
the same spatial domain using two modeling strategies: (i) a baseline MLP trained only on ge-
ographic coordinates and (ii) a proposed approach based on anisotropic feature transformation
combined with a two-stage MLP architecture.

4.1. Baseline Model: MLP without Preprocessing. In the baseline approach, a multilayer
perceptron is trained using only geographic coordinates (longitude and latitude) as input fea-
tures, while gold concentration is used as the target variable. No anisotropic transformation or
spatial feature engineering is applied. Consequently, the network attempts to learn the mapping
(lon,lat) — C directly from raw coordinates.

The baseline prediction results are presented in Figure 5. In this case, the predicted field
becomes overly simplified and strongly smoothed. The spatial contrast is reduced, and the
predicted values tend to be “compressed”, which indicates that coordinate-only inputs are weakly
informative for representing complex spatial patterns in geochemical data.
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FIGURE 5. Prediction results obtained using a baseline MLP trained only on ge-
ographic coordinates (longitude and latitude) without preprocessing. The output
is overly smoothed and exhibits reduced spatial contrast.

4.2. Proposed Approach: Anisotropic Preprocessing and Two-Stage MLP. In the
proposed method, the original sampling data are first transformed using the anisotropic infor-
mation model described in Section 3. For each prediction point, the southeastern half-space
is decomposed into angular sectors and radial subsectors, and aggregated directional features
(sector—subsector means and weighted coordinates) are computed. These features enhance the
relationship between the inputs and the target variable by explicitly encoding spatial anisotropy.

The transformed features are then used in a two-stage MLP scheme. At the first stage, the
network produces sector-level estimates of gold concentration, capturing directional variability.
At the second stage, sector-wise outputs are aggregated to obtain a single final concentration
estimate for each prediction point.
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The resulting prediction pattern is shown in Figure 6. The map demonstrates increased spatial
contrast and better preservation of local heterogeneity, which is consistent with the expected
structure of geochemical anomaly fields.
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FIGURE 6. Prediction results obtained using anisotropic data preprocessing and
a two-stage MLP. The model preserves spatial heterogeneity and highlights local
anomaly-like variations.

A qualitative comparison of Figures 6 and 5 demonstrates the decisive role of preprocessing
in neural-network-based geochemical forecasting. The anisotropic transformation increases in-
put informativeness and enables the neural network to capture directional spatial variability,
resulting in more structured and geologically meaningful prediction patterns. In contrast, the
coordinate-only baseline model is prone to excessive smoothing and loss of local variations.

5. CONCLUSIONS

This study demonstrates the importance of data preprocessing in neural-network-based geo-
chemical anomaly prediction. The results show that when multilayer perceptrons are trained
on raw spatial coordinates alone, the predictive capability of the model is significantly limited,
leading to overly simplified and weakly informative results.

To overcome this issue, an anisotropy-based data preprocessing strategy was proposed. By
introducing the concept of anisotropy converging to a prediction point and transforming the spa-
tial neighborhood into structured directional features, the relationship between input variables
and predicted outputs is significantly strengthened. This transformation increases the expressive
power of the training dataset and enables the neural network to learn spatial dependencies that
are not accessible through raw coordinates alone.

Overall, the study highlights the decisive role of data preprocessing in neural-network-based
geochemical forecasting and shows that appropriate feature transformation is a prerequisite for
achieving reliable and informative predictions of geochemical anomalies.
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