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CONGRESS ORGANIZERS

Turkic World Mathematical Society

Ministry of Science and Higher Education of the Republic of
Kazakhstan

Akimat of Turkestan region

National Engineering Academy of the Republic of Kazakhstan

National Academy of Sciences of the Republic of Kazakhstan under the
President of the Republic of Kazakhstan

Khoja Akhmet Yassawi International Kazakh-Turkish University

Kazakhstan University of Innovative and Telecommunication Systems

Institute of Mathematics and Mathematical Modeling

Mukhtar Auezov South Kazakhstan University

Sarsen Amanzholov East Kazakhstan University

South Kazakhstan Pedagogical University

M.H. Dulati Taraz Regional University

International University of Engineering and Technology

PF Charitable Foundation «Halyk»

Korkyt Ata Kyzylorda University

Peoples’ Friendship University named after Academician A.Kuatbekov
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CHAIRMEN
Bakytzhan T. Zhumagulov, Academician of NAS RK, President of TWMS, Deputy of the

Senate of the Parliament of the Republic of Kazakhstan, Kazakhstan
Sayasat Nurbek, Minister of Science and Higher Education of the Republic of Kazakhstan,

Kazakhstan
Darkhan Satybaldy, Akim of the Turkestan region

CO–CHAIRS
Altai A. Borubayev, Academician of NAS of the Kyrgyz Republic, Director of the Institute

of Mathematics of NAS of the Kyrgyz Republic, Kyrgyzstan
Fikret A. Aliev, Academician of NAS of Azerbaijan, Director of the Institute of Applied

Mathematics of Baku State University, Editor of TWMS Journal of Pure and Applied
Mathematics, Azerbaijan
Etibar Panahov, Professor, Azerbaijan
Hilmi Hacisalihoğlu, Professor, Turkey
Muhittin Şimşek, Chairman of the Board of Trustees of Khoja Akhmet Yassawi

International Kazakh-Turkish University
Shavkat A. Ayupov, Academician of the Academy of Sciences of the Republic of Uzbekistan,

Director of the V.I. Romanovsky Institute of Mathematics of the Academy of Sciences of the
Republic of Uzbekistan, Uzbekistan
Zhanar A. Temirbekova, Rector of the Yassawi International Kazakh-Turkish University,

Kazakhstan
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Abdulla A. Azamov, Academician of the Academy of Sciences of the Republic of Uzbekistan,
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Adil Bagirov, Federation University Australia, Australia
Aidarkhan Zh. Kaltayev, Academician of NEA RK, Satpayev Kazakh National Technical

University, Kazakhstan
Ali Şökri, Professor, University of Maragheh
Allaberen Ashyralyev, Professor, Bahçeşehir University, Turkey
Amiran Gogatishvili, Chief Researcher at the Institute of Mathematics of the Czech

Academy of Sciences
Arif Salimov, Professor, Azerbaijan
Asaf Hacıyev, Academician of NAS of Azerbaijan, Azerbaijan
Askar S. Dzhumadildayev, Academician of NAS of the Republic of Kazakhstan,

Kazakhstan
Ali Abbasov, Academic of NAS of Azerbaijan, Azerbaijan
Baltabek E. Kanguzhin, Professor, Kazakhstan
Bekbolat E. Kanetov, Professor, Kyrgyzstan
Bektur S. Baizhanov, Corresponding Member of NAS of the Republic of Kazakhstan,

Kazakhstan
Bilal Bilalov, Corresponding Member of NAS of Azerbaijan, Azerbaijan
Darkhan Zh. Ahmed-Zaki, Chairman of the Science Committee of the Ministry of Science

and Higher Education of the Republic of Kazakhstan, Kazakhstan
Ekrem Savaş, Professor, rector of Usak University, Turkey
Erdal Karapınar, Professor, Taiwan
Fahrettin Göktaş, Professor, rector of Fırat University, Turkey
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Gulbadan Matieva, Corresponding Member of the National Academy of Sciences of the
Kyrgyz Republic, Kyrgyzstan
Hranislav Milošević, Professor, University of Pristina, Serbia
Iskander A. Taimanov, Academician of RAS, Sobolev Institute of Mathematics RAS, Russia
Ivan E. Egorov, Professor, Sakha Republic, Russia
Kamil Aydazade, Corresponding member of NAS of Azerbaijan, Azerbaijan
Mahmud A. Sadybekov, Corresponding Member of NAS of the Republic of Kazakhstan,

Director of the Institute of Mathematics of NAS of the Republic of Kazakhstan, Kazakhstan
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Maksat N. Kalimoldayev, Academician of NAS RK, Institute of Information and

Computational Technologies, Kazakhstan
Maktagali A. Bektemessov, Corresponding Member of NEA RK, Kazakh National

Agrarian University, Kazakhstan
Marat M. Arslanov, Academician of the Academy of Sciences of the Republic of Tatarstan,
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Mersaid Aripov, Professor, M. Ulugbek National University of Uzbekistan, Uzbekistan
Messoud Efendiev, Professor, Germany
Michael V. Ruzhansky, Professor, Ghent University, Belgium
Misir Mardanov, Corresponding Member of NAS of Azerbaijan, Director of the Institute of

Mathematics and Mechanics of NAS of Azerbaijan, Azerbaijan
Mubariz Karaev, Professor, Saudi Arabia
Mukhtarbai O. Otelbayev, Academician of NAS of Kazakhstan, Kazakhstan
Murat Tosun, Professor at Sakarya University, Turkey
Mustafa Tamer Başar, Professor at the University of Illinois, Director of the Center for

Advanced Studies, USA
Muvasharkhan T. Dzhenaliyev, Professor, Kazakhstan
Nazarbay K. Bliyev, Academician of NAS of Kazakhstan, Kazakhstan
Nazile Hajiyeva, Azerbaijan
Nurlan S. Dairbekov, Professor, Kazakhstan
Nurzhan A. Bokayev, Professor of the Gumilev Eurasian National University, Kazakhstan
Oleg Musin, Professor, USA
Pavel S. Pankov, Corresponding Member of NAS of the Kyrgyz Republic, Kyrgyzstan
Peyman Givi, Professor, University of Pittsburgh, USA
Robert I. Nigmatulin, Academician of RAS, Russia
Seid Ebadi, Professor, Iran
Semen R. Nasyrov, Corresponding Member of the Academy of Sciences of the Republic of

Tatarstan, Russia
Serdar Yüksel, Professor, Canada
Sergey I. Kabanikhin, Corresponding Member of RAS, Institute of Computational

Mathematics and Mathematical Geophysics SB RAS, Russia
Serikbay A. Aisagaliyev, Professor, Kazakhstan
Serikzhan A. Badayev, Professor, Kazakhstan
Stanislav N. Kharin, Academician of NAN RK, Kazakhstan
Tynysbek Sh. Kalmenov, Academician of NAS RK, Kazakhstan
Ualbai U. Umirbayev, Academician of NAS RK, Professor, USA
Vaqif Quliyev, Corresponding Member of NAS of Azerbaijan, Azerbaijan
Waldemar Wójcik, Professor, Lublin Technical University, Poland
Yaudat Sultanaev, Professor, Republic of Bashkortostan, Russia
Yerlan D. Nursultanov, Professor of the Gumilev Eurasian National University, Kazakhstan
Yuri I. Shokin, Academician of RAS, Federal Research Center for Information and

Computing Technologies SB RAS, Russia
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Yusif Mammadov, Academician of NAS of Azerbaijan, Azerbaijan
Ziganur Yu. Fazullin, Professor, Republic of Bashkortostan, Russia

ORGANIZING COMMITTEE

CHAIRMAN
Nurlan М. Temirbekov, Аcademician of NEA RK, corresponding member of NAS RK,

Kazakhstan
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Abdizhakhan M. Sarsenbi, Corresponding member of NEA RK, Professor of M. Auezov

South Kazakhstan University
Abdullah Özbekler, Professor, Atilim University, Turkey
Abdumauvlen S. Berdyshev, Professor, Abay Kazakh National Pedagogical University,

Kazakhstan
Abilmazhin A. Adamov, Professor, L.N. Gumilyov Eurasian National University,

Kazakhstan
Ağacık Zafer, Professor, American University of the Middle East, Kuwait
Ali Yaqubov, Professor, Azerbaijan
Alibek A. Issakhov, Professor, Corresponding Member of NEA RK, Al-Farabi Kazakh

National University, Kazakhstan
Almas N. Temirbekov, Associate Professor, Al-Farabi Kazakh National University,

Kazakhstan
Aqil Khanmammadov, Professor, Azerbaijan
Araz Aliyev, Professor, Baku State University, Azerbaijan
Araz Faradzhov, Professor, Azerbaijan
Asan B. Bayzakov, Professor, Kyrgyz-Russian Slavic University named after B.N. Yeltsin,

Kyrgyzstan
Batyrkhan Kh. Turmetov, Professor, Yassawi International Kazakh-Turkish University,

Kazakhstan
Baydaulet A. Urmashev, Al-Farabi Kazakh National University, Kazakhstan
Bayram Shahin, Professor, Ege University, Turkey
Dauren B. Zhakebayev, Corresponding Member of NEA RK, Astana IT University,

Kazakhstan
Dinara O. Tamabay, Al-Farabi Kazakh National University, Kazakhstan
Dossan R. Baigereyev, Associate Professor, Corresponding Member of NEA RK, S.

Amanzholov East Kazakhstan University, Kazakhstan
Elman Hasanoğlu, Professor, Isik University, Turkey
Erdal Bas, Professor, Firat University, Turkey
Galitdin В. Bakanov, K.A. Yassawi International Kazakh-Turkish University, Kazakhstan
Guliza O. Namazova, Associate Professor, Kyrgyzstan
Hasan Bulut, Professor, Turkey
Hitay Özbay, Professor, Turkey
İdjok Sabitov, Professor, Russia
Kanat K. Shakenov, Al-Farabi Kazakh National University, Kazakhstan
Khompysh Honatbek, Al-Farabi Kazakh National University, Kazakhstan
Mehmet Ali Gungor, Professor, Sakarya University, Turkey
Mehridad Lakestani, Professor, Iran
Mikail Et, Professor, Turkey
Mukaddes Mukuddinov, Professor, Tatarstan
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Mutallim Mutallimov, Professor, Azerbaijan
Nabi İbrahimov, Professor, Azerbaijan
Nargiz Safarova, Professor, Azerbaijan
Nizamaddin İsgandarov, Professor, Baku State University, Azerbaijan
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Qamar Mammadova, Professor, Baku State University, Azerbaijan
Ramil N. Bakhtizin, Professor, Ufa State Petroleum Technological University,
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Saltanbek T. Mukhambetzhanov, Al-Farabi Kazakh National University, Kazakhstan
Soley Ersoy, Professor, Turkey
Suleyman Üstünel, Professor, Turkey
Surkhay Akbarov, Professor, Yildiz Technical University, Turkey
Syrym Ye. Kassenov, Al-Farabi Kazakh National University, Kazakhstan
Timur S. Imankulov, Al-Farabi Kazakh National University, Kazakhstan
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Zholaman M. Bektemessov, Al-Farabi Kazakh National University, Kazakhstan
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ОРГАНИЗАТОРЫ КОНГРЕССА

Математическое общество тюркского мира

Министерство науки и высшего образования Республики Казахстан

Акимат Туркестанской области

Национальная инженерная академия Республики Казахстан

Национальная академия наук Республики Казахстан при
Президенте Республики Казахстан

Международный казахско-турецкий университет имени Ходжи
Ахмеда Ясави

Казахстанский университет инновационных и
телекоммуникационных систем

Институт математики и математического моделирования

Южно-Казахстанский университет имени Ауэзова

Восточно-Казахстанский университет имени Сарсена Аманжолова

Южно-Казахстанский педагогический университет

Таразский региональный университет имени М.Х.Дулати

Международный инженерно-технологический университет

Благотворительный Фонд «Халык»

Кызылординский университет имени Коркыт-Ата

Университет дружбы народов имени академика А. Куатбекова
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Abstract. In this article we consider the problems of estimation and studies of asymptotic
properties of relative-risk ratio estimates in the case when the data is censored and strong
mixing.
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Let X1, X2, ..., Xn be survival times with continuous marginal distribution function (d.f.)
F (t), F (0) = 0, censored from the right by nonnegative times Y1, Y2, ..., Yn with continuous
d.f. G(t), G(0) = 0, such that instead of Xi we observe the pairs (Zi, δi) , i = 1, ..., n, where
Zi = min (Xi, Yi) and δi = I(Xi ≤ Yi) with I(A) standing for indicator of event A. We assume
that survival times Xi are independent of censoring times Yi and α−mixing (or strong mixing)
with mixing parameter

α(n) = sup
k≥1

{
|P (A ∩B)− P (A) · P (B)| , A ∈ Ak1, B ∈ A∞k+n

}
→ 0, n→∞ (1)

where Aki is the σ−algebra of events generated by random variables {Xj , i ≤ j ≤ k}. Among
several mixing condition used in the literature, α−mixing has many practical applications (see,
Doukhan [5]). Under α−mixing assumption we consider some asymptotic properties for relative
– risk function (see for example [1,2], for no mixing situation).

For introducing relative-risk function we need some notation. Let H(t) be d.f. of observed
random variables Zi. Then H(t) = 1 − (1 − F (t))(1 − G(t)), t ≥ 0. Let [τH , TH ] be a support
of H, where τH = sup {t ≥ 0 : H(t) = 0} and TH = inf {t ≥ 0 : H(t) = 1}. It is easy to see

that τH = max(τF , τG) and TH = max(TF , TG). We define supdistribution functions H(m)(t) =

P (Zi ≤ t, δm = m), m = 0, 1 with H(0)(t) +H(1)(t) = H(t) for all t, where

H(0)(t) =

∫ t

0
(1− F (s))dG(s) , H(1)(t) =

∫ t

0
(1−G(s))dF (s) .

From sample data S(n) = {(Zi, δi), 1 ≤ i ≤ n}, we define empirical estimators of distributions

H(t) and H(m)(t), m = 0, 1, as

Hn(t) = 1
n

∑n
j=1 I(Zj ≤ t) ,

H
(m)
n (t) = 1

n

∑n
j=1 I(Zj ≤ t, δj = m), m = 0, 1 ,

(2)

This work was partially supported by grant no UZB-Ind-2021-97.
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respectively. The cumulative hazard functions (c.h.f.-s) corresponding to the d.f.-s F, G and H
can be expressed as follows

Λ(0)(t) =
∫ t

0
dG(s)

1−G(s) =
∫ t

0
dH(0)(s)
1−H(s) ,

Λ(1)(t) =
∫ t

0
dF (s)

1−F (s) =
∫ t

0
dH(1)(s)
1−H(s) ,

Λ(t) = Λ(0)(t) + Λ(1)(t) =
∫ t

0
dH(s)

1−H(s) .

(3)

We introduce the relative-risk functionR(t) = Λ(1)(t)Λ−1(t) and its estimatorRn(t) = Λ
(1)
n (t)Λ−1

n (t),
t ≥ 0, n = 1, 2, ..., where corresponding empirical estimators of c.h.f-ns are

Λ
(0)
n (t) =

∫ t
0
dH

(0)
n (s)

1−Hn(s) ,

Λ
(1)
n (t) =

∫ t
0
dH

(1)
n (s)

1−Hn(s) ,

Λn(t) = Λ
(0)
n (t) + Λ

(1)
n (t) =

∫ t
0

dHn(s)
1−Hn(s) .

(4)

Observe that 0 ≤ R(t), Rn(t) ≤ 1 for all t ≥ 0 and n = 1, 2, ....
2. Asymptotic results for estimator
We assume throughout that α− mixing condition (1) hold for survival data sequence. The first
statement establishes the almost sure representation result for sums of random functions with
rate.
Theorem 2.1. Let α(n) = O(n−ν) for some ν > 3. Then for τH < τ ≤ t ≤ T < TH , and
n→∞,

Rn(t)−R(t) =
1

n

n∑
i=1

Ψt(Zi, δi) + εn(t), (5)

where Ψt(x, y) = 1
Λ(t)

[
Ψ̃t(x)− R(t)

Λ(t)
˜̃
Ψt(x, y)

]
,

Ψ̃t(x) = H(min(x,t))
1−H(min(x,t)) −

I(x≤t)
1−H(x) ,˜̃

Ψt(x, y) = d(min(x, t))− I(x≤t, y=1)
1−H(x) ,

d(t) =
∫ t

0
dH(1)(s)

(1−H(s))2
, EΨt(Zi, δi) = 0,

(6)

with
sup

τH≤t<TH
|εn(t)| a.s.= O(bn),

and bn = n−1/2(log n)−λ, λ > 0 depends on ν.
The asymptotic normality of estimator Rn(t) is consents of the next theorem.
Theorem 2.2. Under conditions of theorem 2.1, as n→∞, we have

√
n (Rn(t)−R(t))

d−→ N(0, σ2(t)), (7)

where

σ2(t) = V ar {Ψt(Z1, δ1)}+ 2
∞∑
j=2

Cov ( Ψt(Z1, δ1), Ψt(Zj , δj) ) .

Theorem 2.3. Assume the conditions of theorem 2.1. Then on a rich enough probability space
there is a two – parametrical mean zero Gaussian process {N(x, y), x, y ≥ 0} such that,

sup
τ≤t≤T

∣∣√n(Rn(t)−R(t))−N(t;n)
∣∣ a.s.

= O((log n)−λ). (8)

Corollary 2.1. Under the assumption of theorem 2.3, we have

sup
τ≤t≤T

∣∣∣Λ(m)
n (t)− Λ(m)(t)

∣∣∣ a.s.
= O(an) , m = 0, 1,

where an = n−1/2(log log n)1/2.

20



3. Proofs of Theorems 2.1-2.3.
In order to prove our main theorems, we use the following results.
Lemma 3.1. (Lemma 1 in [4]). Let {Xn, n ≥ 1} be a sequence of α− mixing random
variables with mixing coefficient α(n), independent of an independent and identically distributed
sequence of random variables {Yn, n ≥ 1}, then {(Xn, Yn) , n ≥ 1} is a sequence of α−mixing
random variables with mixing coefficient 4α(n). In particular, so is {min (Xn, Yn) , n ≥ 1}.
Corollary 3.1. Under the conditions of Lemma 3.1 it follows that {Zn, n ≥ 1} and {(Zn, δn) , n ≥ 1}
are two stationary sequences of α−mixing random variables.
Lemma 3.2. (Theorem 3.2 in [3]). Let {Zn, n ≥ 1} be a stationary α−mixing sequence
of random variables with d.f. F and mixing coefficient α(n) = O(n−ν) for some ν > 3 and let
Hn(t) be the empirical d.f. (2) based on Z1, ..., Zn. Then

lim sup
n→∞

[(
n

2 log log n

)1/2

· sup
t≥0
|Hn(t)−H(t)|

]
a.s.
= 1. (9)

From (9) we also easy get following.
Corollary 3.2. Corollary 3.1 and Lemma 3.2, we have

sup
t≥0

∣∣∣H(m)
n (t)−H(m)(t)

∣∣∣ a.s.
= O(an), (10)

where an =
(

log logn
n

)1/2
.

Let’s define B(t; s) =
∑

j≤s gj(t), where gj(t) = I (Zj ≤ t)−H(t).

Lemma 3.3. (Theorem 3 in [6]). Let {Zn, n ≥ 1} be a stationary α−mixing sequence of
random variables with arbitrary d.f. H(t) and mixing coefficient α(n) = O(n−ν) for some ν > 3.
Then we can redefine empirical process on a richer probability space on which there exist a
Kiefer process { K(t; s), (t, s) ∈ R× [0,∞) } with covariance function

E
[
K(t; s) ·K(t′; s′)

]
= min(s; s′)Γ(t; t′)

and

Γ(t; t′) = Cov
(
g1(t), g1(t′)

)
+

∞∑
j=2

[
Cov

(
g1(t), gj(t

′)
)

+ Cov
(
g1(t′), gj(t

′)
)]
,

such that for some λ > 0 depending on ν and L > 0,

sup
0≤s≤L

sup
t∈R
|B(t; s)−K(t; s)| a.s.= O

(
L1/2 (logL)−λ

)
. (11)

From (11) one can get a more suitable form of an approximation.
Corollary 3.3. Under the conditions of Lemma 3.3 and Corollary 3.1, we have

sup
t≥0

∣∣∣√n (Hn(t)−H(t))− n−1/2 ·K(t;n)
∣∣∣ a.s.

= O
(

(log n)−λ
)
. (12)

Proof of Theorem 2.1. By the simple algebra we get

Λn(t) = Rn(t)−R(t) = (Rn(t)− Λ(1)(t)
Λn(t) ) + (Λ(1)(t)

Λn(t) −R(t)) = 1
Λn(t) ·

(
Λ

(1)
n (t)− Λ(1)(t)

)
+

+Λ(1)(t) ·
(

1
Λn(t) −

1
Λ(t)

)
= 1

Λn(t) ·
[(

Λ
(1)
n (t)− Λ(1)(t)

)
− R(t)

Λ(t) · (Λn(t)− Λ(t))
]
.

(13)
For Λ(t) estimator Λn(t) is consistent for all τ ≤ t ≤ T . Hence Λn(t) = Rn(t)−R(t) is asymptotic

equivalent to process Λ̃n(t) = 1
Λ(t) ·

[(
Λ

(1)
n (t)− Λ(1)(t)

)
− R(t)

Λ(t) · (Λn(t)− Λ(t))
]
. It is not difficult

to have following representations

Λ
(1)
n (t)− Λ(1)(t) =

(
H

(1)
n (t)−H(t)

)
1−H(t) +

∫ t
0

(Hn(u)−H(u))dH(1)(u)
(1−H(u))2

−

−
∫ t

0

(
H

(1)
n (u)−H(1)(u)

)
dH(u)

(1−H(u))2
+ r1n(t) + r2n(t),
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Λn(t)− Λ(t) =
(Hn(t)−H(t))

1−H(t)
+ r3n(t) + r4n(t),

where

r1n(t) =

∫ t

0

(Hn(u)−H(u))2 dH(1)(u)

(1−H(u))2 (1−Hn(u))
,

r2n(t) =

∫ t

0

[
1

1−Hn(u)
− 1

1−H(u)

]
d
(
H(1)
n (u)−H(1)(u)

)
,

r3n(t) =

∫ t

0

(Hn(u)−H(u))2 dH(u)

(1−H(u))2 (1−Hn(u))
,

r4n(t) =

∫ t

0

[
1

1−Hn(u)
− 1

1−H(u)

]
d (Hn(u)−H(u)) .

Now, by Theorem 2 in [4], we get

sup
τ≤t≤T

|r1n(t) + r2n(t)| a.s.= O(bn), (14)

and

sup
τ≤t≤T

|r3n(t) + r4n(t)| a.s.= O(bn). (15)

Finally, using that Theorem 2 in [4], one have

Λ̃n(t) = − 1

n

n∑
i=1

Ψt(Zi, δi) + εn(t), (16)

with sup
τ≤t≤T

|εn(t)| a.s.= O(bn).

Theorem 2.1 is proved.
Proof of Theorem 2.2. With probability 1

sup
τ≤t≤T

max
1≤t≤n

Ψt (Zi, δi) ≤

≤ 1
H(τ)

[
1

(1−G(min(Z(n),T )))

∫ min(Z(n),T )

0 d
(

1
1−F (s)

)
+ 1

(1−H(min(Z(n),T )))
+ 2

H(τ)(1−H(min(Z(n),T )))

]
≤

≤ C · 1
H2(τ)(1−H(T ))

,

where C is a some positive constant possible depending on d.f. H. Then by Corollary 3.1,
{Ψt (Zi, δi) , i ≥ 1} is a sequence of α−mixing bounded random variables. Now in order to
obtain the asymptotic normality (7), we just apply Theorem 18.5.4 in [8]. Thus Theorem 2.2 is
proved.
Proof of Theorem 2.3. Almost sure representation (5) playes a key role on investigating of

Λn(t) through c.h.f-ns
{

Λ
(m)
n (t)− Λ(m)(t), m = 0, 1, t ≤ T

}
. From Theorem 2.1 in [7] for each

n ≥ 1 we have

sup
τ≤t≤T

∣∣∣√n (Λ(m)
n (t)− Λ(m)(t)

)
−N(t;n)

∣∣∣ a.s.
= O

(
(log n)−λ

)
. (17)

Adding (13)-(16) and (17) we obtain (8). Theorem 2.3 is proved.
Proof of Corollary 2.1. From (3.9) in [6] for each n ≥ 1 we have

sup
t∈R
|N(t;n)| ≤ C∗ · sup

t∈R
n−1/2 · |K(t;n)| a.s.

= O (an) , (18)

where C∗ is a positive constant and {K(t; s), (t, s) ∈ R× [0,∞)} is the Kiefer process. Now
Corollary 2.1 follows from (17) and (18).
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Abstract. In this paper we present three types of parametric-nonparametric estimators for
conditional survival function in Cox proportional hazards regression model when the lifetime
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proportional hazard model with randomly right censored responses, the idea of the minimum
density power divergence estimator has been developed.
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1. Introduction and Notation

In the analysis of survival data one of widely applied regression models is the model of pro-
portional hazards of Cox (Cox,1972;1975). Today, the Cox model is the most important model
in survival analysis, reliability and quality of life research, clinical trials, epidemiology, and
biomedical studies. There have also been widely applications of the Cox model in demography,
econometrics, finance, pharmacology, biology, insurance, etc. According to this model, con-
ditional cumulative hazard function(c.h.f.) of object tested for survival rate with life time Z
satisfies to representation

Λ(x/ν) = Λ0(x) exp((βT , ν)), x ≥ 0, (1)

where the baseline c.h.f. Λ0(x) = Λ(x/0) - is assumed to be continuous,

Λ(x/ν) = lim
h↓0

P (Z ≤ x+ h/Z ≥ x, V = ν),

V = (V1..., Vp)− is the vector of covariates and β = (β1..., βp) is the vector of regression param-
eters. In model of Cox the primary goal consists in estimation of baseline survival function

1−H0(x) = exp(−Λ0(x)), x ≥ 0, (2)

corresponding an initial condition of object at V = O = (0, ..., 0), based on independent obser-
vations of vector (Z;V ). At present time there is an enormous literature on researches in this
model. In particular, at research of abovementioned problem of estimating considered the cases,
when a random variable (r.v.) Z either is observed completely, or is exposed only to censoring
on the right (Bednarski,1993; Pons,2000; Tsiatis,1981). We consider more general scheme when
Z is exposed to random censoring at the left and on the right by r.v.-s L and Y accordingly. In

This work was partially supported by grant no UZB-Ind-2021-97.

24



view of presence of censoring from the left the problem is reduced to estimation of conditional
survival function 1−Hτ0(x), where

Hτ0(x) = P (Z ≤ x/Z ≥ τ, V = O), x ≥ τ, (3)

and number τ ∈ [0;∞). Let us denote a ∧ b = min(a; b), a ∨ b = max(a; b), R̄+ = [0,∞) and for
right continuous function f jump at point x as 4f(x) = f(x)− f(x−). Let π(ν) = P (V ≤ ν) =
P (V1 ≤ ν1..., Vp ≤ νp), ν = (ν1..., νp) ∈ Rp,

H(x/ν) = P (Z ≤ x/V = ν), K(x/ν) = P (L ≤ x/V = ν),

G(x/ν) = P (Y ≤ x/V = ν), x ∈ R̄+,

- are joint distribution function(d.f.) of vector V and conditional d.f.-s of r.v.-s Z,L and Y
correspondingly. It is easy to see that according to (1) and (2) the conditional d.f. of r.v. Z is:

H(x/ν) = P (Z ≤ x/V = ν) = 1− (1−H0(x))exp ((βT ,ν)) =

= 1− exp{− exp
(
(βT , ν)

)
Λ0(x)}.

(4)

In considered model are assumed satisfied following a conditions:
(C1) Joint distribution of (Z,L, Y, V ) is such, that components of random vector (Z,L, Y )

are conditionally independent for given V.
(C2) Joint distribution of a vector (Z,L, Y, V ) is such, that for numbers τ and T, τ < T,

Λ0(T ) <∞ we have

inf
τ≤x≤T

∫
Rp

P (L ≤ x ≤ Z ∧ Y/V = ν)dπ(ν) > 0. (5)

It is easy to see that according to (1) the condition (5) is equivalent to

inf
τ≤x≤T

∫
Rp

K(x/ν) (1−G(x− /ν)) (1−H(x− /ν)) dπ(ν) > 0.

(C3) The observation is available the vector λ = (ζ, L, χ1, χ2, χ3, V ), where ζ = L ∨ (Z ∧ Y ),
χ1 = I(Z ∧ Y < L), χ2 = I(L ≤ Y < Z) and χ3 = I(L ≤ Z ≤ Y ).

Notice, that r.v. Z is observed only in case of χ3 = 1 and cosidered model includes a censoring
by a random interval (Abdushukurov, 2009, 2015).

2. Construction of Estimators and Main Results

Let S(n) = {(ζj , Lj , χ1j , χ2j , χ3j , Vj), j = 1..., n} is the independent repeated sample of ob-
servations of a vector λ. In order to constructing estimators of conditional d.f. (3) we propose
some auxiliary d.f.-s. It is easy to establish equality for conditional d.f. of r.v. ζ that

E(x/ν) = P (ζ ≤ x/V = ν) = K(x/ν) (1− (1−G(x/ν)) (1−H(x/ν))) =

= T1(x/ν) + T2(x/ν) + T3(x/ν), (6)

where conditional sub-distribution functions

T1(x/ν) =

∫
[0,x]

(1− (1−G(u− /ν)) (1−H(u/ν))) dK(u/ν) =

= P (ζ ≤ x, χ1 = 1/V = ν),
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T2(x/ν) =

∫
[0,x]

K(u/ν) (1−H(u/ν)) dG(u/ν) = P (ζ ≤ x, χ2 = 1/V = ν),

T3(x/ν) =

∫
[0,x]

K(u/ν) (1−G(u/ν)) dH(u/ν) = P (ζ ≤ x, χ3 = 1/V = ν).

Then according to (6) the d.f. of r.v. ζ is E(x) = P (ζ ≤ x) =
∫
Rp

E(x/ν)dπ(ν) = T1(x)+T2(x)+

T3(x), where

Tm(x) =

∫
Rp

Tm(x/ν)dπ(ν), m = 1, 2, 3. (7)

Let us introduce corresponding empirical estimators for E(x), Tm(x),

m = 1, 2, 3 and π(t) by sample S(n):

En(x) =
1

n

n∑
j=1

I(ζj ≤ x) =
∑

m=1,2,3

Tmn(x), x ∈ R̄+,

Tmn(x) =
1

n

n∑
j=1

I(ζj ≤ x, χmj = 1), m = 1, 2, 3; x ∈ R̄+,

πn(t) =
1

n

n∑
j=1

I(V1j ≤ t1..., Vpj ≤ tp), t ∈ Rp.

First we consider a case of one-dimensional covariates (p = 1). Let

ω(s)(u;β) =

∫
R

νs exp(βν)P (L ≤ u ≤ Z ∧ Y/V = ν)dπ(ν), s = 0, 1, 2.

It is easy to check up, that by definition of T3(x/ν) and according to (1):

T3(x/ν) =

∫
[0;x]

P (L ≤ u ≤ Z ∧ Y/V = ν)dΛ(u/ν) =

= exp(βν)

∫
[0;x]

P (L ≤ u ≤ Z ∧ Y/V = ν)dΛ0(u). (8)

Integrating equality (8) on π(ν), and then having resolved the received integrated equation
with respect to Λ0(x), we have following expression for Λτ0(x) = Λ0(x)− Λ0(τ−) :

Λτ0(x) = Λτ0(x;β) =

∫
[τ ;x]

dT3(u)

ω(0)(u;β)
. (9)

Let us enter a following, intermediate estimator for c.h.f. (9), depending on β :

Λ
(n)
τ0 (x) = Λ

(n)
τ0 (x;β) =

∫
[τ ;x]

dT3n(u)

ω
(0)
n (u;β)

. (10)

Here ω
(0)
n (u;β) an estimator for ω(0)(u;β), defined at s = 0 from the formula

ω(s)
n (u;β) =

1

n

n∑
j=1

νsj exp(βνj)I(Lj ≤ u ≤ Zj ∧ Yj), s = 0, 1, 2.
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Let us enter the truncated version of likelihood function of sample S(n):

Ln(β) =

n∏
i=1
ζi≤T


exp(βνi)

n∑
j=1

exp(βνj)I(Lj ≤ ζi ≤ Zj ∧ Yj)


χ3i

,

where T = sup{x : E(x) < 1}. Parameter β we shall estimate by solving the following log-
likelihood equation:

UTn (β) =
d logLn(β)

dβ
=

n∑
i=1

∫
[0;T ]

(
νi −

ω
(1)
n (u;β)

ω
(0)
n (u;β)

)
dNi(u) = 0, (11)

where Ni(u) = I(Li ≤ Zi ≤ Yi ∧ u)− is the counting process. Let β̂n is a solution of the
equation (11). Then a corresponding estimation for Λτ0(x) we shall receive by substitution:

Λ̂
(n)
τ0 (x) = Λ

(n)
τ0 (x; β̂n), x ≥ τ. For 1−Hτ0(x) we propose the following three types of estimators:

1− Ĥ(n)
τ0 (x;m) = ψnm(x; β̂n), m = 1, 2, 3; x ≥ τ, (12)

where

ψn1(x;β) = exp
(
−Λ

(n)
τ0 (x;β)

)
,

ψn2(x;β) =
∏

τ≤u≤x

(
1−∆Λ

(n)
τ0 (x;β)

)
, (13)

ψn3(x;β) =

[
ω
(0)
n (x;β)

ω
(0)
n (τ ;β)

]Rn(x;β)

,

and Rn(x;β) = Λ
(n)
τ0 (x;β)

(
−
∫

[τ ;x]

dω
(0)
n (u;β)

ω
(0)
n (u;β)

)−1
(assume that 0

0 = 0 and ∞∞ = 1). Note that the

estimators (12) are the analoques of exponential hazard of Breslow, product-limit of Kaplan-
Meier and relative risk power estimators of Abdushukurov (Abdushukurov,1998;1999;2011;2015).
Such three types of estimators of d.f.-s in several mixed competing risks and random censoring
models are investigated in monography (Abdushukurov,2009). The classical model of Cox de-
scribed by representation c.h.f. by formula (1) is parametrical-nonparametrical where parameter
of regression β and baseline c.h.f. Λ0 are unknown. Therefore estimation procedure is spent

in two stages: at first we construct the intermediate estimators Λ
(n)
τ0 (x;β) by formula (10) for

conditional c.h.f. Λτ0(x) at fixed β, and then solving the equation (11) we find the maximum

likelihood estimator(MLE) β̂n and by substitution MLE β̂n instead of β we obtain the final es-

timator Λ
(n)
τ0 (x; β̂n) for c.h.f.. Therefore, for research of estimators (12) for conditional baseline

survival function 1−Hτ0(x), at first we investigate properties of estimators Λ
(n)
τ0 (x;β) and β̂n.

In Theorem 1 we declare the uniform consistency of Λ
(n)
τ0 (x;β). Let us denote Ln(x) =

Ln(x;β) = Λ
(n)
τ0 (x;β)− Λτ0(x;β).

Theorem 1. In conditions (C1) - (C3) at n→∞

sup
τ≤x≤T∧ζ(n)

|Ln(x)| p−→ 0. (14)

Property of a consistency of an estimator β̂n contains in following theorem.
Theorem 2. Assume the conditions (C1) - (C3) are satisfied. Moreover let d.f. π(ν) is

absolutely continuous and
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sup
t∈B(ε0;β)

E[V exp(tV )]2 ≤ K <∞, (15)

where B(ε0;β)− is the interval of lengths 2ε0 with the center at a point β (the true value). Then

the equation (11) has a solution {β̂n, n ≥ 1} and at n→∞

β̂n → β a.s. (16)

We define information function

=(β) =

∫
[0;T ]

ω(2)(u;β)

ω(0)(u;β)
−

(
ω(1)(u;β)

ω(0)(u;β)

)2
 dT3(u),

and its intermediate estimator

=n(β) =

∫
[0;T ]

ω(2)
n (u;β)

ω
(0)
n (u;β)

−

(
ω
(1)
n (u;β)

ω
(0)
n (u;β)

)2
 dT3n(u.)

Let us introduce following condition:
(C4) Functions {ω(k)(u; t), k = 0, 1, 2} are uniform continuous functions on u ∈ [0;T ] and

t ∈ B(ε0;β), and also are bounded on [0;T ]×B(ε0;β).
Theorem 3. Assume the conditions (C1) - (C4) and (15) are satisfied. Then at n→ ∞

n
1
2 (β̂n − β)

D→ N
(

0; (=(β))−1
)
. (17)

Remark 1. It is easy to see that in conditions of the Theorem 3 as consistent estimator of
=(β) statistics =n(β̂n) can also be used.

Remark 2. Note, that the solution β̂n of equation (11) is consistent in Fisher sense, as
to those is functional UTn (β.) This property is easy established by repeating reasonings from
(Bednarski, 1993).

Now we start investigate the basic estimator Λ̂
(n)
τ0 (x) = Λ

(n)
τ0 (x; β̂n), x ≥ τ,, for c.h.f. (9). At

the same time with process Ln(x) we consider also processesL∗n(x) = Λ̂
(n)
τ0 (x) − Λτ0(x;β) and

Ln(x) = Λ̂
(n)
τ0 (x)− Λ

(n)
τ0 (x;β), x ≥ τ.

Theorem 4. In conditions of Theorem 3:

sup
τ≤x≤T∧ζ(n)

|L∗n(x)| p−−−→
n→∞

0. (18)

n
1
2L∗n(x)

D−−−→
n→∞

L0(x) in D[τ ;T ]. (19)

Here Gaussian process {L0(x), x ≥ τ} is represented on distribution as L0(x)
D
= γ1(x)−V (x;β)γ0,

where γ0 = N(0; (=(β))−1), and γ1(x)− is Gaussian process with independent increments with
Eγ1(x) = 0, and for x, y ∈ [τ ;T ] :

Eγ1(x)γ1(y) =

∫
[τ ;x∧y]

dΛ0(u)

ω(0)(u;β)
and V (x;β) =

∫
[τ ;x]

ω(1)(u;β)

ω(0)(u;β)
dΛ0(u).

Let us consider three classes of estimators defined by formulas (12) and (13) for the truncated

survival functions 1−Hτ0(x). As intermediate we shall consider estimators 1−H(n)
τ0 (x;β;m) =

Ψnm(x;β), m = 1, 2, 3 by using functionals (13). Let 1 − Hτ (x/ν0) = P (Z ≥ x/Z ≥ τ, V =
ν0), x ≥ τ, conditional truncated from the left survival function of object with lifetime Z and
fixed covariate ν0. In view of (4)
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1−Hτ (x/ν0) = (1−Hτ0(x))exp(βν0) , x ≥ τ. (20)

According to representation (20) we construct estimators for 1 − Hτ (x/ν0) by following three
types of statistics (see (12)):

1− Ĥ(n)
τm(x/ν0) =

(
Ψnm(x; β̂n)

)exp(β̂nν0)
, x ≥ τ, m = 1, 2, 3. (21)

In the following theorem is established asymptotical equivalence of three estimators (21).
Theorem 5. Assume the conditions of the Theorem 3 are hold and in case of m = 3 the

continuity of d.f.-s K(x/ν) and G(x/ν) on x ∈ [τ ;T ] is required. Then for each m = 1, 2, 3 :

I) sup
τ≤x≤T
x<ζ(n)

∣∣∣Ĥ(n)
τm(x/ν0)−Hτ (x/ν0)

∣∣∣ p−−−→
n→∞

0;

II) n
1
2

(
Ĥ

(n)
τm(x/ν0)−Hτ (x/ν0)

)
D−−−→

n→∞
χτν0(x) in D[τ ;T ].

Here χτν0(x)− is centered Gaussian process with covariance for x, y ≥ τ :

Mχτν0(x)χτν0(y) = (1−Hτ (x/ν0)) (1−Hτ (y/ν0)) Γτ (x, y/ν0),

where

Γτ (x, y/ν0) = exp(2βν0)


∫

[τ ;x∧y]

dΛ0(u)

ω(0)(u;β)
+

+ (=(β))−1

 ∫
[τ ;x]

(
ω(1)(u;β)

ω(0)(u;β)
− ν0

)
dΛ0(u)


 ∫
[τ ;y]

(
ω(1)(u;β)

ω(0)(u;β)
− ν0

)
dΛ0(u)


 .

Remark 3. Note, that limiting Gaussian process L0(x) from the Theorem 4 is same structures
as corresponding process in the case of censoring from the right (see (Tsiatis,1981)). Then
repeating calculations from the Appendix 2 in (Tsiatis,1981) it is possible to show, that r.v. γ0
and process γ1(x), x ∈ [τ ;T ] are independent.

3. Robust inference under the Parametric proportional hazard models

One of the most widely used statistical tool for analyzing survival data is the famous Cox
proportional hazard regression model, which helps us to examine the relationship of different
important covariates with a randomly right censored response measuring some lifetime. The
random right censored observations are extremely common in different practical application
including those from medical sciences. Mathematically, we can represent such randomly right
censored observations as Xi = min{Ti, Ci} for each i = 1, . . . , n, where n is the sample size,
T1, . . . , Tn are independent and identically distributed (IID) true lifetimes for the i-th entry (e.g.,
patients, item on test, etc.) and C1, . . . , Cn are n IID censoring time following a distribution
independent of that of Tis. We also know which observations are censored with data δi = I(Ti ≤
Ci) for each i = 1, . . . , n. When we additionally have p covarites corresponding to each entry as
given by ν1, . . . , νn ∈ Rp. The semi-parametric Cox regression model is then given by specifying
the hazard of the i-th entry/lifetime as

λi(t) = λ(t|νi) = λ0(t)e
βT νi , i = 1, . . . , n, (22)

where β ∈ Rp are the target parameter (called regression coefficients) indicating the covariate
effects on censored response, but baseline hazard remains unspecified as an unknown function
λ0 making the model semi-parametric.
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However, whenever there are evidences from the data about a possible parametric model for
the baseline hazard (e.g., exponential, Weibull, etc.), we can make more efficient inference by
assuming a fully parametric version of the Cox regression model in (22) which specifies the the
hazard of the i-th entry/lifetime as

λi,θ(t) = λθ(t|νi) = λ(t,γ)eβ
T νi , i = 1, . . . , n, θ = (γT ,βT )T ∈ Rq+p, (23)

where λ(t,γ) denotes the assumed parametric baseline hazard function. In such cases, which
is commonly referred to as the (fully) parametric proportional hazard (PPH) model, the infer-
ence about the unknown parameters are classically performed by the most efficient maximum
likelihood estimator and associated likelihood based tests (e.g., likelihood ratio test or Wald
test). However, modern complex datasets often contains some amount of data contamination
(e.g., outliers) that is known to severely affects the likelihood based inference leading to incor-
rect inference. So, it is extremely important to develop and use a robust inference procedures
to generate correct and stable insights even in the presence of data contamination and we will
discuss one such robust yet highly efficient methodology in the present paper.

Our robust parameter estimator is derived based on the popular approach of minimum di-
vergence method of robust inference (see, e.g., Basu et al., 2011, for details) utilizing the nice
properties of a particular divergence measure known as the density power divergence (DPD)
originally proposed by Basu et al. (1998). The DPD measure between two densities f and g are
given by

dα(g, f) =

∫
f1+α − 1 + α

α

∫
fαg +

1

α

∫
g1+α,

where α > 0 is a tuning parameter controlling the trade-offs between robustness and efficiency
of the resulting inference. In particular, as α → 0, the DPD measure coincides (in a limiting
sense) with the Kullback-Leibler divergence and hence, the resulting inference exactly the same
as the non-robust likelihood based inference. We achieve greater robustness by using the min-
imum DPD estimator (MDPDE) and associated DPD or MDPDE based tests with increasing
values of α > 0, but often a small positive value of α suffices to produce results with desired
robustness/stability along with a little loss in (asymptotic) efficiency. Please refer to Basu et
al. (1998, 2011) for more details about the minimum DPD inference.

In the context of PPH model (23) with randomly right censored responses, the idea of MDPDE
has been developed and explored by Ghosh and Basu (2019). As described there, we can
define the MDPDE of the parameters θ under the PPH model (23), based on the sample data
{Xi, δi, νi : i = 1, . . . , n}, as the minimizer of the following objective function over the whole
parameter space:

Hn,α(θ) =
1

n

n∑
i=1

[∫
f1+αi,θ −

(
1 +

1

α

)
λi,θ(Xi)

αδiSi,θ(Xi)
α

]
,

where, for each i = 1, . . . , n, we define the associated model density and survival functions
respectively as given by

fi,θ(x, δ) = [λi,θ(x)]δSi,θ(x), Si,θ(x) = exp
[
−Λγ(x)eβ

T νi
]
,

with Λγ(t) =
∫ t
0 λ(s,γ)ds denoting the cumulative baseline hazard as per model (23). That the

resulting MDPDE works well, robustly and efficiently as desired, under different practical situa-
tions is explored in detail in Ghosh and Basu (2019); they have also studied several asymptotic
properties of the MDPDE under appropriate assumptions under the PPH model set-up. Their
final results on the asymptotic consistency and normality of the MDPDE is replicated below
from Ghosh and Basu (2019).
Theorem 6. Consider the set-up of randomly right censored data as mentioned above along
with the PPH model assumption (23). Then, under suitable regularity conditions depending
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on α ≥ 0, the MDPDE θ̂n,α exists, is consistent for the ”best fitting parameter” value θgα and
asymptotically normal with

√
n
(
θ̂n,α − θgα

)
D→Np+q

(
0q+p,V α(θgα)−1Kα(θgα)V α(θgα)−1

)
,

where V α and Kα are as defined in the Supplementary Material of Ghosh and Basu (2019).
Once we know the asymptotic variance of the MDPDE from the above theorem, we can use to

to perform further inference, like hypothesis testing and model selection, for the PPH model (23)
using the robust MDPDE and a consistent estimates of its asymptotic variance matrix. These
are explored in details by Nandy et al. (2020) who have developed robust Wald-type hypothesis
testing procedures as well as a DPD based divergence information criterion for model selection
under the PPH model (23) for randomly right censored lifetimes. These proposed MDPDE and
associated inference procedures are seen to provide better accurate and stable insights in several
real data examples, as well as different practically relevant simulation studies. So, we strongly
recommend their usage in future applied researches involving randomly right censored data in
survival analyses.
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Abstract. The problem consist in estimation of conditional jointly survival function by right
random censored observations in the presence of prognostic factors. We propose two estima-
tors of conditional jointly survival function and study its large sample properties. We show
an asymptotic equivalence of estimators. We derive an almost sure representation results for
estimators. Also, present result of asymptotic normality with tending to the same limiting
Gaussian process.

Keywords: Jointly survival function; random censoring; prognostic factors; copula function;
Gaussian process.

AMS Subject Classification: 62H10, 62H12

1. Introduction

In such research areas as bio-medicine, engineering, insurance, social sciences researchers are
interested in positive variables, which are expressed as a time until a certain event. For example,
in medicine the survival time of individual, while in industrial trials, time until breakdown of a
machine are non-negative random variables (r.v.-s) of interest. But in such practical situations,
the observed data may be incomplete, that is censored. This is the case, for example, in medicine
when the event of interest-death due to a given cause and the censoring event is death due to
other cause. In industrial study, it may occur that some piece of equipment is taken away (that
is censored) because it shows some sign of future failure. Moreover, the r.v.-s of interest (life-
times, failure times) and censoring r.v.-s usually can be influenced by other variable, often called
prognostic factor(covariate). In medicine, dose of a drug and in engineering some environmental
conditions (temperature, pressure) are influenced to the observed variables. The basic problem
consist in estimation of distribution of lifetime by such censored dependent data. The aim of
paper is considering this problem in the case of right random censoring model in the presence
of prognostic factor.

2. A short introduction to the concept of copulas

Without a doubt the dependence relations between random variables plays a very important
role in many fields of mathematics and is one of the most widely studied subjects in probability
and statistics. M. Fr´echet and G. Dall’Aglio (see Nelsen, 1999) did some interesting works
about this matter in the fifties, studying the bivariate and trivariate distribution functions (d.f.-
s) with given univariate margins. The answer to this problem for the univariate margins case

This work was partially supported by grant no UZB-Ind-2021-97.
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was given by A. Sklar creating a new class of functions which he called copulas. The concept of
copulas was introduced in 1959 to study the linkage between multivariate distribution functions
and their univariate marginals. Since then, copulas have gained growing importance as a tool
for modeling statistical dependence of random variables in many fields. We begin with a short
introduction to the concept of copulas. For more details with an emphasis on the statistical and
mathematical foundations of copulas see Nelsen (1999,2006).

Definition 1. A copula C (u, v) : [0, 1]2 → [0, 1] is a bivariate distribution function with uniform
marginals.

A first example of copulas is the product copula C (u, v) = uv, which characterizes indepen-
dent r.v.-s when the d.f.-s are continuous. The importance of copulas in statistics is described
in Sklar’s Theorem.
Theorem 1. (Sklar, 1959). Let H be a joint d.f. with margins F and G. Then there exists
a copula C such that for all x, y in R,

H (x, y) = C (F (x) , G (y)) . (1)

If F and G are continuous, then C is unique; otherwise, C is uniquely determined on Ran (F )×
Ran (G) . Conversely, if C is a copula and F and G are d.f.-s, then the function H defined by
(1) is a joint d.f. with margins F and G. Thus copulas link joint d.f.-s to their one-dimensional
margins. The representation (1) suggests that if the copula C were known, then substituting
continuous marginal estimators for F and G would yield a plug-in estimate of their associated
joint d.f. H. Moreover, in light of Sklar’s result with arrive at the following functional definition
of a copula.
Definition 2. Given a bivariate d.f. H with marginals F and G, the function defined as

C (u, v) = H
(
F−1 (u) , G−1 (v)

)
,

for (u, v) ∈ [0, 1]2, where F−1 (u) and G−1 (v) are the inverse functions of F and G respectively,
is the copula corresponding to H.

In many applications, the r.v.-s of interest represent the lifetimes of individuals or objects in
some population. The probability of an individual living or surviving beyond time x is given by
the survival function S(x) = P (X > x) = 1− F (x) , where, as before, F denotes the d.f. of X.
Let C be the copula function of the bivariate distribution of (X,Y ) . We have

H̄ (x, y) = P (X > x, Y > y) = 1− F (x)−G (y) +H (x, y) =

= S (x) + S (y)− 1 + C (1− S (x) , 1− S (y)) = C∗ (S (x) , S (y)) ,

where C∗ (u, v) = u+ v − 1 + C (1− u, 1− v)-survival copula function.
Let ϕ be a continuous, strictly decreasing function from [0, 1] to [0,∞]such that ϕ (1) = 0.

Definition 3. The pseudo-inverse of ϕ is the function ϕ[−1] with Domϕ[−1] = [0,∞] and given
by

ϕ[−1] (t) =

{
ϕ−1 (t) , 0 < t < ϕ (0) ,

0, ϕ (0) ≤ t ≤ ∞.

Note that ϕ[−1] is continuous and no increasing on [0,∞], and strictly decreasing on [0, ϕ (0)].
Furthermore,

ϕ
(
ϕ[−1] (t)

)
=

{
t, 0 < t < ϕ (0) ,
0, ϕ (0) ≤ t ≤ ∞, = min (t, ϕ (0)) .

If ϕ (0) =∞, then ϕ[−1] = ϕ−1.

Definition 4. Copulas of the form C (u, v) = ϕ[−1] (ϕ (u) + ϕ (v))are called Archimedean cop-
ulas, where the function ϕ is called a generator of the copula ϕ (1) = 0.
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3. Description of the model and asymptotic properties of estimators

The problem of estimation of multivariate distribution (or survival) function from incomplete
data is considered with beginning of 1980’s (Campbell (1981), Campbell & Földes (1982), Hanley
& Parnes (1983), Horváth (1983), Tsay, Leurgang & Crowley (1986), Burke (1988), Dabrowska
(1988, 1989), Gill (1992), Huang (2000), Pradhan (2010,2019), Abdushukurov (2004, 2011, 2022)
etc.). In the special bivariate case, there are the numerous examples of paired data representing
the times to death of individuals (twins or married couples), the failure times of components
of system and others which subject to random censoring with possible dependence between the
two censoring variables. At present time there are several approaches to estimation of survival
functions of vectors of life times. However, some of these estimators either are inconsistent or
not fully defined in range of joint survival functions and hence not applicable in practice. Almost
all of these estimators have an exponential or product structures. In this work we present other
type of estimator of power structure for bivariate survival function F (t, s) of bivariate lifetime
vector, which is censored from the right by censoring vector of random variables. We prove weak
convergence and strong consistency results for estimators. The authors consider the problem
of estimation of multivariate survival functions in dependent models of random censoring using
copula functions and in the presence of prognostic factors(covariates).

Let’s consider the case when the support of prognostic factors C is the interval [0, 1] and we
consider our results on fixed design points 0 ≤ x1 ≤ x2 ≤ · · · ≤ xn ≤ 1. Thus, on a probability
space (Ω, A, P )let’s consider two sequences X = {(X1i, X2i) , i ≥ 1} and Y = {(Y1i, Y2i) , i ≥ 1}
of conditionally independent random vectors with conditional survival functions Fx (t, s) =
P (X11 > t, X21 > s/C = x) and Gx (t, s) = P (Y11 > t, Y21 > s/C = x) at given prognostic fac-
tors C = x, where x ∈ [0, 1] and (t, s) ∈ R̄+2 = [o,∞)× [o,∞). Here sequences X and Y can be
dependent. Introduce a marginal conditional survival functions

SX
1x (t) = P (X11 > t/C = x) , SX

2x (s) = P (X21 > s/C = x) ,

SY
1x (t) = P (Y11 > t/C = x) , SY

2x (s) = P (Y21 > s/C = x) , (2)

which supposed to be continuous, x ∈ [0, 1] , t, s ≥ 0. Suppose that vector X is censored from

the right by vector Y and observed data is consist on V(n) = {(Zi, δi, Ci) , i = 1, . . . , n} , where
Zi = (Z1i, Z2i) , Zki = min (Xki, Yki) , δi = (δ1i, δ2i) , δki = I (Zki = Xki) , k = 1, 2 ; i = 1, n.
Here I (A) is stands for an indicator of event A. Introduce jointly conditional survival function
of the vector (X11, X21,Y11, Y21) given C = x :

Kx (t, s, z, v) = P (X11 > t,X21 > s, Y11 > z, Y21 > v/C = x) , (t, s, z, v) ∈ R+4
.

Then we obtain representations at x ∈ [0, 1] :

Fx (t, s) = Kx (t, s, 0, 0) , Gx (t, s) = Kx (0, 0, t, s) , (t, s) ∈ R+2
, (3)

Hx (t, s) = P (Z11 > t, Z21 > s/C = x) = P (X11 > t, Y11 > t,X21 > s, Y21 > s/C = x) =

= Kx (t, s, t, s) , (t, s) ∈ R+2
. (4)

Then according to the Theorem of Sklar (see, Nelson (1999)), there exist on [0, 1]4 conditional

copula survival function Cx (u) , u = (u1, u2, u3, u4) ∈ [0, 1]4 such that we have following repre-

sentation of survival function (3) for all (t, s, z, v) ∈ R+4
as

Kx (t, s, z, v) = Cx

(
SX
1x (t) , SX

2x (s) , SY
1x (z) , SY

2x (v)
)
. (5)

Assume that at the fixed design value x ∈ [0, 1] , Cx is Archimedean copula, i.e.

Cx (u1, u2, u3, u4) = ϕ[−1] [ϕx (u1) + ϕx (u2) + ϕx (u3) + ϕx (u4)] , ū = (u1, u2, u3, u4) ∈ [0, 1]4,
(6)
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where, for each x, ϕx : [0, 1]→ [0,∞] is a known continuous, convex, strictly decreasing function

with ϕx (1) = 0, ϕ
[−1]
x is a pseudo-inverse of ϕx (see, [2]) and given by

ϕ[−1]
x (s) =

{
ϕ−1x (s), 0 ≤ s ≤ ϕx(0),
0, ϕx(0) ≤ s ≤ ∞.

We assume that copula generator function ϕx is strict, i.e. ϕx (0) =∞ and hence ϕ
[−1]

x = ϕ
−1

x .
Thus from formulas (3)-(6) one can get for a fixed x ∈ [0, 1]

Fx (t, s) = ϕ−1x

[
ϕx

(
SX
1x (t)

)
+ ϕx

(
SX
2x (s)

)]
, (t, s) ∈ R+2

,

Gx (t, s) = ϕ−1x

[
ϕx

(
SY
1x (t)

)
+ ϕx

(
SY
2x (s)

)]
, (t, s) ∈ R+2

, (7)

and

Hx (t, s) = ϕ−1x

[
ϕx

(
SX
1x (t)

)
+ ϕx

(
SX
2x (s)

)
+ ϕx

(
SY
1x (t)

)
+ ϕx

(
SY
2x (s)

)]
, (t, s) ∈ R+2

,

Since

SZ
1x (t) = P (Z11 > t/C = x) = Hx (t; 0) = P (X11 > t, Y11 > t/C = x) , t ≥ 0,

and

SZ
2x (s) = P (Z21 > s/C = x) = Hx (0, s) = P (Y11 > s, Y21 > s/C = x) , s ≥ 0,

then from last formula in (7) we obtain

SZ
1x (t) = ϕ−1x

[
ϕx

(
SX
1x (t)

)
+ ϕx

(
SY
1x (t)

)]
, t ≥ 0,

SZ
2x (s) = ϕ−1x

[
ϕx

(
SX
2x (s)

)
+ ϕx

(
SY
2x (s)

)]
, s ≥ 0. (8)

Now from (8) it follows that for fixed x ∈ [0, 1]

ϕx (Hx (t, s)) = ϕx (Fx (t, s)) + ϕx (Gx (t, s)) , (t, s) ∈ R+2
.

Note that functionals (8) admits to estimation of one dimensional survival functions SX
1x and SX

2x

correspondingly by subsamples V(n)
1 =

{
(Z1i, δ1i, Ci) , i = 1, n

}
and V(n)

2 =
{

(Z2i, δ2i, Ci) , i = 1, n
}

with V(n)
1 + V(n)

2 = V(n) and then by V(n) estimation of joint survival function Fx (t, s) using

first formula in (7). Let H
(1)
kx (t) = P (Zki ≤ t, δki = 1/Ci = x) are subdistribution functions and

Λkx(t) is crude hazard functions of r.v. Xki, k = 1, 2 subjecting to censoring by Yki for given
Ci = x. Then (see, Fleming and Harrington (1991)) we have

Λkx (dt) =
P (Xki ∈ dt, Xki ≤ Yki/Ci = x)

P (Xki ≥ t, Yki ≥ t/Ci = x)
=
H

(1)
kx (dt)

SZ
kx(t−)

, k = 1, 2. (9)

From (9) one can obtain following expressions of survival functions SX
kx :

SX
kx (t) = ϕ−1x

−
t∫

0

SZ
kx (u−)ϕ

′
x

(
SZ
kx (u)

)
dΛkx (u)

 =

= ϕ−1x

−
t∫

0

ϕ
′
x(SZ

kx (u))dH(1)
kx

(u)

 , t ≥ 0, k = 1, 2, (10)

(see, for example, Breakers and Veraverbeke (2005)). In order to constructing the estimator of

SX
kx according to representation (10), we introduce some smoothed estimators of SZ

kx and H
(1)
kx .

Similarly to Breakers and Veraverbeke (2005), we will also use the Gasser-Müller weights

wni(x, hn) =
1

qn (x, hn)

xi∫
xi−1

1

hn
π

(
x− u
hn

)
du, i = 1, ..., n,
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with

qn (x, hn) =

xn∫
0

1

hn
π

(
x− u
hn

)
du,

where x0 = 0, π is a known probability density function (kernel) and {hn, n ≥ 1} is a sequence
of positive constants, tending to zero as n → ∞, called bandwidth sequence. Let’s introduce

the weighted estimators of SZ
kx and H

(1)
kx respectively for k = 1, 2 as

SZ
kx (t) =

n∑
i=1

wni (x, hn) I (Zki > t) = 1−Hkxh(t),

Hkxh(t) =

n∑
i=1

wni (x, hn) I (Zki ≤ t, δki = 1) . (11)

SZ
kx (t) =

n∑
i=1

wni (x, hn) I (Zki > t) = 1−Hkxh(t),

Hkxh(t) =

n∑
i=1

wni (x, hn) I (Zki ≤ t, δki = 1) .

Skxh = ϕ−1x

−
t∫

0

ϕ
′
x

(
SZ
kxh (u)

)
dH(1)

kxh
(u)

 , t ≥ 0. (12)

Remark that in case of no prognostic factors, estimator (11) reduces to estimator first obtained
by Zeng and Klein (1995) for one sample case, which in case of the independent copula ϕ (y) =
− log y, reduces to a exponential hazard estimate. Now we propose second estimator from
Abdushukurov (2020), the extended analogue of relative -risk power estimator introduced in
Abdushukurov (1998, 1999) under independent censoring case for k = 1, 2 :

ŜX
kxh (t) = ϕ−1x

[
ϕx

(
ŜZ
kxh (t)

)
µkxh (t)

]
, t ≥ 0, (13)

where

µkxh (t) = ϕx

(
SX
kxh(t)

) [
ϕx

(
S̃Z
kxh(t)

)]−1
,

ϕx

(
SX
kxh(t)

)
= −

t∫
0

ϕ
′
x

(
SZ
kxh (u)

)
dH(1)

kxh
(u),

ϕx

(
ŜZ
kxh (t)

)
= −

t∫
0

n

[
ϕx

(
SZ
kxh (u)

)
− ϕx

(
SZ
kxh (u)− 1

n

)]
dH(1)

kxh
(u) ,

ϕx

(
S̃Z
kxh(t)

)
= −

t∫
0

ϕ
′
x

(
SZ
kxh (u)

)
dHkxh (u).

Using estimators (12) and (13) we can propose two corresponding estimators of the first jointly
survival function in (7):

Fxh (t, s) = ϕ−1x

[
ϕx

(
SX
1xh (t)

)
+ ϕx

(
SX
2xh (s)

)]
, (t, s) ∈ R+2

,

F̂xh (t, s) = ϕ−1x

[
ϕx

(
ŜX
1xh (t)

)
+ ϕx

(
ŜX
2xh (s)

)]
, (t, s) ∈ R+2

. (14)

In order to investigate estimators (14) we introduce some conditions. For the design point
x1, ..., xn denote

∆n = min
1≤i≤n

(xi − xi−1) , ∆̄n = max
1≤i≤n

(xi − xi−1) .
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For the kernel π, let ‖π‖22 =
∞∫
−∞

π2 (u) du, mv (π) =
∞∫
−∞

uvπ (u) du, v = 1, 2, ‖π‖∞ = sup
u∈R

π (u) .

Moreover, we use next assumptions on design points and on the kernel function:
A1) As n→∞, xn → 1, ∆n = O

(
1
n

)
, ∆̄n −∆n = o

(
1
n

)
.

A2) π is a probability density function with compact support [−M, M ] for some M > 0,
with m1 (π) = 0 and |π (u)− π (u′)| ≤ C (π) |u− u′| , where C (π) is some constant. Let
Tk = inf

{
t ≥ 0 : SZ

kx (t) = 0
}
, k = 1, 2. For our result we need some smoothness conditions

on functions Hkx(t) = P (Zki ≤ t/Ci = x) and H
(1)
kx (t) , k = 1, 2. We formulate them for a

general (sub) distribution functionNx (t), 0 ≤ x ≤ 1, t ≥ 0 and for a fixed T > 0 :

A3) ∂
∂xNx (t) = Ṅx (t) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

A4) ∂
∂tNx (t) = N ′x (t) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

A5) ∂2

∂x2Nx (t) = N̈x (t) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

A6) ∂2

∂t2
Nx (t) = N ′′x (t) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

A7) ∂2

∂x∂tNx (t) = Ṅ ′x (t) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

A8) ∂ϕx(u)
∂u = ϕ

′
x (u) and ∂2ϕx(u)

∂u2 = ϕ
′′
x (u) are Lipschitz in the x− direction with a bounded

Lipschitz constant and ∂3ϕx(u)
∂u3 = ϕ

′′′
x (u) exist and continuous in (x, t) ∈ [0, 1]× [0, T ] .

Firstly we establish the asymptotic equivalence of two estimators F̂xh (t1, t2) and Fxh (t1, t2)
proposed by formulas (14). Let’s denote ∇ = [0, T1]× [0, T2] .

Theorem 2. Assume (A1), (A2), functionsHkxh (t) andH(1)
kxh

(t) satisfy (A5)-(A7) in [0, Tk] , k =
1, 2; ϕx satisfies (A8). Then as n→∞ and x ∈ [0, 1] :

sup
(t1,t2)∈∇

∣∣∣F̂xh (t1, t2)− Fxh (t1, t2)
∣∣∣ a.s.

= O

(
1

n

)
. (15)

Proof of Theorem 2. For all (t1, t2) ∈ ∇ we have∣∣∣F̂xh (t1, t2)− Fxh (t1, t2)
∣∣∣ =

=
∣∣∣ϕ−1x

[
ϕx

(
ŜX
1xh (t1)

)
+ ϕx

(
ŜX
2xh (t2)

)]
− ϕ−1x

[
ϕx

(
SX
1xh (t1)

)
+ ϕx

(
SX
2xh (t2)

)]∣∣∣ ≤
≤
∣∣∣ϕ−1x

[
ϕx

(
ŜX
1xh (t1)

)
+ ϕx

(
ŜX
2xh (t2)

)]
− ϕ−1x

[
ϕx

(
SX
1xh (t1)

)
+ ϕx

(
ŜX
2xh (t2)

)]∣∣∣+
+
∣∣∣ϕ−1x

[
ϕx

(
SX
1xh (t1)

)
+ ϕx

(
ŜX
2xh (t2)

)]
− ϕ−1x

[
ϕx

(
SX
1xh (t1)

)
+ ϕx

(
SX
2xh (t2)

)]∣∣∣ ≤
≤ 1

ϕ′x (ξ1xh (t1))

∣∣∣ϕx

(
ŜX
1xh (t1)

)
− ϕx

(
SX
1xh (t1)

)∣∣∣+
+

1

ϕ′x (ξ2xh (t2))

∣∣∣ϕx

(
ŜX
2xh (t2)

)
− ϕx

(
SX
2xh (t2)

)∣∣∣ ≤
≤ 1

ϕ′x (ξ1xh (t1))

∣∣∣ϕx

(
ŜZ
1xh (t1)

)
µ1xh (t1)− ϕx

(
SX
1xh (t1)

)∣∣∣+
+

1

ϕ′x (ξ2xh (t2))

∣∣∣ϕx

(
ŜZ
2xh (t2)

)
µ2xh (t2)− ϕx

(
SX
2xh (t2)

)∣∣∣ ≤
≤ µ1xh (t1)

ϕ′x (ξ1xh (t1))

∣∣∣ϕx

(
ŜZ
1xh (t1)

)
− ϕx

(
S̃Z
1xh (t1)

)∣∣∣+
+

µ2xh (t2)

ϕ′x (ξ2xh (t2))

∣∣∣ϕx

(
ŜZ
2xh (t2)

)
− ϕx

(
S̃Z
2xh (t2)

)∣∣∣ , (16)
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where ξkxh (t) ∈
(

min
{
ϕx

(
ŜZ
kxh (t)

)
µkxh (t) , SX

kxh (t)
}
, max

{
ϕx

(
ŜZ
kxh (t)

)
µkxh (t) , SX

kxh (t)
})

.

But for all (x, t) ∈ [0, 1] × [0, Tk] and k = 1, 2 in (15) 0 ≤ µkxh (t) ≤ 1 and it is not difficult to
see, that

sup
0≤t≤Tk

∣∣∣ϕx

(
ŜZ
kxh (t)

)
− ϕx

(
S̃Z
kxh (t)

)∣∣∣ ≤
≤ sup

0≤t≤Tk

∣∣∣∣∣∣
Tk∫
0

∣∣∣∣n [ϕx

(
SZ
kxh (u)

)
− ϕx

(
SZ
kxh (u)− 1

n

)
− ϕ′x

(
SZ
kxh (u)

)]∣∣∣∣ dHkxh (u)

∣∣∣∣∣∣ ≤
≤ 1

2n
sup

0≤t≤Tk

∣∣∣ϕ′x (θkxh (t))
∣∣∣ a.s.= O

(
1

n

)
, (17)

where θkxh (t) ∈
(
min

{
SZ
kxh (t) , SZ

kxh (t)− 1
n

}
, max

{
SZ
kxh (t) , SZ

kxh (t)− 1
n

})
. Now from (16)

and (17) follows (15). Theorem 2 is proved.
Thus for all (t1, t2) ∈ ∇ and x ∈ [0, 1]

F̂xh (t1, t2)− Fx (t1, t2) = Fxh (t1, t2)− Fx (t1, t2) + qn (t1, t2) ,

where qn (t1, t2) = F̂xh (t1, t2) − Fxh (t1, t2) and by Theorem 2 sup
(t1,t2)∈∇

|qn (t1, t2)|
a.s.
= O

(
1
n

)
.

Hence from two estimators in (13) it is enough to investigate only estimator Fxh (t1, t2) . The
next result is on almost sure representation of estimator by sums of weighted functions with rate.
Theorem 3. Assume (A1), (A2), functionsHkxh (t) andH(1)

kxh
(t) satisfy (A5)-(A7) in [0, Tk] , k =

1, 2; ϕx satisfies (A8), hn → 0, logn
nhn
→ 0 and nh5

n
logn = O (1) . Then as n→∞,

Fxh (t1, t2)− Fx (t1, t2) =
∑
k=1,2

n∑
i=1

wni (x, hn)ψkxtk
(Zi, δi) + rn (t1, t2) ,

where for k = 1, 2

ψkxtk
(Zi, δi) =

(−1)

ϕ′x(SX
kx(tk))

 tk∫
0

ϕ
′′
x

(
SZ
kx (u)

)
(I (Zki ≤ u)−Hkx(u)) dH

(1)
kx (u)−

−ϕ′x
(
SZ
kx (tk)

) (
I (Zki ≤ t, δki = 1)−H(1)

kx (tk)
)
−

−
tk∫
0

ϕ
′′
x

(
SZ
kx (u)

) (
I (Zki ≤ u, δki = 1)−H(1)

kx (u)
)
dHkx(u)

 ,
rn (t1, t2) = r1n (t1) + r2n (t2) and

sup
0≤t≤Tk

|rk (tk)| a.s.= O

((
log n

nhn

)3/4
)
.

The weak convergence of the empirical process (nhn)1/2 (Fxh (t1, t2)− Fx (t1, t2)) , (t1, t2) ∈ ∇
in the space `∞ (∇) of uniformly bounded functions on ∇, endowed with the uniform topology
is the contests of the next theorem.
Theorem 4. Assume (A1), (A2), functions Hkx (t) and H(1)

kxh
(t) satisfy (A5)-(A7) in [0, Tk] , k =

1, 2 and ϕx satisfies (A8).

I) If nh5n → 0 and (logn)3

nhn
→ 0, then as n→∞,

(nhn)1/2 (Fxh (t1, t2)− Fx (t1, t2))⇒Wx (t1, t2) in `∞ (∇) ,
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II) If hn = Cn−1/5 for some C > 0, then as n→∞,

(nhn)1/2 (Fxh (t1, t2)− Fx (t1, t2))⇒W∗
x (t1, t2) in `∞ (∇) ,

here Wx and W∗
x are Gaussian fields with means

EWx (t1, t2) = 0, EW∗
x (t1, t2) = ax (t1, t2) ,

and same covariation structure

Cov (Wx (t1, t2) ,Wx (s1, s2)) = Cov (W∗
x (t1, t2) ,W

∗
x (s1, s2)) = Γx (t1, t2, s1, s2) ,

with

ax (t1, t2) =
−C5/2m2 (π)

2

∑
k=1,2

{
1

ϕ′x
(
SX
kx(tk)

) ·
·

tk∫
0

[
ϕ
′′
x

(
SZ
kx (u)

)
Ḧkx (u) dH

(1)
kx (u)− ϕ′x

(
SZ
kx (u)

)
dH

(1)
kx (u)

] ,

and

Γx (t1, t2, s1, s2) =
∑
k=1,2

‖π‖22
ϕ′x
(
SX
kx (tk)

)
ϕ′x
(
SX
kx (sk)

)


min(tk,sk)∫
0

(
ϕ
′
x

(
SZ
kx (z)

))2
dH

(1)
kx (z)+

+

min(tk,sk)∫
0

[
ϕ
′′
x

(
SZ
kx (w)

)
SZ
kx (w) + ϕ

′
x

(
SZ
kx (w)

)]
·

w∫
0

ϕ
′′
x

(
SZ
kx (y)

)
dH

(1)
kx (y)dH

(1)
kx (w)+

+

min(tk,sk)∫
0

ϕ
′′
x

(
SZ
kx (w)

) max(tk,sk)∫
w

(
ϕ
′′
x

(
SZ
kx (y)

)
SZ
kx (y) + ϕ

′
x

(
SZ
kx (y)

))
dH

(1)
kx (y)dH

(1)
kx (w)−

−
tk∫
0

[
ϕ
′′
x

(
SZ
kx (y)

)
SZ
kx (y) + ϕ

′
x

(
SZ
kx (y)

)]
dH

(1)
kx (y)·

·
sk∫
0

[
ϕ
′′
x

(
SZ
kx (w)

)
SZ
kx (w) + ϕ

′
x

(
SZ
kx (w)

)]
dH

(1)
kx (w)

 .

In order to proving the theorem 3 and 4 we need some auxiliary results for weighted empiricals

Hkxh(t) and H
(1)
kxh(t). The next Lemma 1 (Lemma A4 from [29]) about the rates of strong uniform

consistency of weighted empiricals is formulated only for Hkxh(t), it still true also for H
(1)
kxh(t)

and proved exactly with the same way.
Lemma 1. [29] (I) Assume (A1), (A2), functions Hkx (t) satisfy (A3), hn → 0, nhn →∞ and
nh3

n
logn = O (1) . Then as n→∞,

sup
0≤t≤Tk

|Hkxh(t)−Hkx(t)| a.s.= O

((
log n

nhn

)1/2
)
, k = 1, 2.

(II) Assume (A1), (A2), functions Hkx (t) satisfy (A3),(A5), hn → 0, and nh5
n

logn = O (1) . Then
as n→∞,

sup
0≤t≤Tk

|Hkxh(t)−Hkx(t)| a.s.= O

((
log n

nhn

)1/2
)
, k = 1, 2.
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The next lemma 2 (Lemma 2 in [17]) provides the convergence rate of Theorem 3.
Lemma 2. [17] Under the conditions of theorem 3, as n→∞,

sup
0≤t≤Tk

∣∣∣∣∣∣−
t∫

0

[
ϕ
′
x

(
SZ
kxh (u)

)
− ϕ′x

(
SZ
kx (u)

)]
d
(
H

(1)
kx (u)−H(1)

kx (u)
)∣∣∣∣∣∣ a.s.= O

((
log n

nhn

)3/4
)
, k = 1, 2.

Finally, in this paper we considered a nonparametric estimation of conditional jointly survival
function under dependent right random censoring situation. We introduced two new estimators.
Some basic asymptotic properties of estimators have been investigated: asymptotic equiva-
lence of two estimators almost surely with rate tending to zero, approximation of estimators by
weighted sum of random functions and weak convergence to Gaussian fields.
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1. Introduction

In Competing 6 → Risks Model (CRM) it is interesting to investigate the random variable

(r.v.) X with values in measurable space (X ,B) and events (A(1), ..., A(k)) forming the complete
group, where k is fixed. In practice r.v. X obvious means survival or a reliability time of some
testing object (individual or physical system) exposing to k competing risks and getting out

of work in case one of events (A(1), ..., A(k)). In suck case pair {(X,A(i)), i = 1, ..., k} define
the time and reason the object getting out of work (see more about CRM on [3, 4]). While

repeat the experiment where the aggregate (X,A(1), ..., A(k)) is observed under homogeneous

conditions we took the sequence of copies {(Xm, A
(1)
m , ..., A

(k)
m ),m ≥ 1}. Let δ

(i)
m = I(A

(i)
m ) is

indicator of event A
(i)
m . Every vector ζm = (Xm, A

(1)
m , ..., A

(k)
m ) induces statistical model with

sample space Y = X × {0, 1}(k) = X × {0, 1} × ... ×X × {0, 1} and σ-algebra E of the sets
such as B×D1× ...×Dk, where B ∈ B and Di ∈ {0, 1}, i = 1, k. We suppose that distribution
of vector ζm on (Y ,E ) depends on unknown parameter θ = (θ1, ..., θs) ∈ Θ:

Q∗θ(B ×D1 × ...×Dk) = Pθ(Xm ∈ B, δ(1)
m ∈ D1, ..., δ

(k)
m ∈ Dk), (1)

where Θ is an open set in R(s). Let distribution (1) is absolutely continuous with respect to finite

measure ν(x) = µ(x) × ε1 × ... × εk, where µ is Lebesque measure on R(1) and εi are counting

measures, concentrated at points y(i) ∈ {0, 1}, i = 1, ..., k. Further we consider such statistical

scheme, where aggregate {(Xm, A
(1)
m , ..., A

(k)
m ) is nonobservable inside of some interval [Y1m, Y2m],

where D
(0)
m = {ω : Y1m(ω) ≤ Xm(ω) ≤ Y2m(ω)} and D

(i)
m = A

(i)
m
⋂

({ω : Xm(ω) < Y1m(ω)}
⋃
{ω :

Xm(ω) > Y2m(ω)}), i = 0, 1, ..., k. Let ∆
(i)
m = I(D

(i)
m ), i = 0, 1, ..., k and wm = ε1m + ε2m,

where ε1m = I(Xm < Y1m) and ε2m = I(Xm > Y2m).It is obriously, that ∆
(0)
m = 1 − wm and

∆
(i)
m = wmδ

(i)
m . In CRM we interested in properties of pairs {(Xm, A

(i)
m ), i = 1, ..., k},m ≥ 1 and
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consequently consider the subdistributions

Qiθ(B) = Q∗θ(B × {0} × ...× {0} × {1} × {0} × ...× {0}), i = 1, ..., k, (2)

produced from (1) when Di = {1} and Dl = {0}, i 6= l, l = 1, ..., k. Let Qθ(B) =
k∑
i=1

Qiθ(B). By

h(i) and h define the densities of subdistributions Qiθ(B) and Qi(B):

Qiθ(B) =

∫
B

h(i)(x; θ)µ(dx), i = 1, ..., k,

Qθ(B) =

∫
B

h(x; θ)µ(dx) = Q1θ(B) + ...+Qkθ(B),

(3)

where h = h(1) + ... + h(k). For B = (−∞, x] we put Qiθ((−∞, x]) = H i(x; θ), i = 1, k, and
Qθ((−∞, x]) = H(x; θ). Later, we define the cumulative hazard functions (c.h.f.-s.) of the pairs

(Xm, A
(i)
m ) :

Λ(i)(x; θ) =

∫
(−∞,x]

lim∆↓0Pθ(t < Xm < t+ ∆, A(i)/Xm > t)µ(dt) =

=

∫
(−∞,x]

dH(i)(t; θ)

1−H(t; θ)
, i = 1, ..., k;x ∈ R(1).

(4)

Then c.h.f corresponding the r.v. Xm is Λ(x; θ) =
k∑
i=1

Λ(i)(x; θ). In CRM exponentional hazards

functionals F (i)(x; θ) = 1 − exp{Λ(i)(x; θ)}, i = 1, ..., k, which describe the distribution of the

pairs (Xm, A
(i)
m ) of the i-th risk. In light of equality Λ(x; θ) = −log(1 − H(x; θ)), we have

representation

1−H(x; θ) = Pθ(Xm > t) =
k∏
i=1

(1− F (i)(x; θ)). (5)

Let define density f (i)(x; θ) =
∂

∂θ
F (i)(x; θ), i = 1, k. Then the hazard rate density for i-risk is

f (i)(1−F (i)) and they by formulas (3)–(5) for every (x; θ) ∈ R(1)×Θ and i = 1, .., k admits the
representation:

f (i)(x; θ)

1− F (i)(x; θ)
=

h(i)(x; θ)

1−H(i)(x; θ)
,

or equivalently

h(i)(x; θ) = f (i)(x; θ)
∏
j=1
j 6=i

(1− F (j)(x; θ)). (6)

Let for n-th stage of experiments to observation is available the sample Z(n) = (Z1, ...,Zn), where

Zm = WmXm + (1 −Wm)[Y1m, Y2m], that is every observation Zm in sample Z(n) is r.v. X(m)

(when Wm = 1) or an interval [Y1m, Y2m] (when Wm = 0). Let Pn(Z(n); θ) =
∏n
m=1 Pm(Z(n); θ)

is density function of data Z(n), then we have following truncated likelihood function of sample
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Z(n), without including musance joint distribution G(u, v). Then we have

Pn(Z(n); θ) =
n∏

m=1


 k∏
i=1

[
f (i)(Xm; θ)

∏
j=1
j 6=i

(1− F (j)(Xm; θ))


δ
(i)
m

Wm

×

× [H(Y2m; θ)−H(Y1m; θ)]1−Wm

}
=

=

n∏
m=1


[
k∏
i=1

[
h(i)(Xm; θ)

]δ(i)m

]Wm

[H(Y2m; θ)−H(Y1m; θ)]1−Wm

 .

(7)

2. Main results

Let N (i) = {x : h(i)(x; θ) > 0} and N =
∏k
i=1N

(i) are support sets of densities.

(C1) The support {N (i), i = 1, k} are independent from θ and N 6= ∅;

(C2) There exists the derivatives
∂lh(i)(x; θ)

∂θlj
, l = 1, 2; i = 1, ..., k; j = 1, ..., s, for all θ ∈ Θ;

(C3)
∫ +∞
−∞

∣∣∣∣∣∂lh(i)(x; θ)

∂θlj

∣∣∣∣∣µ(dx) <∞, l = 1, 2; i = 1, ..., k; j = 1, ..., s, for all θ ∈ Θ;

(C4) There are finite integrals I
(i)
lj (θ) = Eθ

[
∂

∂θl
logh(i)(Xm; θ)

∂

∂θj
logh(i)(Xm; θ)

]
for all l, j =

1, ..., s, i = 1, ..., k and θ ∈ Θ;

(C5) The finite matrix IX(θ) = ‖IXj (θ)‖l,j=1,s = ‖
∑k

i=1 I
(i)
lj (θ)‖l,j=1,s =

∑k
i=1 I

(i)(θ) is positive

define for all θ ∈ Θ.

It is clear that I(i)(θ) is Fisher informational matrix according to pair (Xm, δ
(i)
m ) for a fixed

m and IX(θ) is same for r.v. Xm.
Let

Sn(Z(n); θ) =
∂logPn(Z(n); θ)

∂θ
=

n∑
m=1

lθ(Xm, Y1m, Y2m,Wm)

where lθ(x, u, v, w) = w
∑k

i=1 δ
(i)∂logh

(i)(x; θ)

∂θ
+ (1− w)

∂log(h(u; θ)− h(v; θ))

∂θ
, for v ≤ u.

Theorem 1. Suppose the conditions (C1) - (C4). Then information matrix is defined as

J(θ) =

+∞∫
−∞


∞∫
y1

 k∑
i=1

 y1∫
−∞

(
∂logh(i)(x; θ)

∂θ

)(
∂logh(i)(x; θ)

∂θ

)TPθ(x; θ)dH(x; θ)

+

+

 ∞∫
y2

(
∂logh(i)(x; θ)

∂θ

)(
∂logh(i)(x; θ)

∂θ

)T
Pθ(x; θ)dH(x; θ)

+

+

∞∫
y1

(
∂log(H(u; θ)−H(v; θ))

∂θ

)(
∂log(H(u; θ)−H(v; θ))

∂θ

)T
×

×(H(u; θ)−H(v; θ))} dG(y1, y2).
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Proof of Theorem 1. Under the condition of theorem for all θ ∈ Θ by using of conditional
expectation formulas, we obtain

Eθlθ(Xm, Y1m, Y2m,Wm) =

= Eθ

[
Wm

k∑
i=1

δ(i)
m

∂logh(i)(Xm; θ)

∂θ

]
+

+ Eθ

[
(1−Wm) · ∂log(H(Y2m; θ)−H(Y1m; θ))

∂θ

]
=

= Eθ

{
k∑
i=1

[
Eθ

[
δ(i)
m ·

∂logh(i)(Xm; θ)

∂θ
· I(Xm < Y1m/Y1m)

]
I(Y1m < Y2m)

]
+

+ Eθ

[
δ(i)
m ·

∂logh(i)(Xm; θ)

∂θ
· I(Xm > Y2m/Y2m)

]
I(Y1m ≤ Y2m)}+

+Eθ{Eθ
[
∂log(H(Y2m; θ)−H(Y1m; θ))

∂θ
· I(Y1m < Xm < Y2m)/(Y1m, Y2m)

]
I(Y1m ≤ Y2m)

}
=

=

+∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂logh(i)(x; θ)

∂θ
dH(i)(x; θ) +

∞∫
y2

∂logh(i)(x; θ)

∂θ
dH(i)(x; θ)

 dG(y1, y2)+

+ Eθ

{
∂log(H(y2; θ)−H(y1; θ))

∂θ
· (H(y2; θ)−H(y1; θ)) I(Y1m ≤ Y2m)

}
=

=

+∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂h(i)(x; θ)

∂θ
µ(dx) +

∞∫
y2

∂h(i)(x; θ)

∂θ
µ(dx)

 dG(y1, y2)+

+

+∞∫
−∞

∞∫
y1

∂

∂θ
(H(y2; θ)−H(y1; θ))dG(y1, y2) =

=

+∞∫
−∞

∞∫
y1

[
− ∂

∂θ
(H(y2; θ)−H(y1; θ)) +

∂

∂θ
(H(y2; θ)−H(y1; θ))

]
dG(y1, y2) = 0.

(8)

Hence for all θ ∈ Θ,

Eθlθ(Xm, Y1m, Y2m,Wm) = 0, (9)

that is expectation of score function is zero.
Consequently for all θ ∈ Θ, V arθlθ(Xm, Y1m, Y2m,Wm) = Eθl

2
θ(Xm, Y1m, Y2m,Wm) = ‖Eθlθj ·

lθl‖sj,l=1, where

Eθlθj(Xm, Y1m, Y2m,Wm)lθl(Xm, Y1m, Y2m,Wm) =

= Eθ

[
Wm

k∑
i=1

∂logh(i)(Xm; θ)

∂θj
· ∂logh

(i)(Xm; θ)

∂θl

]
+

+ Eθ

[
(1−Wm)

∂(H(Y2m; θ)−H(Y1m; θ))

∂θj
· ∂(H(Y2m; θ)−H(Y1m; θ))

∂θl

]
=

= J
(1)
jl (θ) + J

(2)
jl (θ),
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where for all θ ∈ Θ and j, l = 1, ..., s

|J (1)
jl (θ)| ≤

≤ 2

k∑
i=1

∞∫
−∞

∣∣∣∣∣∂logh(i)(x; θ)

∂θj

∣∣∣∣∣ ·
∣∣∣∣∣∂logh(i)(x; θ)

∂θl

∣∣∣∣∣ dH(i)(x; θ) ≤

≤ 2
k∑
i=1

 ∞∫
−∞

(
∂logh(i)(x; θ)

∂θj

)2

dH(i)(x; θ)

 1
2

×

×

 ∞∫
−∞

(
∂logh(i)(x; θ)

∂θl

)2

dH(i)(x; θ)

 1
2

=

= 2

k∑
i=1

[
I

(i)
jj (θ)I

(i)
ll (θ)

] 1
2
<∞,

(10)

where we used finiteness of elements of matrix from condition (C5) and inequality of Cauchy-

Bunyakovsky. Similarly, we estimate J
(2)
jl (θ) for all θ ∈ Θ and j, l = 1, ..., s :

|J (2)
jl (θ)| ≤

≤
∞∫
−∞

∞∫
y1

∣∣∣∣∣∣
y2∫
y1

∂h(x; θ)

∂θj
µ(dx)

∣∣∣∣∣∣ ·
∣∣∣∣∣∣
y2∫
y1

∂h(x; θ)

∂θl
µ(dx)

∣∣∣∣∣∣ dG(y1; y2)

(H(y2; θ)−H(y1; θ))
=

=

∞∫
−∞

∞∫
y1

 y2∫
y1

(
∂logh(x; θ)

∂θj

√
h(x; θ)

)√
h(x; θ)µ(dx)

×
×

 y2∫
y1

(
∂logh(x; θ)

∂θl

√
h(x; θ)

)√
h(x; θ)µ(dx)

 dG(y1; y2)

(H(y2; θ)−H(y1; θ))
=

=

∞∫
−∞

∞∫
y1

 y2∫
y1

(
∂logh(x; θ)

∂θj

)2

dH(x; θ)

 1
2

·
y2∫
y1

h(x; θ)µ(dx)×

×

 y2∫
y1

(
∂logh(x; θ)

∂θl

)2

dH(x; θ)

 1
2

· dG(y1; y2)

(H(y2; θ)−H(y1; θ))
≤

≤
[
IXjj (θ) · IXll (θ)

] 1
2 <∞.
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Now (9)–(11) imly the existence of Ijl(θ). Hence we by using of conditional expectation
formulas as in (8), we have the chain of equalities

Eθ

[
∂2lθ(Xm, Y1m, Y2m,Wm)

∂θj∂θl

]
=

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂2logh(i)(x; θ)

∂θj∂θl
dH(i)(x; θ)+

+

∞∫
y2

∂2logh(i)(x; θ)

∂θj∂θl
dH(i)(x; θ)

 dG(y1, y2)+

+

∞∫
−∞

∞∫
y1

∂2log(H(y2; θ)−H(y1; θ))

∂θj∂θl
(H(y2; θ)−H(y1; θ))dG(y1, y2) =

=

∞∫
−∞

∞∫
y1

k∑
i=1


y1∫
−∞

[
∂2h(i)(x; θ)

∂θj∂θl
h(i)(x; θ) +

∂h(i)(x; θ)

∂θl

∂h(i)(x; θ)

∂θj

]
µ(dx)

h(i)(x; θ)
+

+

∞∫
y2

[
∂2h(i)(x; θ)

∂θj∂θl
h(i)(x; θ)− ∂h(i)(x; θ)

∂θl
· ∂h

(i)(x; θ)

∂θj

]
µ(dx)

h(i)(x; θ)

 dG(y1, y2)+

+

∞∫
−∞

∞∫
y1

[
∂2(H(y2; θ)−H(y1; θ))

∂θj∂θl
(H(y2; θ)−H(y1; θ))−

−∂(H(y2; θ)−H(y1; θ))

∂θj

∂(H(y2; θ)−H(y1; θ))

∂θl

]
· dG(y1, y2)

(H(y2; θ)−H(y1; θ))
=

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂2h(i)(x; θ)

∂θl∂θj
µ(dx) +

∞∫
y2

∂2h(i)(x; θ)

∂θl∂θj
µ(dx)

 dG(y1, y2)+

+

∞∫
−∞

∞∫
y1

∂2(H(y2; θ)−H(y1; θ))

∂θl∂θj
dG(y1, y2)− Jlj(θ) =

=

∞∫
−∞

∞∫
y1

[
−∂

2(H(y2; θ)−H(y1; θ))

∂θl∂θj
+
∂2(H(y2; θ)−H(y1; θ))

∂θl∂θj

]
dG(y1, y2)−

− Jlj(θ) = −Jlj(θ).

(11)

We denote regression of Xm on δ
(i)
m = 1:

P (t; θ) = Pθ(δ
(i)
m = 1/Xm = t) =

= Eθ[δ
(i)
m /Xm = t] =

=
Pθ(δ

(i)
m = 1/Xm = t)

Pθ(Xm = t)
=

=
dH(i)(t; θ)

dH(t; θ)
.
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Then dH(i)(t; θ) = P (t; θ)dH(t; θ) and element of information matrix can be rewrite as

Jlj(θ) =

∞∫
−∞


∞∫
y1

[
k∑
i=1

 y1∫
−∞

∂logh(i)(x; θ)

∂θl
· ∂logh

(i)(x; θ)

∂θj
+

+

∞∫
y2

∂logh(i)(x; θ)

∂θl
· ∂logh

(i)(x; θ)

∂θj
)p(x; θ)dH(x; θ)

+

+

∞∫
y2

∂log(H(y2; θ)−H(y1; θ))

∂θl
· ∂log(H(y2; θ)−H(y1; θ))

∂θj
×

×(H(y2; θ)−H(y1; θ))} dG(y1, y2)

(12)

which proves the theorem.
Thus, considered model includes random censoring from one side (from left or/and right) and

from both sides.
We can introduce an measure of efficiency of estimators by quadratical loss functions with

respect to Cramer-Rao lower bound for unbiased estimators. For simplicity of corresponding

formulas we consider later only scalar parameters. Let is θ̂n is estimator of θ, not necessary
unbiased. We took quadratical loss function

L(θ̂n, θ) = ν(θ)(θ̂n − θ)2, 0 < ν(θ) <∞.
Then the corresponding risks function is

R(θ̂n, θ) = ν(θ)Eθ{(θ̂n − θ)} = ν(θ)[V arθ{θn}+B2
n(θ)],

where Bn(θ) = Eθ{θ̂n}− θ is biased of estimator θ̂n at point θ. In order to measure of efficiency

of estimator θ̂n it is necessary to obtain of lower bound for risk function R(θ̂n, θ). Then efficiency

of estimator θ̂n one can represent as a function of θ, that is as a relative efficiency

releff(θ̂n; θ) =
(g′(θ))2

In(θ)R(θ̂n; θ)
, θ ∈ Θ,

where g(θ) = θ + Bn(θ) and In(θ) = nJ(θ) is Fisher information function of sample and J(θ)

corresponding function of one observation ζm = (Xm, δ
(1)
m , ..., δ

(k)
m ). If Bn(θ)→ 0 as n→∞ and

θ̂n is quadratic consistent estimator of θ:

lim
n→∞

Eθ{(θ̂n − θ)2} = 0,

then

releff(θ̂n; θ) =
1

In(θ)Eθ{(θ̂n − θ)2}
.

For efficiency problems for simple right censoring and CRM we recommend our papers [1], [5].
Now we turn to the effectiveness of sequential estimation. Let the expression of the likelihood

function Pn(Z(n); θ) corresponding to the statistical sample introduced above Z(n) = (Z1, ..., Zn)
be determined by the following formula (7):

Pn(Z(n); θ) =
n∏

m=1


[
k∏
i=1

[
h(i)(Xm; θ)

]δ(i)m

]Wm

[H(Y2m; θ)−H(Y1m; θ)]1−Wm

,
where, for simplicity, the parametric space is Θ ⊆ R1, i.e. s = 1. We denote the σ-algebra
generated by random variables Z1, ..., Zn by Fn. Denote the stopping time relative to the
{Fn, n > 1}-irreducible flow by ν, i.e. Z1, ..., Zn are observed until they fall into a certain set

X̃n and the experiment stops at some step ν = n.
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Where Xn ∈ Fn and

X̃n =

{
X1, n = 1,

X1 ∩ X2 ∩ ... ∩ Xn ∩ Xn, n = 2.

So, for the stopping time ν, relations ν > 1, Pθ (ν <∞) = 1 and Eθv <∞ are fulfilled.
The following Wald assertion is valid for the stopping time v.
Lemma. (Wald’s identity). Let Y1, Y2, ...be independent identically distributed random vari-

ables E |Y1| <∞ and v be the stopping time relative to flow {Fn, n > 1}. Then

E

(
v∑

m=1

Ym

)
= EY1 · Ev. (13)

If EY 2
1 <∞, then

E

[
v∑

m=1

Ym − v · EY1

]2

= DY1 · Ev. (14)

We use this Wald lemma to prove the assertion that the Cramer-Rao inequality holds for
successive estimates. Denote the parameter function θ by g(θ) and its unbiased estimate by
ĝn(Zn).

Theorem 2. Let Z1,Z2, ... be a sequence of independent identically distributed observations
and Pn(Z(n); θ) be the corresponding likelihood function. The regularity conditions (C1)-(C5)
are met for these density functions. Let {Xn, n = 1, 2, ...} be a sequence of stopping fields of
sequential estimation. g(θ) is differentiable in Θ and its unbiased estimate ĝn(Zn) satisfies the
following conditions:

(C6) ∫ ∣∣∣∣ĝn(Z(n))
∂

∂θ
Pn

(
Z(n); θ

)∣∣∣∣µ(n)(dZ(n)) <∞,

for all θ and n = 1, 2, ...;

(C7)
∞∑
n=1

dgn(θ)

dθ
is the series uniformly convergent to Θ, where

gn(θ) =

∫
X̃n

ĝn(Z(n))
∂

∂θ
Pn

(
Z(n); θ

)
µ(n)(dZ(n)).

Then Eθv <∞ and for all θ

Dθĝn(Z1,Z2, ...) >
(g′(θ))2

J(θ)Eθv
. (15)

Proof of Theorem 2. We denote the sample size corresponding to the sequential estimation
process by v. According to the proof of Theorem 1 from conditions (C1)-(C4), we obtain:

EθS(Z(n); θ) = 0

and

J(θ) = EθS
2(Z(n); θ) <∞.

Hence, according to relations (13) and Eθv <∞

Eθ

{
v∑

m=1

lθ (Xm, Y1m, Y2m,Wm)

}
= 0

for all θ ∈ Θ. Similarly, according to (14),

49



Eθ


[

v∑
m=1

lθ (Xm, Y1m, Y2m,Wm)

]2
 = J(θ) · Eθv (16)

for all θ ∈ Θ.
Now, based on the Cauchy-Buniakovsky inequality, we write the following inequality for all

θ ∈ Θ: ∣∣∣∣∣Covθ
{

v∑
m=1

lθ (Xm, Y1m, Y2m,Wm), ĝv (Z1, ...,Zv)

}∣∣∣∣∣ ≤
≤ Eθ


[

v∑
m=1

lθ (Xm, Y1m, Y2m,Wm)

]2

· Eθ
{

(ĝv (Z1, ...,Zv)− g(θ))2
}

1/2

.

(17)

(17) on the right-hand side of the inequality under the square root, based on (16) the vari-
ance of estimates J(θ)Eθv and ĝv with sequential estimation, and on the left-hand side of this
inequality under conditions (C6) and (C7), as a result of differentiation under the integral sign,
the following expression holds:

Eθ

{
v∑

m=1

lθ (Xm, Y1m, Y2m,Wm), ĝv (Z1, ...,Zv)

}
=

=
∞∑
n=1

∫
X̃n

ĝn

(
Z(n)

) n∑
m=1

lθ (Xm, Y1m, Y2m,Wm)Pn

(
Z(n); θ

)
µ(n)(dZ(n)) =

=
∞∑
n=1

∫
X̃n

ĝn

(
Z(n)

)( ∂

∂θ
Pn

(
Z(n); θ

))
µ(n)(dZ(n)) =

=
∂

∂θ

∞∑
n=1

∫
X̃n

ĝn

(
Z(n)

)
Pn

(
Z(n); θ

)
µ(n)(dZ(n)) = g′(θ).

(18)

If we square both sides of inequality (18) and substitute (17) into the left-hand side of in-
equality, we obtain inequality (15). This completes the proof of the theorem.

In sequential evaluation, the following criteria are generally used:

(a) In condition Eθv 6 m (m is any given number), the variance Eθ

{
[ĝv − g(θ)]2

}
is mini-

mized over all θ of unbiased estimate ĝv;

(b) The average volume Eθv for all θ is minimized under condition Eθ

{
[ĝv − g(θ)]2

}
6 C <∞

(Cis the fixed number);

(c) Sum CEθv + Eθ

{
[ĝv − g(θ)]2

}
is minimized over θ.

References

[1] Abdushukurov A.A., Kim L.V. Lower Cramer-Rao and Bhattacharya bounds for randomly censored data. J.
Soviet. Math., 1987. v.38, N.5. p. 2171 - 2185.

[2] Prakasa Rao, B.L.S. Remarks on Cramer-Rao type integlas inequalities for randomly censored data. In
Analysis of Censored Data. Lecture Notes-Monograph Series. 1995. N. 27. p. 163-175.

[3] Prakasa Rao, B.L.S. Improved Cramer-Rao inequality revisited for randomly censored data. JIRSS. 2018. v.
17. N. 02. p. 1-12.

[4] Prakasa Rao, B.L.S. Cramer-Rao inequality revisited for randomly censored data. Proceedings of scientific–
applied conf. STATISTICS and its application -V. 17-19 oktober, 2019. Tashkent. p. 19-28.

50



[5] Abdushukurov A. A., Erisbaev S. A. Fisher information and Cramer–Rao type inequalities for competting
risks model. Bulletin of Instituts of Mathematics of Uzb., 2021. v. 4. N. 5. p. 50-58.

51
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Abstract. Let two sequences of probability distributions be given. These sequences are con-
sidered asymptotically close if the sequence composed of the difference of the corresponding
distributions in a certain sense tends to zero. The study of the asymptotic proximity of two
probability distributions is a more general problem compared to problems of weak convergence
of sequences of probability distributions. Firstly, the limit of sequences of differences in proba-
bility distributions can also exist in the case when both given sequences of probability measures
do not have weak limits. Secondly, one can easily make sure that the limit relation of weak
convergence of sequences to the limit distribution is a special case of asymptotic proximity of
sequences to the limit distribution, when one of the sequences is stationary, consisting of one
limit distribution. Taking advantage of this, a non-classical version of the Lindeberg theorem is
proved in the triangular array scheme of random variables.

Keywords: distribution function, characteristic function, the proper or weak convergence, the
continuity (convergence) theorem, accompanying distributions, the Lindeberg theorem.

AMS Subject Classification: 60F05

1. Introduction. The tightness property of sequences of distributions

The basic concepts of the summation theory of independent random variables (r.v.’s) are given
in the monographs [1, Chapter 1, §2, §3, pp.11–16] and [2, Chapter IX, §1, §2, §3, pp. 367–387].
In [3], the problems of Gaussian approximation of the distribution of sums of independent iden-
tically distributed r.v.’s are considered. In [4, Chapter 8, §2, pp. 157–164], [5, Chapter III, §4,
pp. 457–463], and [6, Part II, Chaters 5, 18, pp. 301–318], the Lindeberg and Rotar numerical
characteristics are given, which are used in the proofs of various versions of the Central Limit
Theorem. In [7], general representations for these characteristics are proved. In [8], Ch. Stein
proposed a universal method for proving the Central Limit Theorem based on one property that
characterizes the cumulative distribution function (CDF) of the normal distribution. The paper
[9] is devoted to the problems of weak convergence of sequences of distribution functions con-
volutions. In the monograph [10] and papers [11], [12], V. Senatov studied the properties of the
Chebyshev – Hermite moment characteristics and their applications to asymptotic expansions
in the Central Limit Theorem. Limit theorems for sums of indicator random variables have
found application in technical problems considered in [13]. In [14], the validity of the Berry –
Esseen-type estimates for the remainder term in the Central Limit Theorem is proved, and in
[15], the validity of the Donsker – Prokhorov invariance principle is proved for sequences of r.v.’s
connected in a homogeneous Markov chain with an arbitrary set of states. Papers [16], [17] are
devoted to estimates of the convergence rate in the multidimensional Central Limit Theorem
and in the absence of the condition for the existence of third-order moments for r.v.’s connected
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in a homogeneous Markov chain in transition probabilities. The results of [18]–[20] are obtained
using the Stein method modified in terms of characteristic functions. In [21], a nonclassical
version of the Lindeberg – Feller theorem was proved, and in [22], this theorem was applied
in the study of transient phenomena of branching random processes. The works [23]–[25] by I.
Shevtsova are devoted to the study of a local version of the Central Limit Theorem and moment
estimates of characteristic functions with their application to von Mises-type inequalities. In
[26], an analytical proof of the well-known theorem of A. Sakhanenko on a strengthened version
of the law of large numbers is given.

Let {Fn} be an arbitrary sequence of distribution functions (d.f.’s). Recall that we say that
the sequence {Fn} converges properly or weakly to a d.f. F as n→∞ if the equalities

lim
n→∞

Fn(x) = F (x) (1)

hold for each point of continuity x of F (x) (i.e. the equalities hold at each point x for which
the equalities F (x+ 0)− F (x− 0) = F (x+ 0)− F (x) = 0 are correct). Relation (1) is written
as Fn → F. Let

fn(t) =

∞∫
−∞

eitxdFn(x), n = 1, 2, . . .

be the corresponding sequence of characteristic functions (ch.f.’s). The following theorem is
called the continuity (convergence) theorem.

Theorem A ([4, Chapter 7, § 3, p. 137]). A necessary and sufficient condition for the conver-
gence Fn → F is that fn(t)→ f(t) for any t, f(t) being the ch.f. corresponding to F (x).

The above theorem A has only one drawback – one needs to know in advance that the func-
tion f(t), to which ch.f.’s fn(t) converge, is a characteristic function itself. Meanwhile, such
information may not be available (see [4, Chapter 8, § 8.9, p. 188]. In this regard, there arises
a question under what conditions the limiting function will be characteristic. The answer to
this question is contained in the following Theorem B. Let us first give definitions that play an
important role in the summation theory of independent random variables (r.v.’s).

Definition 1. Let {Pn} be a sequence of probability measures corresponding to the sequence
of d.f.’s {Fn}, i.e.

Pn(A) =

∫
R

IA(x)Fn(dx), n = 1, 2, . . .

where Fn(·) is the probability measure generated by the d.f. Fn, IA(·) is the indicator of an
event A (the Borel set A ⊆ R).

The sequence of probability measures {Pn} (or d.f.’s {Pn}) is said to be tight if, for any ε > 0,
there exists an N = N(ε) such that

inf
n
Pn ([−N,N ]) > 1− ε (2)

(see [4, Chapter 6, § 3, p. 127]).

Definition 2. Let {Xn} be a sequence of r.v.’s corresponding to the sequence of d.f.’s {Fn}, i.e.

Fn(x) = P (Xn < x), n = 1, 2, . . . , x ∈ R.

A sequence of r.v.’s {Xn} is said to be stochastically bounded if

P (|Xn| > L)→ 0 as L→∞

uniformly in n (see [6, Chapter 2, § 8.3, p. 169]).
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By virtue of (2), the equality

P (|Xn| > L) = Fn ({x, |x| > L}) = Fn(−L) + 1− F (L)→ 0, L→∞ (3)

uniformly in n.
Relations (2) and (3) imply that the tightness condition of a sequence of distributions {Pn}

is equivalent to the condition of stochastic boundedness of the corresponding sequence of r.v.’s.
Moreover, it is evident, condition (3) can be verified easily.

The contents of Theorem A is made more precise in the following

Theorem B. Let

fn(t) =

∞∫
−infty

eitxdFn(x), n = 1, 2, . . .

be a sequence of ch.f.’s, and fn(t)→ f(t) as n→∞ and at each t. Then the following conditions
are equivalent:

a) f(t) is a ch.f.,
b) f(t) is continuous at the point t = 0,
c) the sequence {Fn} is tight.

Here we give another proof of the equivalence of conditions b) and c).

Lemma 1. Let a sequence of distributions {Fn} be such that the corresponding sequence of
ch.f.’s {fn(t)} converges pointwise to a function f(t) continuous at zero. Then {Fn} is tight.

Proof. If f(t) is the ch.f. of a r.v. X, then, for any u > 0,

P

(
|X| > 1

u

)
≤ 7

u

u∫
0

(1−Ref(t)) dt (4)

(see [4, Chapter 7, §3, p. 137]).
By virtue of (4), for any u > 0,∫

|x|> 1
u

Fn(dx) ≤ 7

u

u∫
0

(1−Ref(t)) dt+

u∫
0

(fn(t)− f(t)) dt. (5)

The first term in the right-hand side of inequality (5) tends to zero at u → 0 since f(t) is
continuous at zero and f(0) = lim

n→∞
fn(0) = 1. According to the well-known Lebesgue theorem

on passage to the limit under the integral sign,

lim
n→∞

1

u

u∫
0

(fn(t)− f(t)) dt = 0 (6)

at any u > 0. By the tightness definition of a sequence of distributions, the lemma will be proved
if we prove that the left-hand side of inequality (5)∫

|x|> 1
u

Fn(dx)→ 0 as u→ 0 (7)

at any n ≥ 1.
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Indeed, let ε > 0. There is u(ε), for which the first term in (5)

1

u(ε)

u(ε)∫
0

(1− f(t)) dt <
ε

2
(8)

since f(t) is continuous at zero. Further, for already chosen u(ε), there exists n0(ε) such that,
for all n ≥ n0(ε), the second term

1

u(ε)

u(ε)∫
0

|fn(t)− f(t)| dt < ε

2
. (9)

So, by virtue of (8) and (9), for each ε > 0, there is u(ε) such that, for all n ≥ n0(ε),∫
|x|> 1

u

Fn(dx) ≤ ε. (10)

There will always be u(ε) such that, for n ≤ n0(ε),

Fn

{
x; |x| ≥ 1

u(ε)

}
< ε. (11)

Taking into account the latter and (10), we obtain that this will hold for all u(ε) < u(ε). So, for
any ε > 0, there is u(ε) such that inequality (11) holds for all u(ε) < u(ε).

Now, taking into account relations (10) and (11), we can conclude that, for any ε > 0, there
is u(ε) such that ∫

|x|> 1
u

Fn(dx) < ε, n = 1, 2, . . . (12)

for all u > u(ε). The last inequality (12) is equivalent to the statement about the tightness of
the sequence of d.f.’s {Fn}. Lemma 1 is proved. �

2. The method of accompanying distributions. The proximity of sequences of
probability distributions

According to Theorem 1 given in [6, Part II, Chapter 2, § 8.4], the following three assertions
are equivalent:

a′) for any bounded continuity interval [a, x) of F,

Fn ([a, x))→ F ([a, x)) as n→∞;

b′) for any bounded continuity set B of the distribution F,

Fn (B)→ F (B) as n→∞;

c′) for any continuous and bounded function u(x) satisfying the condition lim
|x|→∞

u(x) = 0,

∞∫
−∞

u(x)d (Fn − F )→ 0 as n→∞.

Here {Fn} is a sequence of distributions, F (·) is a finite measure.

Definition 3. It is said that a sequence of distributions {Fn} converge improperly to the distri-
bution F (Fn → F ) if one of the conditions a′), b′), c′) (and, consequently, all conditions) holds
[6, Part II, Chapter 2, § 8.4, p. 170].

Lemma 2. Let Fn improperly converge to some finite measure F. Then:
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1o) If F is a probability measure, then the convergence (Fn → F ) is proper and the sequence
{Fn, n ≥ 1} is tight.

2o) If {Fn} is tight, then F is a probability measure, and the convergence (Fn → F ) is proper.

The proof of Lemma 2 is given in [6, Subsection 8.8, p. 173]. In this case, the equivalence of
statements a′), b′), c′) is used in combination with Definition 3. This proof is simple, but far
from short due to the numerous implications to be proved.

Assume that we need to establish the convergence of any sequence of probability distributions
{Fn} to the distribution F. It turns out that it is often easier to solve such problems not directly,
but by choosing such distributions Gn, for which the convergence Gn → F is almost obvious,
and then proving that the difference of distributions Fn − Gn → 0 in a certain sense. The
matched distributions Gn are called accompanying distributions.

The convergence problem Fn − Gn → 0 is more general than the convergence problem of
distributions (Fn → F ), since Fn and Gn can be close even in the case when the sequences {Fn}
and {Gn} have no limit.

In addition to what has been said, it should be noted that it is no longer so easy to determine
the convergence Fn − Gn → 0 by conditions similar to the conditions of Theorems A and B
above, since it is not entirely clear with respect to which distribution the sets B should be
declared to be continuity sets.

It follows from the above that when applying the method of accompanying distributions, the
convergence of the difference of distributions Fn −Gn → 0 should be specified. This is done in
Definition 4.

Definition 4. A difference of distributions Fn −Gn → 0 properly or weakly if
∞∫
−∞

u(x) (Fn (dx)−Gn (dx))→ 0 (13)

for any continuous and bounded function u(x) ([6, Chapter 2, § 8.5, p. 171].

It should be noted that Definition 4 of the convergence Fn − Gn → 0 by formula (13) turns
out to be the most convenient for passing to probability measures in spaces of a more general
nature than R1 or Rk.

Theorem 1. Let Fn − Gn → 0 properly. Then, if any subsequence Fnk
→ F properly, then

Gnk
→ F properly. In particular, the convergence Fn → F implies the convergence Gn → F.

This theorem is given in [6, Chapter 2, Section 8, § 8.5, Lemma 5, p. 171], where it is written
that the proof of Lemma 5 is left to the reader.

Proof of Theorem 1. Indeed, the conditions of Theorem 1 imply that

|Fnk
−Gnk

| → 0 as nk →∞.
Now the proof of Theorem 1 is obtained by passing to the limit in the inequalities

|Gn − F | ≤ |Fn −Gn|+ |Fn − F | ,
|Gnk

− F | ≤ |Fnk
−Gnk

|+ |Fnk
− F |

as min (n, nk)→∞. Theorem 1 is proved. �

3. Theorems on the convergence Fn −Gn → 0

Let {Fn} and {Gn} be two sequences of probability distributions defined on the same proba-
bility space (Ω,F , P ). In this section, we give some theorems on the convergence Fn −Gn → 0

56



properly or weakly in the sense of Definition 4.

Theorem 2. Let {Fn} and {Gn} be two sequences of probability d.f.’s, and

fn(t) =

∞∫
−∞

eitxdFn(x), gn(t) =

∞∫
−∞

eitxdGn(x)

be the corresponding sequences of characteristic functions (ch.f.’s). Then if

δn =

∣∣∣∣∣∣
∞∫
−∞

u(x) (Fn(dx)−Gn(dx))

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∞∫
−∞

u(x)d (Fn −Gn)

∣∣∣∣∣∣→ 0 as n→∞

i.e. condition (13) is satisfied for any continuous and bounded function u(x), then

fn(t)− gn(t)→ 0 as n→∞ (14)

for any t ∈ R.

Proof. According to Definition 4, there is an equivalence of implications

{δn → 0} � {Fn −Gn → 0} . (15)

Note that Theorem 2 will be proved if we prove the implication

(13) → (14). (16)

Further, we have

I = |fn(t)− gn(t)| =

∣∣∣∣∣∣
∞∫
−∞

eitxd(Fn −Gn)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∞∫
−∞

(
eitx − 1

)
d(Fn −Gn)

∣∣∣∣∣∣ ≤ I1 + I2 + I3, (17)

where

I1 =

∣∣∣∣∣∣∣
∫
|x|≤ε

(
eitx − 1

)
d(Fn −Gn)

∣∣∣∣∣∣∣ , (18)

I2 =

∣∣∣∣∣∣∣
∫

ε<|x|≤N

(
eitx − 1

)
d(Fn −Gn)

∣∣∣∣∣∣∣ , (19)

I3 =

∣∣∣∣∣∣∣
∫

|x|≥N

(
eitx − 1

)
d(Fn −Gn)

∣∣∣∣∣∣∣ , 0 < ε ≤ N. (20)

Obviously, the inequality ∣∣eitx − 1
∣∣ ≤ min (|tx| , 2)

holds at any t, x ∈ R. By virtue of the last inequality, it is easy to verify the validity of the
following estimates

|I1| ≤ |t|

∣∣∣∣∣∣∣
∫
|x|≤ε

|x| (dFn(x) + dGn(x))

∣∣∣∣∣∣∣ ≤ 2|t| · ε ≤ 2T · ε, T > 0, |t| ≤ T. (21)

Next, the integral

|I2| ≤ 2

∣∣∣∣∣∣∣
∫

ε<|x|≤N

d (Fn −Gn)

∣∣∣∣∣∣∣ = 2

∣∣∣∣∣∣
∞∫
−∞

u1(x)d (Fn −Gn)

∣∣∣∣∣∣→ 0 as n→∞, (22)
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where the continuous and bounded function

u1(x) =

{
0 at ε < |x| ≤ N,
1 in other cases.

Now, repeating the reasoning given when obtaining (22) and setting

u2(x) =

{
0 at |x| ≤ N,
1 at |x| > N,

we have the estimate

|I3| ≤ 2

∣∣∣∣∣∣
∞∫
−∞

u2(x)d (Fn −Gn)

∣∣∣∣∣∣ ≤ 2

∣∣∣∣∣∣∣
∫

|x|≥N

u2(x) (dFn(x) + dGn(x))

∣∣∣∣∣∣∣
≤ 4 max ((1− F (N) + F (−N)) , (1−G(N) +G(−N))) .

For any ε > 0 and sufficiently large N ≥ N0(ε), we have

1− F (N) + F (−N) <
ε

2
, 1−G(N) +G(−N) <

ε

2

for any n = 1, 2, . . . Therefore, for N ≥ N0(ε), we have the estimate

|I3| ≤ 4ε. (23)

Taking into account all relations (17) – (23), we obtain that

lim sup
n→∞

|fn(t)− gn(t)| ≤ (2T · ε+ 4ε) = (T + 2ε) · 2ε. (24)

Since ε > 0 is arbitrary, we obtain the validity of implication (16) from the last limit relation
(24). Theorem 2 is proved. �

Theorem 3. Let sequences of distributions {Fn} and {Gn} satisfy the following conditions:
1) One of the sequences is tight.
2) The difference of the characteristic functions

fn(t)− gn(t)→ 0 as n→∞. (25)

Then the difference of distributions Fn −Gn → 0 properly and both sequences are tight.

Proof. Let u(x) be continuous and bounded function. We prove that when conditions 1) and 2)
are satisfied, we have

δn =

∣∣∣∣∣∣
∞∫
−∞

u(x)dFn(x)−
∞∫
−∞

u(x)dGn(x)

∣∣∣∣∣∣→ 0 as n→∞. (26)

Suppose the opposite, i.e. there exists ε0 > 0 and a sequence of integer numbers nk →∞ such
that

δnk
≥ ε0 for all k. (27)

Let the sequence {Gn} be tight. According to Theorem 3 from § 8 of [6, Part II, Chapter 2,
§ 8.3, p. 151], one can choose from the subsequence {Gnk

} a subsequence {Gmk
} such that

{m1,m2, . . .} ⊂ {n1, n2, . . .} and {Gmk
} → G properly. Here G is some distribution. Let

g(t) =

∞∫
−∞

eitxdG(x) be the ch.f. of this distribution. Then, by the continuity (convergence)

theorem,
gmk

(t)→ f(t)

at any t ∈ R. According to the same theorem, it follows from (26) that

Fmk
→ G
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properly. Therefore,

Fmk
−Gmk

→ 0 properly as mk →∞.
Thus,

δmk
→ 0 as mk →∞,

what contradicts to (27). Limit relation (26) is proved. From what has been proved, we obtain
that when condition 1) is fulfilled, limit relations (25) and (26) are equivalent.

We now turn to the last part of the assertion of Theorem 3. Since the sequence {Gn} is tight,
any convergent subsequence {Gnk

} converges properly. But by the fact proved in Theorem 2,
the corresponding subsequence {Fnk

} also converges properly. By virtue of the second assertion
of Theorem 3′ ([6, § 8.4, p. 152]), all such subsequences converge properly if and only if the
sequence {Fn} is tight. Theorem 3 is proved. �

4. The method of accompanying distributions and the Lindeberg theorem

Let, for n ≥ 1, two sequences of random variables

Xn1, Xn2, . . . , Xnn, (28)

Yn1, Yn2, . . . , Ynn (29)

be defined on some probability space (Ω,F , P ) and

Fnj(x) = P (Xnj < x) , Gnj(x) = P (Ynj < x) , j = 1, 2, . . . , n

be the corresponding distribution functions.
In most cases it is said that sequences of independent r.v.’s (28) and (29) forming “triangular

arrays” are given (see [4, Chapter 8, § 3, p.157]).
Recall that the convolution of d.f.’s F (x) and G(x) is the distribution function

(F ∗G) (x) =

∞∫
−∞

F (x− u)dG(u) = F ∗G =

∞∫
−∞

G(x− u)dF (u) = (G ∗ F ) (x) = G ∗ F.

Then, by virtue of the last equalities,

Fn(x) = P (Xn1 + · · ·+Xnn < x) =
n∏

j=1

(∗)Fnj(x) = Fn,

Gn(x) = P (Yn1 + · · ·+ Ynn < x) =

n∏
j=1

(∗)Gnj(x) = Gn.

Next, we put

SX
n = Xn1 + · · ·+Xnn, SY

n = Yn1 + · · ·+ Ynn

and suppose that r.v.s included in arrays (28) and (29) satisfy the following conditions for
j = 1, . . . , n :

EXnj = EYnj = 0, σ2nj = EX2
nj =

∞∫
−∞

x2dFnj(x) = EY 2
nj =

∞∫
−∞

x2dGnj(x) <∞. (30)

Under conditions (30), without any loss of generality, we can assume that

Var
(
SX
n

)
= Var

(
SY
n

)
=

n∑
j=1

σ2nj = 1.
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Beforehand we introduce the necessary notations to the characteristic functions of random
variables included in “triangular arrays” (28) and (29). Let

fnj(t) =

∞∫
−∞

eitxdFnj(x), gnj(t) =

∞∫
−∞

eitxdGnj(x),

where the index j = 1, 2, . . . , n. Then the characteristic functions of the sums SX
n and SY

n of
sequences of random variables (28) and (29)

fn(t) = EeitS
X
n =

∞∫
−∞

eitxdFn(x) =
n∏

j=1

fnj(t),

gn(t) = EeitS
Y
n =

∞∫
−∞

eitxdGn(x) =
n∏

j=1

gnj(t).

The following theorem takes place.

Theorem 4. Let one of the sequences
{
Fn, n ≥ 1

}
and

{
Gn, n ≥ 1

}
be tight. Suppose that, for

each t,
fn(t)− gn(t)→ 0 as n→∞. (31)

Then Fn −Gn → 0 properly and both sequences are tight. If the sequence
{
Gn, n ≥ 1

}
consists

of a single distribution F (G = {F, . . . , F}), then the convergence Fn −Gn → 0 properly turns
into a limit theorem

Fn(x)→ F (x)
(
Fn → F

)
as n→∞

at each point of continuity of the function F (x).
From the last theorem at G = {Φ, . . . ,Φ} , where

Φ(x) =
1√
2π

x∫
−∞

e−
u2

2 du,

one can obtain the classical version of the Lindeberg theorem.

References

[1] Ibragimov I. A., Linnik Yu. V., Independent and Stationary Sequences of Random Variables, Wolters–
Noordhoff, Groningen, 1971.

[2] Linnik Yu. V., Ostrovskiy I. V., The Decomposition of Variables and Vectors, AMS, Providence, 1977.
[3] Ibragimov I. A., On the accuracy of Gaussian approximation to the distribution functions of sums of inde-

pendent random variables, Theory of Probability and its Applications, 11 (4), 1966, pp.559–579.
[4] Borovkov A. A., Probabilty Theory, Springer, London, 2013.
[5] Shiryaev A. N., Probabilty-1 (in Russian), Moscow Center for Continuous Mathematical Education, Inde-

pendent Moscow Univ. of Moscow, Moscow, 2011.
[6] Rotar V. I., Probability Theory, World Scientific, Singapore, New Jersey, London, Hong Kong, 1997.
[7] Ibragimov I. A., Formanov Sh. K.,Presman E. L., On modifications of the Lindeberg and Rotar’ conditions

in the central limit theorem, Theory of Probability and its Applications, 65 (4), 2021, pp.648–651.
[8] Stein Ch., A bound for the normal approximation of a sum of dependent random variables, In: Proceedings

of the Sixth Berkeley Symposium on Mathematical Statistics and Probability, Univ. California Press, Berkley,
pp.583–602, 1972.

[9] Rotar’V. I., Sholomitskii A., A condition for Convergence of Convolutions, Theory of Probabability and its
Applications, 37 (2), 1993, pp.398–401.

[10] Senatov V. V., Central Limit Theorem (in Russian), Knizhniy Dom “LIBROKOM”, Moscow, 2009.
[11] Senatov V. V., The Chebyshev – Hermite Moments and Their Applications to Asymptotic Expansions,

Journal of Mathematical Sciences, 106 (2), 2001, pp.2873–2889.
[12] Senatov V. V., On Estimation of the Approximation Error in Asymptotic Expansions in the Central Limit

Theorem, Journal of Mathematical Sciences, 112 (2), 2002, pp.4174–4197.

60



[13] Formanov Sh. K., M. M. Mamajonov, On one criterion for choosing a Dodge plan with a finite number of
checks, Nadezhnost i kontrol kachestva, 8, 1983, pp.60–66.

[14] Formanov Sh. K., On rate of convergence in the multidimensional central limit theorem for homogeneous
Markov chains, Soviet Math. Dokl., 204 (1), 1972, pp.49–51.

[15] Formanov Sh. K., On invariance principles for homogeneous Markov chains,” Soviet Math. Dokl., 221 (1),
42–44 (1975).

[16] Formanov Sh. K., Some estimates of the rate of convergence in multidimensional limit theorems for ho-
mogeneous Markov processes, In: Maruyama, G., Prokhorov, J.V. (eds), Proceedings of the Third Japan –
USSR Symposium on Probability Theory. Lecture Notes in Mathematics, Vol. 550, 311–329, Springer, Berlin,
Heidelberg, 1976.

[17] Sirazhdinov S. H., Formanov Sh. K., On the estimates of the rate of convergence in the central limit theorem
for homogeneous Markov chains, Theory Probab. Appl., 28 (2), 1984, pp.229–239.

[18] Formanov Sh. K., The Stein–Tikhomirov Method and a Nonclassical Central Limit Theorem, Math. Notes,
71 (4), 2002, pp.550–555.

[19] Formanov Sh. K., Sharipova L. D., A modified variant of the Stein-Chen method and the nonclassical limit
theorem on the convergence to a Poisson distribution, Doklady Akademii Nauk, 412 (1), 2007, pp.29-30.

[20] Formanov Sh. K.,Formanova T. A., The Stein – Tikhomirov Method and Berry – Esseen Inequality for
Sampling Sums from a Finite Population of Independent Random Variables, In: Shiryaev, A., Varadhan, S.,
Presman, E. (eds) Prokhorov and Contemporary Probability Theory. Springer Proceedings in Mathematics &
Statistics, vol 33. Part I, Springer, Berlin, Heidelberg, pp.261–275, 2013.

[21] Presman E. L., Formanov Sh. K., On Lindeberg-Feller Limit Theorem, Doklady Mathematics, 99 (2), 2019,
pp.204–207.

[22] Formanov Sh. K., Juraev Sh. Yu., On transient phenomena in branching random processes with discrete
time, Lobachevskiy Journal of Mathematics, 42 (12), 2021, pp.2777–2784.

[23] Shevtsova I. G., On Convergence Rate in the Local Limit Theorem for Densities, Journal of Mathematical
Sciences, 205 (1), 2015, pp.105–112.

[24] Shevtsova I. G., Moment-Type Estimates for Characteristic Functions with Application to Von Mises In-
equality, Journal of Mathematical Sciences, 214 (1), 2016, pp.119–131.

[25] Shevtsova I. G., On Convergence Rate in the Local Limit Theorem for Densities Under Various Moment
Conditions, Journal of Mathematical Sciences, 221 (4), 2017, pp.588–608.

[26] Formanov Sh. K.,Khusainova B. B., Analytical proof of one strong version of the law of large numbers, Global
and Stochastic Analysis, 8 (3), 2021, pp.137–142.

61



ON ASYMPTOTIC EXPANSION FOR A CERTAIN CLASS OF STATISTICS

IN GENERALIZED URN MODELS

SHERZOD MIRAKHMEDOV

Institute of Mathematics, Academy of Sciences. Tashkent. Uzbekistan

e-mail: shmirakhmedov@yahoo.com

Abstract. The generalized urn model is defined by the random vector of frequencies which is
viewed as conditionally independent random variables, given their sum. Such a representation
is exploited here to derive asymptotic approximation for the distribution function of a statistics
that has a form of a series of functions of frequencies. Among others, the random allocation of
particles of several types into infinitely many cells as well as random allocation of particles in
sets are considered as a variants of this generalized urn model.

Keywords: Asymptotic expansion, urn models, random allocation, Poisson distribution, bino-
mial distribution.
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1. Introduction

Urn models (also known as a random allocation schemes) are a useful tool which allows to
formulate and better understand many combinatorial problems in probability and statistics,
see for instance, [1] and [2]. Most general definition of urn models has been introduced by
Mirakhmedov et al [3], where the asymptotic theory and higher-order expansions for the statistic
of the form of a sum of functions of frequencies are presented. Although their work covers
many specific urn models it does not cover, such probabilistic models as, for instance, random
allocation of particles into infinitely many cells, random allocation of particles in sets, and the
statistics based on several samples from a population(s), intensively studied in the literature,
see [4],[5],[6], [7], [8],[9]. The generalized random allocation scheme we are interested here is as
follows.

Let ξl(nl) = (ξl,1(nl), ξl,2(nl), ...), l = 1, ..., s, be a collection of sequences (random vectors) of
independent non-negative integer random variables (r.v.s) , distribution of ξl,m(nl) depend on
parameter nl ∈ ℵ = {1, 2, ...} and such that for each nl the series ζl(nl) = ξl,1(nl) + ξl,2(nl) + ....
is a.s. converges, moreover this parameter nl is such that Pr{ζl(nl) = nl} > 0 ,l = 1, ..., s .
Further, let ηl(nl) = (ηl,1(nl), ηl,2(nl), ...) be a r.vec., distribution of which can be represented
as the joint conditional distribution of ξl(nl) given ζl(nl) = nl , viz.,

=(ηl(nl)) = =(ξl(nl) | ζl(nl) = nl), l = 1, ..., s, (1)

where =(X) stands for the distribution of the r.vec. X. This equality implies that integer
ηl,m(nl) ≥ 0 , Pr{ηl,1(nl) + ηl,2(nl) + .... = nl} = 1, and hence ηl(nl) should be viewed as
r.vec. of frequencies in the random allocation of nl particles into infinitely many cells labeled
by {1, 2, ...}. The r.v. ηl,m(nl) then is the number of particles falling into the m-th cell after
allocation of all nl particles. The independent r.vec.s η1(n1(n1), ..., ηs(ns) all together can be
viewed, for example, as a random allocation of particles of s types, where nl is the number of
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particles of the l - th type, as well as random allocation of particles in sets, where now nl is
the number of particles of l -th set. Our goal here is to present a unified approach to derive
asymptotic (as min(n1, ..., ns)→∞ ) approximation for distribution function of general classes
of statistics of the form

R(n) =

∞∑
m=1

fm(η1,m(n1), ..., ηs,m(ns)), (2)

where fm(x1, ..., xs), m = 1, 2, ..., is a sequence of functions (may be random) defined for
x1 ≥ 0, ..., xs ≥ 0, such that the series (2) is a.s. converges for every n = (n1, ..., ns). We
emphasize that the allocation scheme is determined by the distribution of r.v,s ξl,m(nl). The
generalized urn model and statistics considered in [3] follows if s = 1 and Pr{ξ1,m(n1) = 0} = 1
for m > N. some N = N(n)→∞.

Before proceeding to general results, we list the following special cases of probabilistic model
(1) and statistics (2), which are most often encountered in applications.
(i) Independent random allocation scheme. Into an infinite number of cells,labelled by {1, 2, ...}
, we throw particles of s types, where nk particles of k -th type, k = 1, ..., s. The particles are
thrown randomly one by one and independently of each other. The probability of a particle of
k-th type falling into m-th cell is pk,m ≥ 0 and pk,1 + pk,2 + ... = 1 . The r.vec. ηl(nl) has the
multinomial distribution with infinitely many outcomes, viz.,

Pr{ηl,1(nl) = k1, ηl,2(nl) = k2, ...} = nl!
∞∏
m=1

(pl,m)km

km!
,

for arbitrary non-negative integers k1, k2, .... such that k1 + k2 + ... = nl. This model determines
by =(ξl,m(nl)) = Poi(nlpl,m), the Poisson distribution with parameter nlpl,m . For instance, the
number of occupied cells and the number of cells containing exactly a given number of particles
of each types are examples of R(n).For more examples see [4],,[6], [8]. The special case when
pl,m > 0 , m = 1, ..., N and pl,m = 0 for all m > N , l = 1, ..., s, some N = N(n1, ..., ns) → ∞
as min(n1, ..., ns) → ∞ ,is well studied in the literature multinomial random allocation model,
alternatively known as a sample scheme with replacement from a finite population of size N.
The classical chi-square, likelihood-ratio statistic, and the empty-cells statistic are examples of
RN (n) . Here and below RN (n) stands for the statistics R(n) , where Pr{ξl,m(nl) = 0} = 1 for
all m > N ,l = 1, ..., s .
(ii) Sample scheme without replacement from a finite population . Assume from a stratified
population of size ΩN = ω1 + ...+ωN , where ωm > 0 is the size of m-th stratum, s independent
samples of sizes n1, ..., ns, respectively, are drawn. Each sample is carried out according to the
sample scheme without replacement. All Cnk

ΩN
possible variants of the kth sample has the same

probability equal to
(
Cnk

ΩN

)−1
. This urn model corresponds to the case where the r.vec.of

frequencies ηl(nl) = (ηl,1(nl), ..., ηl,N (nl)) has the multivariate hyper-geometric distribution:

Pr{ηl,1(nl) = k1, ..., ηl,N (nl) = kN} =
Ck1ω1

...CkNωN

Cnl
ΩN

,

for arbitrary non-negative integers k1, ..., kN such that k1 + ... + kN = nl. This urn model de-
termines by =(ξl.m(nl)) = Bi(ωm, nl/ΩN ), the binomial distribution with indicated parameters
.For instance the number of untouched strata and the sum of the elements of the population that
appeared in the samples are important variants of RN (n) . Note that the random allocation of
particles in sets also is a variant of this model .
(iii) Multicolor Pólya- Egenberger urn model which corresponds to the case where ηl(nl) =
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(ηl,1(nl), ..., ηl,N (nl)) has the generalized Pólya- Egenberger distribution:

Pr{ηl,1(nl) = k1, ..., ηl,N (nl) = kN} =
(
Cnl
DN+nl−1

)−1
∞∏
m=1

Ckmdm+km−1.

for arbitrary non-negative integers k1, ..., kN such that k1 + ... + kN = nl, where dm > 0,
m = 1, ..., N , DN = d1 + ...dN . For this model =(ξl.m(nl)) = NBi(dm, ϑ), the negative binomial
distribution with parameters dm and ϑl = nl/(DN + nl) . For example, the number of colors
that appear in the sample exactly r times and the number of pairs having the same color, are
statistics of the type RN (n) . We note that sum of functions of “spacings-frequencies” under
the hypothesis of homogeneity of two samples can be formulated as a variant of RN (n) in this
model; see for instance, Holst and Rao [13].
We emphasis that we are dealing with triangular arrays where all the parameters of urn models
(or what is the same random allocation schemes) vary (including the distribution of the r.v.s
ξl,m(nl) ) when min(n1, ..., ns)→∞ and N →∞ in case when we are dealing with finite number
of cell (finite population ), formally through a non-decreasing sequence of positive integers nl,v
and NV , as v → ∞, hence it is important to express the remainder terms in our asymptotic
results which show their explicit dependence on the n1, ..., ns, N , the distribution of r.v.s ξl,m(nl)
and the kernel functions fm .
The paper is organized as follows. In Section 2 we present a systematic procedure for obtaining
an asymptotic expansion for the characteristic function of R(n) to terms of any order. The main
results are presented in Section 3. Section 4 is devoted to demonstrate application of the general
results in the random allocation of particles of several type into infinitely many cells. In what
follows c , C are universal positive constants which may depend on the argument and may be
different at different places; all asymptotic relations are considered as min(n1, ..., ns)→∞.

2. Asymptotic expansion of the characteristic function of R(n)

In what follows, we will assume that the considered moments of the r.v.s exist, the series of
r.v.s are a.s. convergent, while the numerical series converge absolutely.
Set n = (n1, ..., ns), ξ

s
m(n) = (ξ1,m(n1), ..., ξs,m(ns)) , ηsm(n) = (η1,m(n1), ..., ηs,m(ns)) , xs(n) =

(x(n1), ..., x(ns)), where

x(nk) = (nk − λ(nk)) /B(nk), λ(nk) =

∞∑
m=1

Eξk,m(nk), B2(nk) =
∞∑
m=1

V arξk,m(nk).

We adopt also the following notation:

Λ(n) =
∞∑
m=1

Efm(ξsm(n)), γk(n) =
1

B2(nk)

∞∑
m=1

cov (fm(ξsm(n)), ξk,m(nk)) ,

gm(y1, ..., ys) = fm(y1, ..., ys)− Efm(ξsm(n))−
s∑

k=1

γk(n)(yk − Eξk,m(nk)),

Gη(n) =

∞∑
m=1

gm(ηsm(n)), Gξ(n) =

∞∑
m=1

gm(ξsm(n)),

σ2(n) = V arGξ(n) =
∞∑
m=1

V arfm(ξsm(n))−
s∑

k=1

B2(nk)γ
2
k(n). (3)

We have

Gη(n) = R(n)− Λ(n)−
s∑

k=1

x(nk)B(nk)γk(n),
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Egm(ξsm(n)) = 0,m ∈ ℵ,
∞∑
m=1

cov (gm(ξsm(n), ξk,m(nk)) = 0, k = 1, ..., s. (4)

Under some mild conditions, one can show that as min(n1, ..., ns)→∞
ER(n) = Λ(n)

+
s∑

k=1

[
x(nk)B(nk)γk(n)− 1− x2(nk)

2B2(nk)

∞∑
m=1

E
(
gm(ξsm(n))(ξk,m(nk)− Eξk,m(nk))

2
)

(1 + o(1))

]
,

and
V arR(n) = σ2(n)(1 + o(1)).

In addition to above notation we put: ζs(n) = (ζ1(n1), ..., ζs(ns)) , λs(n) = (λ(n1), ..., λ(ns)),
τ s = (τ1, ..., τs) , ‖ a ‖ and (a, b) stand for the Euclid norm and scalar product,respectively, of
vectors a, b ∈ Rs. Equality (subtraction) of two vectors is defined as component-wise.
Due to (1) and the fact that η1(n1), ..., ηs(ns) is a collection of independent sequences, we have

E exp (itGη(n)) = E
[
exp

(
itGξ(n)

)
| ζ1(n1) = n1, ..., ζs(ns) = ns

]
. (5)

On the other hand by the total expectation formula

E exp
(
itGξ(n) + i(τ s, (ζs(n)− n))

)
=

∞∑
k1=0

...
∞∑
ks=0

E
[
exp

(
itGξ(n)

)
| ζ1(n1) = n1, ..., ζs(ns) = ns

] s∏
l=1

eiτl(kl−nl)Pr{ζl(nl) = kl}.

This together with (5) implies, by Fourier inversion

E exp (itGη(n)) =
1

(2π)s
∏s
l=1 Pr{ζl(nl) = nl}

∫ π

−π
...

∫ π

−π
E exp

(
itGξ(n) + i(τ s, (ζs(n)− n))

)
dτ1...dτs

(6)
Denote

ξ̃l,m(nl) = B−1(nl)(ξl,m(nl)− Eξl,m(nl)), ξ̃sm(n) = (ξ̃1,m(n1), ..., ξ̃s,m(ns)),

g̃m(ξsm(n)) = σ−1(n)gm(ξsm(n)),

Ψ(n, t, τ s) =
∞∏
m=1

E exp
(
itg̃m(ξsm(n)) + i(τ s, ξ̃sm(n))

)
,

Θ(n, xs(n), t) =
1

(2π)s/2

∫ πB(n1)

−πB(n1)
...

∫ πB(ns)

−πB(ns)
e−i(τ

s,xs(n))Ψ(n, t, τ s)dτ1...dτs (7)

Then equation (6) together with the inversion formula for the local probabilities Pr{ζl(nl) =
nl} gives us the following
Lemma 1. It holds

ϕ(n, t) =: E exp
(
itσ−1(n)Gη(n)

)
=

Θ(n, xs(n), t)

Θ(n, xs(n), 0)
. (8)

This lemma provides the crucial formula of interest. Special variants of (8) show up in literature;
see e.g. [3],[6],[8],[11].
A formal construction of the asymptotic expansion for ϕ(n, t) defined in (8) proceeds as follows:
The Ψ(n, t, τ s) is the characteristic function (ch.f.) of the sum (the series) of independent (s+1)

-dimensional r.vec.s (g̃m(ξsm(n)), ξ̃sm(n)) , . Because of (3) and (4) this sum has zero expectation
and uncorrelated components, and it has a unit covariance matrix. Keeping in the mind these
important facts, we now use the well-known method of asymptotic expansion of the ch.f. of finite
sum of independent r.vec.s, see Bhattacharya and Rao [14, Chapter 2] to derive the asymptotic
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expansion of Ψ(n, t, τ s) . In our case under suitable conditions the terms of this expansion has
form of polynomials, say Pk(n, t, τ

s) ,k = 1, 2, ... , wrt t, τ1, ..., τs containing the common factor
exp

(
−(t2 + τ2

1 + ...+ τ2
s )/2

)
. The degree of Pk(n, t, τ

s) is 3k and the minimal degree is k+2 .
Hence these terms multiplied by exp (−i(τ s, xs(n))) can be integrated wrt each of τ1, ..., τs over
the interval (−∞,∞) . A result of the integrations, say H(n, xs(n), t) , can be considered as a
formally asymptotic expansion of Θ(n, xs(n), t) . Finally, we get the asymptotic expansion of
ϕ(n, t) by dividing H(n, xs(n), t) by H(n, xs(n), 0) .
Define the polynomials Gk(n, x

s(n), t) wrt t for k = 1, 2, ... as

Gk(n, x
s(n), t) =

1

(2π)s/2

∫ ∞
−∞

...

∫ ∞
−∞

Pk(n, t, τ1, ..., τs) exp

(
−

s∑
l=1

(τl + ixl(nl))
2/2

)
dτ1...dτs

(9)
Then

H(n, xs(n), t) = exp

(
− t

2+ ‖ xs(n) ‖2

2

)
(1 +G1(n, xs(n), t) +G2(n, xs(n), t) + ...) .

We emphasis that the coefficients of Pk(n, t, τ
s) , and hence of Gk(n, x

s(n), t) , only involve

the quantities
∏k
l=1 (αj,j1,...,jl)

νl , where j + j1 + ... + jk = l + 2 for the non-negative integers

j, j1, ..., jr and ν1 + 2ν2 + ... + kνk = k, αj,j1,...,jl = Σ∞m=1E
(
g̃jm(ξsm(n))ξ̃j11,m(n1) · ... · ξ̃jss,m(ns)

)
.

For the details see [14, Chapter 2, Section 7 ]. For instance,

P1(n, t, τ s) =
i3

6

∞∑
m=1

E
(
tg̃m(ξsm(n)) + (τ s, ξ̃sm(n))

)3
,

P2(n, t, τ s) =
i4

24

∞∑
m=1

[
E
(
tg̃m(ξsm(n)) + (τ s, ξ̃sm(n))

)4
− 3

(
E
(
tg̃m(ξsm(n)) + (τ s, ξ̃sm(n))

)2
)2
]

+

+
1

2
P 2

1 (n, t, τ s).

Set

a
(l)
i,j(n) =

∞∑
m=1

E
(
gim(ξsm(n))ξjl,m(nl)

)
, ak(n) =

∞∑
m=1

Egkm(ξsm(n)).

Then, taking into account the fact that ξ̃l,m(nl) are independent r.v.s and Eξ̃l,m(nl) = 0 , we
obtain

P1(n, t, τ s) =
(it)3

6

a3(n)

σ3(n)
+

(it)2

2σ2(n)

s∑
l=1

(iτl)a
(l)
2,1(n)

B(nl)
+

it

2σ(n)

s∑
l=1

(iτl)
2a

(l)
1,2(n)

B2(nl)
+

s∑
l=1

(iτl)
3a

(l)
0,3(n)

6B3(nl)
,

and hence by (9)

G1(n, xs(n), t) =
(it)3

6

a3(n)

σ3(n)
+

(it)2

2σ2(n)

s∑
l=1

x(nl)a
(l)
2,1(n)

B(nl)
− it

2σ(n)

s∑
l=1

(1− x2(nl))a
(l)
1,2(n)

B2(nl)

−
s∑
l=1

((x3(nl)− 3x(nl))a
(l)
0,3(n)

6B3(nl)
.

Obviously, from the above formula for P2(n, t, τ s) one can derive an explicit formula forG1(n, xs(n), t)
, but at the expense of a long formula, so we omit it.
Assume E|gm(ξsm(n))|d <∞ and E|ξl,m(nl)|d <∞, m ∈ ℵ , l = 1, ..., s, some d ≥ 3 , and define
Qk(n, x

s(n)) from the equation
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∞∑
k=1

(−1)k

(
d−3∑
ν=0

Gν(n, xs(n), 0)

)k
=
∞∑
m=0

Qm(n, xs(n)).

Then

Qm(n, xs(n)) = m!
∑ d−3∏

l=1

1

ml!
Gml
l (n, xs(n), 0) (10)

where the summation is over all non-negative integer m1, ...,md−3 such that m1 + 2m2 + ... +
(d− 3)md−3 = m. Let

W (d)(n, xs(n), t) =
d−3∑
m=0

m∑
ν=0

Gν(n, xs(n), t)Qm−ν(n, xs(n)). (11)

Note that G0(n, xs(n), t) = Q0(n, xs(n)) = 1, so that W (3)(n, xs(n), t) = 1. For example we have

W (4)(n, xs(n), t) = 1 + (G1(n, xs(n), t)−G1(n, xs(n), 0)) , (12)

W (5)(n, xs(n), t) = W (4)(n, xs(n), t)

+ (G2(n, xs(n), t)−G2(n, xs(n), 0)−G1(n, xs(n), 0)(G1(n, xs(n), t)−G1(n, xs(n), 0))) . (13)

Finally we can conclude that

ϕ(n, t) = H(n, xs(n), t)H−1(n, xs(n), 0) = exp
(
−t2/2

)
W (d)(n, xs(n), t) + remainder.

Let us to present a result on asymptotic approximation of the ch.f. ϕ(n, t). To this end we
need the following additional notation.

βk(n) =
1

σk(n)

∞∑
m=1

E|gm(ξsm(n))|k, κk(nl) =
1

Bk(nl)

∞∑
m=1

E|ξl,m(nl)− Eξl,m(nl)|k,

Lk(n) = βk(n) + κ1(nl) + ...+ κs(nl),

Ml(n, T ) = inf
T≤u≤π

∞∑
m=1

(
1− |E exp (iuξl,m(nl))|2

)
, if T ≤ π, else Ml(n, T ) =∞ (14)

Υd = Ld(n) +

s∏
l=1

B(nl) exp

(
− 1

8s
Ml(nl, 0.4(B(nl)κ3,l(nl))

−1)

)
, (15)

∇(n) =

(
min

1≤l≤s
Ml(nl, 0.4(B(nl)κ3,l(nl))

−1)

)−1/2

+ max
1≤l≤s

B(nl)

Ml(nl, 0.4(B(nl)κ3,l(nl))−1)
(16)

T (n) = min
(
β−1

3 (n),∇−1(n)
)
.

Proposition 1. Let |x(nl)| ≤ C, E|gm(ξsm)|d <∞ , E|ξl,m(nl)|d <∞ , some d ≥ 3 , l = 1, ..., s,
m ∈ ℵ, and Υd(n) ≤ 0.01. Then there exist constants C and C(s, d) such tha for | t |≤ cT (n)
one has

| ϕ(n, t)− exp
(
−t2/2

)
W (d)(n, xs(n), t) |≤ C(s, d) exp

(
−t2/8s

)
Υd(n).
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3. Approximation of the distribution of R(n)

We use the notations of Sec.2. We assume that |x(nl)| ≤ C, E|gm(ξsm)|d <∞ , E|ξl,m(nl)|d <
∞ , some d ≥ 3 , l = 1, ..., s, m ∈ ℵ. Define W(d)(n, xs(n), u) so that∫ ∞

−∞
eitudW(d)(n, xs(n), u) = W (d)(n, xs(n), t)e−t

2/2 (17)

The function W(d)(n, xs(n), u) can be obtained by formally substituting

(−1)v
dv

duv
Φ(u) = −e−t2/2Hv−1(u)/

√
2π, where Φ(u) =

1√
2π

∫ u

−∞
e−t

2/2dt,

instead of (it)v for each v in the expression W (d)(n, xs(n), t), where Hv(u) is he v-th order

Hermite -Chebuishev polynomial(see [14], p. 136-137).Note that W(3)(n, xs(n), u) = Φ(u) and
by(12)

W(4)(n, xs(n), u) = Φ(u)

+
1√
2π
e−u

2/2

[
(1− u2)a3(n)

6σ3(n)
− u

2σ2(n)

s∑
l=1

x(nl)a
(l)
2,1(n)

B(nl)
+

1

3σ(n)

s∑
l=1

(1− x2(nl))a
(l)
1,2(n)

B2(nl)

]
.

We emphasis that in all above listed examples of the generalized urn models, the distributions
of the r.v.’s ξl,m(nl) are such that λ(nl) = nl , and hence x(nl) = 0 ,l = 1, ..., s . so the terms of

asymptotic expansion, i.e. the function W(4)(n, 0, u) is considerably simplified. For example

W(4)(n, 0, u) = Φ(u) +
1√
2π
e−u

2/2

[
(1− u2)a3(n)

6σ3(n)
+

1

3σ(n)

s∑
l=1

a
(l)
1,2(n)

B2(nl)

]
. (18)

Set

∆(d)(n) = sup
−∞<u<∞

|Pr{R(n) < uσ(n) + Λ(n) +

s∑
l−1

x(nl)B(nl)γl(n)} −W(d)(n, xs(n), u)|

χ(n, a, b) = I{a < b}
∫ b

a

|ϕ(n, t)|
|t|

dt , χ̄(n, a, b) = I{a < b}
∫ b

a
|ϕ(n, t)|dt

Theorem 1.There exists a constant C(s) such that

∆(3)(n) ≤ C(s) (L3(n) +∇(n)) .

Theorem 2. There exist constants c and C(d, s) such that

∆(d)(n) ≤ C(d, s)Υd(n) + χ(n, cT (n), β−1
d (n)).

Theorem 3 . Let the statistic R(n) be a lattice r.v. with span h and a set of possible values
<. There exist constants c and C(d, s) such that .

sup
z∈<
|σ(n)

h
Pr{R(n) = z} − d

du
W(d)(n, xs(n), u)| ≤ C(d, s)Υd(n) + χ̄(cT (n), πσ(n)/h)

The proof of the assertions of section 2 and 3 goes on the line of the method of Mirakhmedov
et al [14]) along with modifications and complex algebra. So we omit it.
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4. Applications

Assuming Pr{ξl,m(nl) = 0} = 1, for all m > N and l = 1, ..., s, where N = N(n1, ..., ns)→∞
as min(n1,...,ns)→∞ one can obtain from Theorems 1-3 results corresponding to the models of
random allocation into finite number N of cells. Of these, in particular, follow the results of
[3], [9], corresponding to special variants of statistics RN (n). To keep the length of the paper
reasonable here we consider just three examples of statistic (2).
Example 1. Into an infinitely many cells labelled by ℵ = 1, 2, ... we throw particles of s types,
where nk particles are of the kth type. The particles are thrown randomly one at a time and
independently of each other. The probability that a particle of kth type falling into mth cell
is pk,m = pk,m(nl) ≥ 0, pk,1 + pk,2 + ... = 1. Then ηk,m(nl) is the nmber of particles of kth
type falling into mth cell after allocating all of particles.We consider the r.v. µr(n), where
r = (r1, ..., rs), integers rj ≥ 0, r1 + ...+ rs ≥ 1 , which is the number of cells containing exactly
rk particles of kth type,k = 1, ..., s , after allocating all particles of all types, viz.,

µr(n) =

∞∑
m=1

I{η1,m(n1) = r1, ..., ηs,m(ns) = rs}

where I{A} denotes the indicator of the event A. For this model =(ξk,m(nk)) = Poi(θk,m), where

θk,m = nkpk,m, hence λ(nk) = nk, x(nk) = 0, B(nk) = nk. Set πk(a) = e−aak/k!, a > 0,

Πm(n, r) =
s∏

k=1

πrr(θk,m), Pi,j =
∞∑
m=1

pji,m.

The notation (14), (15)becomes as follows

Λr(n) =

∞∑
m=1

Πm(n, r) , γl(n) =
1

nl

∞∑
m=1

(rl − θl,m)Πm(n, r)

gr,m(y1, ..., ys) = I{y1 = r1, ..., ys = rs} −Πm(n, r)−
s∑
l=1

γl(n)(yl − θl,m),

σ2
r (n) =

∞∑
m=1

Πm(n, r)(1−Πm(n, r))−
s∑
l=1

nlγ
2
l (n),

βr,k(n) = σ−kr (n)
∞∑
m=1

E|gr,m(ξsm(n))|k, κ3,l(nl) ≤
√
κ4,l(nl) =

√
3Pl,2(n) + n−1

l

Alike inequality (12) of Mirakhmedov [9] we have

Ml(nl, 0.4(B(nl)κ3,l(nl))
−1) ≥ 0.1(1− e−1)nl/(3nlPl,2 + 1).

Hence (see (16))

∇(n) = max
1≤l≤s

(
√
nlPl,2 + n−1

l ), T (n) = min
1≤l≤s

(
√
nl/(1 + nlPl,2),

and

Υr,4(n) = βr,4(n) +
s∑
l=1

(
Pl,2 +

1

nl

)
+

s∏
l=1

exp

(
− nl

80s(3nlPl,2 + 1

)
.

Denote δ(n) = |{m : θ1,m + ...+ θs,m ≥ 1}|, the number of elements of the indicated set.
Corollary 1 There exists a constant C(s,r) such that

sup
−∞<u<∞

| Pr{µr(n) < uσr(n) + Λr(n)} − Φ(u) |≤ C(s, r)

(
β3(n) +

s∑
l=1

(
√
nlPl,2 +

1√
nl)

))
.
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Let W(4)
r (n, 0, u) defined as in (18)where instead of function gm the above function gr,m is putted.

Corollary 2. There exist a positive constant C(s, r) and ρ ∈ (0, 1) such that

sup
−∞<u<∞

| Pr{µr(n) < uσr(n) + Λr(n)} −W(4)(n, 0, u) |≤ C(s, r)Υr,4(n) + ρδ(n) log(β−1
r,4 (n)).

Corollary 3. There exist a positive constant C(s, r) and ρ ∈ (0, 1) such that

sup
z∈Z+

|Pr{µr(n) = z} − d

duz
W(4)(n, 0, uz)| ≤ C(s, r)Υr,4(n) + ρδ(n)σr(n),

where uz = (z −−Λr(n))/σr(n), Z+ is the set of non-negativ integers.
Example 2. Consider the allocation scheme of Example 1, where now pl,m > 0 for m = 1, ..., N
and pl,m = 0 for all m > N , l = 1, ..., s, n = N(n1, ..., ns) → ∞ as min(n1, ..., ns) → ∞. That
is each nl particles of lth type are allocated into a finite number N of cels by a multinomial
allocation scheme,see [7]. We are interested here in r.v. µ0(n), the number of empty cells after
allocating of particles of all types, viz.,

µ0(n) =

N∑
m=1

I{η1,m(n1) = 0, ..., ηs,m(ns) = 0}

We assume that

Npl,m ≤ C. (19)

We will use the above notation, keeping in the mind the conditions of this example and adding
suffixes 0 and N. whenever necessary. Recall notation θk,m = nkpk,m and set θm = θi,m+...+θs,m

Λ0(n) =

N∑
m=1

exp (−θm), γl =
1

nl

N∑
m=1

θl,m exp (−θm),

σ2
0(n) =

N∑
m=1

exp (−θm) (1− exp (−θm))−N−1
s∑
j=1

njγ
2
j


Corollary 4. There exist a constant C(s) such that

sup
−∞<u<∞

|Pr{µ0(n) < uσ0(n) + Λ0(n)} − Φ(u)| ≤ C(s)

 1

σ0(n)
+

s∑
j=1

1
√
nj

 .

Define W(4)
0 (n, 0, u) as in (18), where the function gm replaced by g0,m = I{ξ1,m(n1) + ... +

ξs,m(ns) = 0} − exp (−θm) +
∑s

j=1 γj(ξj,m(nj)− θj,m).

Corollary 5. There exist a constant C(s) and ρ ∈ (0, 1) such that

sup
−∞<u<∞

|Pr{µ0(n) < uσ0(n) + Λ0(n)} −W(4)(n, 0, uu))| ≤ C(s)

 1

σ2
0(n)

+
s∑
j=1

1

nj
+ ρN

 .

Example 3. Consider a random allocation of particles in sets, which is a variant of the urn
model presented in example (ii)of introduction, where it is assumed that ω1 = ... = ωN = 1.
Namely, let the cells be indexed by 1, 2, ..., N and the sets of particles be indexed by 1, 2, ..., s.The
set of particles with index j contains nj particles. We assume

• Particles are allocated one set at a time. • Sets of particles are allocated independently of
each other. • No two particles from a given set can be allocated to a common cell. • All C

nj

N
possible variants of the allocation of particles from the j th set have the same probability equal
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to
(
C
nj

N

)−1
, j = 1, ..., s. Again, we consider the number of empty cells left after allocatingall s

sets of particles, viz.,

ν0(n) =
N∑
m=1

I{η1,m(n1) + ...+ ηs,m(ns) = 0}.

We recall that this allocation scheme corresponds to an urn model when we deal with s inde-
pendent samples of sizes n1, ..., ns, respectively, where each sample is drawn by simple sample
scheme without replacement from a population of size N ; here the r.v. ν0(n) is a number
of untouched elements of the population. Denote pl = nl/N , ql = 1 − pl, Qs = q1 · ... · qs,
σ2 = Qs

(
1−Qs

(
1 +

∑s
l=1 plq

−1
l

))
. Set =(ξl) = Bi(1, pl) and g = g(ξ1, ..., ξs) = I{ξ1 +...+ξs =

0} −Qs +Qs
∑s

l=1 q
−1
l (ξl − pl).

Corollary 6. There exists a constant C(s) such that

sup
−∞<u<∞

|Pr{ν0(n) < uσ
√
N +NQs} − Φ(u)| ≤ C(s)

(
E|g|3

σ3
√
N

+

s∑
l=1

1
√
nlplql

)

We emphasis that for this example a
(l)
1,2(n) = 0 , see above notation.

Corollary 7. Assume σ2E|g|/E|g|3 ≤ cmin1≤l≤s(plql). Then there exists a constant C(s) such
that

sup
−∞<u<∞

|Pr{ν0(n) < uσ
√
N +NQs} − Φ(u) +

(1− u2)e−u
2/2Eg3

6
√

2πNσ3
|

≤ C(s)

(
E|g|4

Nσ4
+

s∑
l=1

1

nlplql
+N (s+1)/2e−cNσ

)
.
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ЛОКАЛЬНАЯ АСИМПТОТИЧЕСКАЯ НОРМАЛЬНОСТЬ
ЭКСПЕРИМЕНТОВ ПРИ НЕОДНОРОДНОМ СЛУЧАЙНОМ
ЦЕНЗУРИРОВАНИИ ИНТЕРВАЛОМ НЕНАБЛЮДЕНИЯ

АБДУРАХИМ АБДУШУКУРОВ1, НАРГИЗА НУРМУХАМЕДОВА2

1 Филиал МГУ имени М.В. Ломоносова в городе Ташкенте, Ташкент, Узбекистан
2 Национальный университет Узбекистана, Ташкент, Узбекистан

e-mail: rasulova_nargiza@mail.ru

Аннотация. Статистика отношения правдоподобия (СОП) играет клю-
чевую роль в теории принятия решений. Так, например при проверке
простой гипотезы H0 против сложной альтернативы H1 о неизвестном за-
коне распределения критерии, построенные на основе СОП согласно фун-
даментальной лемме Неймана-Пирсона является равномерно – наиболее
мощными при любом объёме n наблюдений (см. [1,2]). Довольно интерес-
ные задачи возникают, когда альтернативы H1 зависят от n и являются
«близкими» к H0, т.е. H1 = H1n → H0 при n → ∞. В таких ситуациях
проявляются асимптотические свойства СОП, полезные в теории оцени-
вания неизвестных параметров и проверки гипотез. К таким свойствам
относятся локальная асимптотическая нормальность СОП. Имеется до-
статочное количество литературы, посвященной исследованию свойства
локальной асимптотической нормальности СОП и его использованию в
статистике. Следует особо отметить работы [3-7], в которых показано,
что локальная асимптотическая нормальность даёт возможность разви-
тия асимптотической теории оценок максимального правдоподобия и бай-
есовских оценок, а также контигуальности семейств вероятностных рас-
пределений. В работах авторов [8-10] свойства локальная асимптотиче-
ская нормальность для СОП установлены в некоторых моделях неполных
наблюдений, получаемых случайным цензурированием наблюдений в мо-
дели конкурирующих рисков (МКР). В данной работе также исследова-
ны свойства локальной асимптотической нормальности СОП в МКР при
неоднородном случайном цензурировании интервалом ненаблюдения.

Ключевые слова: конкурирующие риски, случайное цензурирование, статистика от-
ношения правдоподобия, локальная асимптотическая нормальность.
Предметная классификация AMS: 62F05

Рассмотрим неоднородную МКР при случайном цензурировании случайных величин
(с.в.) интервалом ненаблюдений. Пусть {Xm, m ≥ 1} - последовательность независимых
с.в. с соответствующей функцией распределения (ф.р.) {Hm(x; θ), m ≥ 1}, определен-
ную на вероятностном пространстве (Ω, A, P ) и со значениями в измеримом пространстве
(Xm, Bm), m ≥ 1 где Xm множество всевозможных значений с.в. Xm и Bm = σ(Xm ).
Здесь θ неизвестный s-мерный параметр и Θ ⊆ Rs-параметрическое пространство, от-
крытое множество в Rs. Наряду с с.в. Xm наблюдается также и полная группа событий
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{
A

(1)
m , ..., A

(k)
m

}
, m ≥ 1. Пусть H(i)

m (x; θ) = Pθ

(
Xm < x, δ

(i)
m = 1

)
, i = 1, ...k, m ≥ 1, субрас-

пределения такие, что H
(1)
m (x; θ) + ... + H

(n)
m (x; θ) = H (x; θ) для всех (x; θ) ∈ R1 × Θ.

Через h
(i)
m (x; θ) = ∂H

(i)
m (x;θ)
∂x , i = 1, ...k, m ≥ 1, плотности субраспределений такие, что

h
(1)
m (x; θ) + ...+h

(k)
m (x; θ) = ∂Hm(x;θ)

∂x = hm(x; θ) для всех (x; θ) ∈ R1×Θ. Рассмотрим случай,

согласно которой совокупность
{(
Xm; A

(1)
m , ..., A

(k)
m

)
, m ≥ 1

}
наблюдается вне интервала

{[Y1m, Y2m], m ≥ 1}, где (Y1m, Y2m) последовательность независимых случайных векторов с
совместной ф.р. Gm(u, v) = P (Y1m ≤ u, Y2m ≤ v), где (u; v) ∈ R2 = R1 × R1. Пусть пары
(Y1m, Y2m) независят от совокупности

(
Xm; A

(1)
m , ..., A

(k)
m

)
, m = 1, ..., n. Предположим, что

P (Y1m ≤ Y2m) = 1, m = 1, ..., n. Реально это может соответствовать случаю, когда наблю-
дения над m - объектом с временем жизни Xm, подвергается k конкурирующим рискам,
могут быть прикрашены в случайный момент Y1m и восстановлены в случайный момент
Y2m. Очевидно такая схема наблюдений содержит в себе модели случайного цензурирова-
ния с одной стороны (слева и/или справа) и с двух сторон. Тогда вместо совокупности(
Xm; A

(1)
m , ..., A

(k)
m

)
наблюдаются вектора{(

Zm; D(0)
m , D(1)

m , ..., D(k)
m

)
, m = 1, ..., n

}
,

где Zm = wmXm + (1 − wm)[Y1m, Y2m], wm = ε1m + ε2m, ε1m = I(Xm < Y1m)

ε2m = I(Xm > Y2m), D(0)
m = {ω : Y1m(ω) ≤ Xm(ω) ≤ Y2m(ω)}, D(i)

m = A
(i)
m ∩

({ω : Xm(ω) < Y1m(ω)} ∪ {ω : Xm(ω) > Y2m(ω)}), i = 1, ..., k, m = 1, ..., n. Пусть ∆
(i)
m =

I(D
(i)
m ), i = 0, 1, ..., k. Тогда ∆

(0)
m = 1 − wm, ∆

(i)
m = wmδ

(i)
m , i = 1, ...k; m = 1, ..., n и

следовательно с.в. Xm и события A
(i)
m наблюдаемы лишь в случае wm = 1 и δ

(i)
m =

1. Отметим, что при wm = 0 наблюдается только сам интервал [Y1m, Y2m]. Через
pm(Z(n); θ) плотность вектора Z(n) = (Z1, ..., Zn) без учета совместного распределения
Gm(u, v) вектора (Y1m, Y2m). Тогда усеченная версия совместного распределения вектора{(
Zm; ∆

(0)
m ,∆

(1)
m , ...,∆

(k)
m

)
, m = 1, ..., n

}
, определяется формулой

dQ̃
(n)
θ

dθ
=

n∏
m=1

{[
k∏
i=1

[
h(i)(Xm; θ)

]δ(i)m ]wm
[H(Y2m; θ)−H(Y1m; θ)]1−wm

}
.

Пусть при каждом u ∈ R1, θ0 + n−1/2u = Ψn(u; θ0) ∈ Θ. Тогда статистика отношения
правдоподобия (СОП) модели

Ln,θ0(u) =
dQ̃

(n)
Ψn(u;θ0)(Z

(n))

dQ̃
(n)
θ0

(Z(n))
=

n∏
m=1


 k∏
i=1

[
h

(i)
m (Xm; Ψn(u; θ0))

h
(i)
m (Xm; θ0)

]δ(i)m 
wm

·

·
[
Hm(Y2m; Ψn(u; θ0))−Hm(Y1m; Ψn(u; θ0)

Hm(Y2m; θ0)−Hm(Y1m; θ0)

]1−wm
}
, θ0 ∈ Θ. (1)

Локальная асимптотическая нормальность СОП Ln,θ(u) в точке θ0 будет установлена при
справедливости следующих условий регулярности. Пусть χn,θ(u) = logLn,θ(u), N (i)

m = {x :

h
(i)
m (x; θ) > 0} и N =

n⋂
m=1

k⋂
i=1

N
(i)
m . Пусть

(С1) Множество N не зависит от θ, θ ∈ Θ;

(С2) Существуют производные ∂lh
(i)
m (x;θ)

∂θlj
, l = 1, 2; i = 1, ..., k; j = 1, ..., s, m = 1, ..., n для

всех θ ∈ Θ;
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(С3)
∞∫
−∞

∣∣∣∣∂lh(i)m (x;θ)

∂θlj

∣∣∣∣µm(dx) < ∞, l = 1, 2; i = 1, ..., k; j = 1, ..., s; m = 1, ..., n, для всех

θ ∈ Θ, где µm - σ конечная мера в R1;

(С4) Интегралы I
(i)
ljm(θ) = Eθ

[
∂ log h

(i)
m (Xm;θ)
∂θl

∂ log h
(i)
m (Xm;θ)
∂θj

]
, l, j = 1, ..., s; i = 1, ..., k; m =

1, ..., n; существуют и
n∑

m=1

k∑
i=1

∥∥∥I(i)
ljm(θ)

∥∥∥
l,j=1,s

=
n∑

m=1
Im(θ) положительны и конечны для всех

θ ∈ Θ.

1. Локальная асимптотическая нормальность статистики отношения
правдоподобия

Пусть Sn(Z(n); θ) =
∂ log Q̃

(n)
θ (Z(n))

∂θ =
n∑

m=1
lθm(Xm, Y1m, Y2m, wm), где

lθm(Xm, Y1m, Y2m, wm) = wm
k∑
i=1

δ
(i)
m

∂ log h
(i)
m (Xm;θ)
∂θ +(1 − wm)∂ log(Hm(Y2m;θ)−Hm(Y1m;θ))

∂θ вклад

выборки рассматриваемой модели. Введем матрицу
n∑

m=1
Jm(θ) =

n∑
m=1

J1m(θ) + J2m(θ), где

J1m(θ) =
k∑
i=1

∞∫
−∞

∞∫
y1

 y1∫
−∞

∂ log h
(i)
m (x; θ)

∂θ

(
∂ log h

(i)
m (x; θ)

∂θ

)T
dH(i)

m (x; θ)+

+

∞∫
y2

∂ log h
(i)
m (x; θ)

∂θ

(
∂ log h

(i)
m (x; θ)

∂θ

)T
dH(i)

m (x; θ)

 dGm(y1, y2),

J2m(θ) =

∞∫
−∞

y1∫
−∞

∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θ

(
∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θ

)T
·

·(Hm(y2; θ)−Hm(y1; θ))dGm(y1, y2).

Пусть (u, v) скалярное произведение для векторов u, v ∈ Rs. Докажем асимптотическое
представление для СОП, откуда следует и ЛАН в точке θ0 ∈ Θ. Пусть

Теорема. Пусть справедливы условия регулярности (С1)-(С4) и det

∥∥∥∥ n∑
m=1

Jm(θ)

∥∥∥∥ 6= 0 для

θ ∈ Θ. Кроме того, выполнено условия Линдберга: ε > 0, u ∈ Rs:

lim
n→∞

n∑
m=1

k∑
i=1

Eθ

Ψ−1(n; θ)u,

(
∂ log h

(i)
m (Xm; θ)

∂θ

)2

· I

(∣∣∣∣∣Ψ−1(n; θ)u,

(
∂ log h

(i)
m (Xm; θ)

∂θ

)∣∣∣∣∣ > ε

) = 0.

где Ψ2(n; θ) =
n∑

m=1
Jm(θ). Тогда справедливо представление

Ln,θ(u) = exp

{
n−1/2

n∑
m=1

(lθ0m(Xm, Y1m, Y2m, wm);u)− 1

2

(
Ψ2(n; θ0)u;u

)
+Rn(u; θ0)

}
, (2)

где при n→∞, Rn(u; θ0)
Q̃

(n)
θ0→ 0 и

L

n−1/2
n∑
j=1

lθ0m(Xm, Y1m, Y2m, wm)/Q̃
(n)
θ0

→ Ns(0;
n∑

m=1

Jm(θ)). (3)
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Из (1) следует, что СОП Ln,θ
0
(u) аппроксимируется экспоненциальной плотностью, а

χn,θ0(u) имеет асимптотическое s-мерное нормальное распределение.
Для доказательства теоремы нам понадобятся несколько лемм.
Пусть

{
lim(x) = (l

(1)
im(x), ..., l

(s)
im(x)), i = 1, ..., k

}
и l0m(u, v) = (l

(1)
0m(u, v), ..., l

(s)
0m(u, v)) за-

висящие от θ интегрируемые функции и l(x, u, v, w) = w
k∑
i=1

δ(i)lim(x) + (1− w)l0m(y1, y2),

m = 1, ..., n.
Лемма 1. Пусть выполнены условия (А) Eθ

[
δ

(i)
m

∣∣∣ljim(Xm)
∣∣∣] <∞ для всех i = 1, ..., k; j =

1, ..., s; m = 1, ..., n и θ ∈ Θ; (В) Eθ
[
(1− wm)

∣∣∣l(j)0m(Y1m, Y2m)
∣∣∣] < ∞ для всех j = 1, ..., s;

m = 1, ..., n и θ ∈ Θ; Тогда для любого θ ∈ Θ при m = 1, ..., n

Eθlm(Xm, Y1m, Y2m, wm) =

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

lim(x)dH(i)
m (x; θ)+

+

∞∫
y2

lim(x)dH(i)
m (x; θ)

+

∞∫
−∞

∞∫
y1

l0m(y1, y2)(Hm(y2; θ)−Hm(y1; θ)) dGm(y1, y2).

Доказательство леммы 1. Легко видеть, что для всех θ ∈ Θ и m = 1, ..., n в условиях
леммы 1

Eθ [|lm(Xm, Y1m, Y2m, wm)|] ≤ k max
1≤i≤k

{
Eθ

[
δ(i)
m |lim(Xm)|

]}
+Eθ [(1− wm) |l0m(Y1m, Y2m)|] <∞.

Тогда вычислив математические ожидания по событиям {wm = 1} и {wm = 0}, имеем

Eθ [wmlm(Xm, Y1m, Y2m, wm)] = Eθ

{
k∑
i=1

[
Eθ

[
δ(i)
m lim(Xm)I(Xm < Y1m)/Y1m

]
I(Y1m ≤ Y2m)

]
+

+Eθ

[
δ(i)
m lim(Xm)I(Xm > Y2m)/Y2m

]
I(Y1m ≤ Y2m)

}
=

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

lim(x)dH(i)
m (x; θ) +

∞∫
y2

lim(x)dH(i)
m (x; θ)

dGm(y1, y2)

а также
Eθ [(1− wm)lm(Xm, Y1m, Y2m, wm)] =

= Eθ {Eθ [l0m(Y1m, Y2m)I(Y1m ≤ Xm ≤ Y2m)/(Y1m, Y2m)] I(Y1m ≤ Y2m)]} =

= Eθ {l0m(Y1m, Y2m)Eθ [I(Y1m ≤ Xm ≤ Y2m)/(Y1m, Y2m)] I(Y1m ≤ Y2m)]} =

= Eθ {l0m(Y1m, Y2m) (Hm(Y2m; θ)−Hm(Y1m; θ)) I(Y1m ≤ Y2m)} =

=

∞∫
−∞

∞∫
y1

l0m(y1, y2) (Hm(y2; θ)−Hm(y1; θ)) dGm(y1, y2).

Теперь складывая эти формулы, получаем утверждение леммы 1. Лемма 1 доказана.
Лемма 2. Пусть выполнены условия регулярности (C1)-(C4). Тогда

Eθ

[
∂ log
∂θ

{
dQ̃

(n)
θ (Z(n))

dZ(n)

}]
= 0 для всех θ ∈ Θ.

Доказательство леммы 2. Имеем

∂

∂θ

{
log

[
dQ̃

(n)
θ (Z(n))

dZ(n)

]}
=

n∑
m=1

lθm (Xm, Y1m, Y2m, wm), (5)
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где lθm (Xm, Y1m, Y2m, wm) = wm
k∑
i=1

lim(Xm) + (1 − wm)l0m (Y1m, Y2m) вектор – функция из

леммы 1 при

lim(x; θ) =
∂

∂θ
log h(i)

m (x; θ), l0m(y1, y2) =
∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θ
.

Справедливость соотношений (А) и (В) леммы 1 следует из следующих:

Eθ

[
δ(i)
m

∣∣∣l(j)im(Xm)
∣∣∣] =

∞∫
−∞

∣∣∣∣∣∂h(i)
m (x; θ)

∂θj

∣∣∣∣∣µm(dx) <∞

для всех i = 1, ..., k; j = 1, ..., s; m = 1, ..., n и θ ∈ Θ, (6)

а также

Eθ

[
(1− wm)

∣∣∣l(j)0m(Y1m, Y2m)
∣∣∣] =

∞∫
−∞

∞∫
y1

∣∣∣∣ ∂∂θj (Hm(y2; θ)−Hm(y1; θ))

∣∣∣∣ dGm(y1, y2) =

=

∞∫
−∞

∞∫
y1

∣∣∣∣∣∣
y2∫
y1

[
∂ log hm(x; θ)

∂θj

√
hm(x; θ)

]√
hm(x; θ)µm(dx)

∣∣∣∣∣∣dGm(y1, y2) ≤

≤
∞∫
−∞

∞∫
y1

∣∣∣∣∣∣
y2∫
y1

[(
∂ log hm(x; θ)

∂θj

)2

dHm(x; θ)

]1/2

[Hm(y2; θ)−Hm(y1; θ)]1/2

∣∣∣∣∣∣dGm(y1, y2) ≤

≤
(
Ijjm(θ)

)1/2 ∞∫
−∞

∞∫
y1

[Hm(y2; θ)−Hm(y1; θ)]1/2dGm(y1, y2) ≤
(
Ijjm(θ)

)1/2
, (7)

где использованы условия регулярности (C1)-(C4) а в (7) также и неравенство Коши-
Буньяковского. Таким образом, в силу (6) и (7) математическое ожидание в (5) существует
и

Eθ

[
∂

∂θ

{
log

[
dQ̃

(n)
θ (Z(n))

dZ(n)

]}]
=

n∑
m=1

Eθlm (Xm, Y1m, Y2m, wm). (8)

Здесь из леммы 1, для любого θ ∈ Θ, имеем

Eθlm (Xm, Y1m, Y2m, wm) =

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂ log h
(i)
m (x; θ)

∂θ
dH(i)

m (x; θ)+

∞∫
y2

∂ log h
(i)
m (x; θ)

∂θ
dH(i)

m (x; θ)

 dGm(y1, y2)+

+

∞∫
−∞

∞∫
y1

∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θ
(Hm(y2; θ)−Hm(y1; θ))dGm(y1, y2) =

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂h
(i)
m (x; θ)

∂θ
µm(dx) +

∞∫
y2

∂h
(i)
m (x; θ)

∂θ
µm(dx)

+
∂

∂θ
(Hm(y2; θ)−Hm(y1; θ))dGm(y1, y2) =

=

∞∫
−∞

∞∫
y1

[
− ∂

∂θ
(Hm(y2; θ)−Hm(y1; θ)) +

∂

∂θ
(Hm(y2; θ)−Hm(y1; θ))

]
dGm(y1, y2) = 0 (9)

для всех θ ∈ Θ. Из (8) и (9) следует (5). Лемма 2 доказана.
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Лемма 3. В условиях (С1)-(С4) для всех θ ∈ Θ

Eθ

 ∂

∂θ

{
log

[
dQ̃

(n)
θ (Z(n))

dZ(n)

]}(
∂

∂θ

{
log

[
dQ̃

(n)
θ (Z(n))

dZ(n)

]})T =

= −

∥∥∥∥∥Eθ
(

∂2

∂θl∂θj

{
dQ̃

(n)
θ (Z(n))

dZ(n)

})∥∥∥∥∥
s

l,j=1

. (10)

Доказательство леммы 3. Поскольку lm · lmT = ‖lmj · lml‖sl,j=1, где

lmj (Xm, Y1m, Y2m, wm) lml (Xm, Y1m, Y2m, wm) = wm

k∑
i=1

δ(i)
m

∂ log h
(i)
m (Xm; θ)

∂θj

∂ log h
(i)
m (Xm; θ)

∂θl
+

+(1− wm)
∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θj

∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θl
,

то в силу лемм 1 и 2

Eθ

∂ log

∂θ

{
dQ̃

(n)
θ (Z(n))

dZ(n)

}(
∂ log

∂θ

{
dQ̃

(n)
θ (Z(n))

dZ(n)

})T =

n∑
m=1

Jm(θ),

где Jm(θ) матрица с элементами

J
(i)
jlm(θ) =

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂ log h
(i)
m (x; θ)

∂θj

∂ log h
(i)
m (x; θ)

∂θl
dH(i)

m (x; θ)+

+

∞∫
y1

∂ log h
(i)
m (x; θ)

∂θj

∂ log h
(i)
m (x; θ)

∂θl

 dGm(y1, y2)+

+

∞∫
−∞

∞∫
y1

∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θj

∂ log(Hm(y2; θ)−Hm(y1; θ))

∂θl
dGm(y1, y2) = J

(i)
1jlm(θ)+J

(i)
2jlm(θ).

(11)
Легко видеть, что первое слагаемое в (11) оценивается для всех θ ∈ Θ как∣∣∣J (i)

1jlm(θ)
∣∣∣ ≤ 2

k∑
i=1

∞∫
−∞

∣∣∣∣∣∂ log h
(i)
m (x; θ)

∂θj

∣∣∣∣∣
∣∣∣∣∣∂ log h

(i)
m (x; θ)

∂θl

∣∣∣∣∣ dH(i)
m (x; θ) =

= 2
k∑
i=1

 ∞∫
−∞

(
∂ log h

(i)
m (x; θ)

∂θj

)2

dH(i)
m (x; θ)

1/2

·

 ∞∫
−∞

(
∂ log h

(i)
m (x; θ)

∂θl

)2

dH(i)
m (x; θ)

1/2

=

= 2
k∑
i=1

[
I

(i)
jjm(θ)I

(i)
llm(θ)

]1/2
<∞, (12)

где использовано условие (C4) и неравенство Коши-Буньяковского. Аналогично оценим и
J

(2)
2jlm(θ) для всех θ ∈ Θ и i = 1, ..., k; l, j = 1, ..., s; m = 1, ..., n и θ ∈ Θ:

∣∣∣J (i)
2jlm(θ)

∣∣∣ ≤ ∞∫
−∞

∞∫
y1

∣∣∣∣∣∣
y2∫
y1

∂hm(x; θ)

∂θj
µm(dx)

∣∣∣∣∣∣
∣∣∣∣∣∣
y2∫
y1

∂hm(x; θ)

∂θl
µm(dx)

∣∣∣∣∣∣·
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·
∞∫
−∞

∞∫
y1

 y2∫
y1

(
∂ log hm(x; θ)

∂θj

√
hm(x; θ)

)√
hm(x; θ)µm(dx)

·
∞∫
−∞

∞∫
y1

 y2∫
y1

(
∂ log hm(x; θ)

∂θj

√
hm(x; θ)

)√
hm(x; θ)µm(dx)

·
·

 y2∫
y1

(
∂ log hm(x; θ)

∂θl

√
hm(x; θ)

)√
hm(x; θ)µm(dx)

 dGm(y1, y2)

(Hm(y2; θ)−Hm(y1; θ))
≤

≤
∞∫
−∞

∞∫
y1

 y2∫
y1

(
∂ log hm(x; θ)

∂θj

)2

dHm(x; θ)

1/2 y2∫
y1

h(x; θ)µm(dx)·

·

 y2∫
y1

(
∂ log hm(x; θ)

∂θl

)2

dHm(x; θ)

 dGm(y1, y2)

(Hm(y2; θ)−Hm(y1; θ))
≤
[
Ijjm(θ)Illm(θ)

]1/2
<∞. (13)

Теперь из (12) и (13) следует существование элементов матриц JXjlm(θ). Для доказательства
равенства (10) сперва заметим, что для всех i = 1, ..., k; l, j = 1, ..., s; m = 1, ..., n и θ ∈ Θ:

Eθ

(
∂2

∂θl∂θj

{
dQ̃

(n)
θ (Z(n))

dZ(n)

})
=

n∑
m=1

∂2lm (Xm, Y1m, Y2m, wm)

∂θj∂θl
, (14)

где в силу леммы 1 имеем цепочку равенств

Eθ

[
∂2lm (Xm, Y1m, Y2m, wm)

∂θj∂θl

]
=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂2 log h
(i)
m (x; θ)

∂θj∂θl
dH(i)

m (x; θ)+

+

∞∫
y2

∂2 log h
(i)
m (x; θ)

∂θj∂θl
dH(i)

m (x; θ)

 dGm(y1, y2)+

+

∞∫
−∞

∞∫
y1

∂2 log(Hm(y2; θ)−Hm(y1; θ))

∂θj∂θl
(Hm(y2; θ)−Hm(y1; θ))dGm(y1, y2) =

=

∞∫
−∞

∞∫
y1

k∑
i=1


y1∫
−∞

[
∂2h

(i)
m (x; θ)

∂θj∂θl
h(i)
m (x; θ) +

∂h
(i)
m (x; θ)

∂θl

∂h
(i)
m (x; θ)

∂θj

]
µm(dx)

h
(i)
m (x; θ)

+

+

∞∫
y2

[
∂2h

(i)
m (x; θ)

∂θj∂θl
h(i)
m (x; θ)− ∂h

(i)
m (x; θ)

∂θl

∂h
(i)
m (x; θ)

∂θj

]
µm(dx)

h
(i)
m (x; θ)

 dGm(y1, y2)+

+

∞∫
−∞

∞∫
y1

[
∂2(Hm(y2; θ)−Hm(y1; θ))

∂θj∂θl
(Hm(y2; θ)−Hm(y1; θ))−

−∂(Hm(y2; θ)−Hm(y1; θ))

∂θl

∂(Hm(y2; θ)−Hm(y1; θ))

∂θj

]
dGm(y1, y2)

(Hm(y2; θ)−Hm(y1; θ))
=

=

∞∫
−∞

∞∫
y1

k∑
i=1

 y1∫
−∞

∂2h
(i)
m (x; θ)

∂θl∂θj
µm(dx) +

∞∫
y2

∂2h
(i)
m (x; θ)

∂θl∂θj
µm(dx)

 dGm(y1, y2)+
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+

∞∫
−∞

∞∫
y1

∂2(Hm(y2; θ)−Hm(y1; θ))

∂θl∂θj
dGm(y1, y2)− Jljm(θ) =

+

∞∫
−∞

∞∫
y1

[
−∂

2(Hm(y2; θ)−Hm(y1; θ))

∂θl∂θj
+
∂2(Hm(y2; θ)−Hm(y1; θ))

∂θl∂θj

]
dGm(y1, y2)−Jljm(θ) =

= −Jljm(θ). (15)

Равенство (10) теперь следует из (14) и (15). Лемма 3 доказана.

Обозначим g
(i)
m (x; θ) =

√
h

(i)
m (x; θ), ξ

(i)
nm(x;u) = g

(i)
m (x;θ+u)

g
(i)
m (x;θ)

− 1, qm(y1, y2; θ) =√
Hm(y2; θ)−Hm(y1; θ) и ηnm(y1, y2;u) = qm(y1,y2;θ+u)

qm(y1,y2;θ) − 1.
Лемма 4. Пусть выполнены условия регулярности (С1)-(С5). Тогда при |u| → 0 спра-

ведливы соотношения:

Eθ

[
wm

k∑
i=1

δ(i)
m ξ

(i)
ni

2(Xm;u)

]
− 1

4
(J1(θ)u;u) = o

(
|u|2
)
, (16)

Eθ
[
(1− wm)η2

nm(Y1m, Y2m;u)
]
− 1

4
(J2(θ)u;u) = o

(
|u|2
)
, (17)

Eθ

∣∣∣∣∣∣wm
k∑
i=1

δ(i)
m

 ξ(i)
ni

2(Xm;u)−

(
u;
∂g

(i)
m (Xm; θ)

∂θ

)2
∣∣∣∣∣∣ = o

(
|u|2
)
, (18)

Eθ

∣∣∣∣∣(1− wm)

[
η2
nm(Y1m, Y2m;u)−

(
u;
∂qm(Y1m, Y2m; θ)

∂θ

)2
]∣∣∣∣∣ = o

(
|u|2
)
, (19)

Pθ

(∣∣∣∣∣wm
k∑
i=1

δ(i)
m ξnm(Xm;u)

∣∣∣∣∣ > ε

)
= o

(
|u|2
)
, (20)

Pθ (|(1− wm)ηnm(Y1m, Y2m;u)| > ε) = o
(
|u|2
)
, (21)

Eθ

[
wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;u)

]
+

1

8
(J1(θ)u;u) = o

(
|u|2
)
, (22)

Eθ [(1− wm)ηnm(Y1m, Y2m;u)] +
1

8
(J2(θ)u;u) = o

(
|u|2
)
. (23)

Доказательство леммы 4. В условиях регулярности леммы

k∑
i=1

∞∫
−∞

∞∫
y1

 ∫
N

(i)
m ∩(−∞,y1)

h(i)
m (x; θ + u)µm(dx) +

∫
N

(i)
m ∩(y2,∞)

h(i)
m (x; θ + u)µm(dx)

 dGm(y1, y2) =

=
1

2

(
∇(2)

1mu;u
)

= o
(
|u|2
)
, (24)

где

∇(2)
1m =

∞∫
−∞

∞∫
y1

 ∫
Nm∩(−∞,y1)

∂2hm(x; θ∗)
∂θ2

µm(dx)+

∫
Nm∩(y2,∞)

∂2hm(x; θ∗)
∂θ2

µm(dx)

 dGm(y1, y2)
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θ∗ лежит между θ и θ + u. Легко проверить, что при |u| → 0√
h

(i)
m (x; θ + u)−

√
h

(i)
m (x; θ)√

h
(i)
m (x; θ)

− 1

2

(
u;
∂ log h

(i)
m (x; θ)

∂θ

)
= o (|u|) . (25)

Следовательно, при |u| → 0

Eθ

{
wm

k∑
i=1

δ(i)
m

[
ξni(Xm;u)− 1

2

(
u;
∂ log h

(i)
m (Xm; θ)

∂θ

)]}2

= o
(
|u|2
)
. (26)

Аналогично (24)-(26), имеем
∞∫
−∞

∫
N

(i)∩(y1,∞)

(Hm(y2; θ + u)−Hm(y1; θ + u)) dGm(y1, y2) =
1

2

(
∇(2)

2mu;u
)

= o
(
|u|2
)
, (27)

где

∇(2)
2m =

∞∫
−∞

∫
N

(i)∩(−∞,y1)

[
∂2

∂θ2
(Hm(y2; θ∗)−Hm(y1; θ∗))

]
dGm(y1, y2),

а также √
Hm(y2; θ + u)−Hm(y1; θ + u)−

√
Hm(y2; θ)−Hm(y1; θ)√

Hm(y2; θ)−Hm(y1; θ)
−

−1

2

(
u;
∂ log (Hm(y2; θ)−Hm(y1; θ))

∂θ

)
= o

(
|u|2
)
. (28)

Из этого следует, что

Eθ

{
(1− wm)

[
ηnm(Y1m, Y2m;u)− 1

2

(
u;
∂ log (Hm(Y2; θ)−Hm(Y1; θ))

∂θ

)]}2

= o
(
|u|2
)
. (29)

В силу (24)

Eθ

[
wm

k∑
i=1

δ(i)
m

[
ξ

(i)
ni

2(Xm;u)
]]

=
k∑
i=1


∞∫
−∞

∞∫
y1

 ∫
N

(i)∩(−∞,y1)

(√
h

(i)
m (x; θ + u)−

√
h

(i)
m (x; θ)

)2

µm(dx)+

+

∫
N

(i)∩(y2,∞)

(√
h

(i)
m (x; θ + u)−

√
h

(i)
m (x; θ)

)2

µm(dx)

 dGm(y1, y2)

 =

= 2

∞∫
−∞

∞∫
y1

 y1∫
−∞

hm(x; θ)µm(dx) +

∞∫
y2

hm(x; θ)µm(dx)

dGm(y1, y2) + o
(
|u|2
)
−

−2
k∑
i=1

 ∞∫
−∞

∞∫
y1

 y1∫
−∞

√
h

(i)
m (x; θ + u)

(√
h

(i)
m (x; θ)

)−1

µm(dx)+

+

∞∫
y2

√
h

(i)
m (x; θ + u)

(√
h

(i)
m (x; θ)

)−1

µm(dx)

 dGm(y1, y2) =

= 2

∞∫
−∞

∞∫
y1

[1− (Hm(y2; θ)−Hm(y1; θ))]dGm(y1, y2) + o
(
|u|2
)
−
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= 2

k∑
i=1

 ∞∫
−∞

∞∫
y1

 y1∫
−∞

(ξnm(x;u) + 1) dH(i)
m (x; θ) +

∞∫
y2

(ξnm(x;u) + 1) dH(i)
m (x; θ)

 dGm(y1, y2)

 =

−2
k∑
i=1

∞∫
−∞

∞∫
y1

 y1∫
−∞

ξ(i)
nm(x;u)dH(i)

m (x; θ) +

∞∫
y2

ξ(i)
nm(x;u)dH(i)

m (x; θ)

 dGm(y1, y2)+

+o
(
|u|2
)

= 2Eθ

[
wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;u)

]
+ o

(
|u|2
)
. (30)

Из (26) следует (16) и (18), а также из (16) следует (17) и (19). Теперь из (16) и (30)
получается (22). С другой стороны, в силу (27)

Eθ
[
(1− wm)η2

nm(Y1m, Y2m;u)
]

=

=

∞∫
−∞

∞∫
y1

(√
Hm(y2; θ + u)−Hm(y1; θ + u)−

√
Hm(y2; θ)−Hm(y1; θ)

)2
dGm(y1, y2) =

= 2

∞∫
−∞

∞∫
y1

(Hm(y2; θ)−Hm(y1; θ)) dGm(y1, y2) + o
(
|u|2
)
−

−2

∞∫
−∞

∞∫
y1

(ηnm(y1, y2;u) + 1) (Hm(y2; θ)−Hm(y1; θ)) dGm(y1, y2) =

= 2Eθ [(1− wm)ηnm(Y1m, Y2m;u)] + o
(
|u|2
)
. (31)

Теперь (23) следует из (17) и (31). Прежде всего установить (20) и (21), сперва заметим,
что из (26) и (29) соответственно имеем

Eθ

{
wm

k∑
i=1

δ(i)
m

[
ξ(i)
nm(Xm;u)− 1

2

(
u;
∂ log h

(i)
m (Xm; θ)

∂θ

)]}2

= o
(
|u|2
)
, (32)

Eθ

{
(1− wm)

[
ηnm(Y1m, Y2m;u)− 1

2

(
u;
∂ log (Hm(Y2m; θ)−Hm(Y1m; θ))

∂θ

)]}2

= o
(
|u|2
)
.

(33)
В силу (32),

Pθ

[∣∣∣∣∣wm
k∑
i=1

δ(i)
m ξnm(Xm;u)

∣∣∣∣∣ > ε

]
≤

≤ Pθ

[∣∣∣∣∣wm
k∑
i=1

δ(i)
m

[
ξ(i)
nm(Xm;u)− 1

2

(
u;
∂ log h

(i)
m (Xm; θ)

∂θ

)] ∣∣∣∣∣ > ε

2

]
+

≤ Pθ

∣∣∣∣∣∣wm
k∑
i=1

δ(i)
m

(
u;
∂ log h

(i)
m (Xm; θ)

∂θ

)2
∣∣∣∣∣∣ > ε2

 ≤
≤ 4

ε4
Eθ

{
wm

k∑
i=1

δ(i)
m

[
ξ(i)
nm(Xm;u)− 1

2

(
u;
∂ log h

(i)
m (Xm; θ)

∂θ

)]}2

+
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+
1

ε2

∞∫
−∞

k∑
i=1

∞∫
y1


∫

(−∞,y1)∩
{
x:

∣∣∣∣ ∂ log h
(i)
m (x;θ)
∂θ

∣∣∣∣> ε
|u|

}
(
u;
∂ log h

(i)
m (x; θ)

∂θ

)2

dH(i)
m (x; θ)+

+

∫
(y2,∞)∩

{
x:

∣∣∣∣ ∂ log h
(i)
m (x;θ)
∂θ

∣∣∣∣> ε
|u|

}
(
u;
∂ log h

(i)
m (x; θ)

∂θ

)2

dH(i)
m (x; θ)

 dGm(y1, y2) = o
(
|u|2
)
, (34)

где первое слагаемое в правой части неравенства (34) в силу (26) есть o
(
|u|2
)
, а второе

в силу сходимости интеграла J1(θ), также имеет порядок o
(
|u|2
)
. Вполне аналогично, с

учётом (33) имеем
Pθ (|(1− wm)ηnm(Y1m, Y2m;u)| > ε) ≤

≤ Pθ
(∣∣∣∣ (1− wm)ηnm(Y1m, Y2m;u)− 1

2

(
u;
∂ log(Hm(Y2m; θ)−Hm(Y1m; θ))

∂θ

) ∣∣∣∣ > ε

2

)
+

≤ Pθ
(
(1− wm)η2

nm(Y1m, Y2m;u) > ε2
)

= o
(
|u|2
)
. (60)

Теперь из (34) и (35) следуют соответственно (20) и (21). Лемма 4 доказана.
Доказательство теоремы. Согласно (8)

Ln,θ0(u) = exp
{
χ

(1)
n,θ0

(u) + χ
(2)
n,θ0

(u)
}
, (36)

где

χ
(1)
n,θ0

(u) =

n∑
m=1

wm

k∑
i=1

δ(i)
m log

[
h

(i)
m (Xm; θ0 + n−1/2u)

h
(i)
m (Xm; θ0)

]
=2

n∑
m=1

k∑
i=1

δ(i)
m log

(
1 + ξ(i)

nm(Xm;n−1/2u)
)
,

(37)

χ
(2)
n,θ0

(u) =
n∑

m=1

(1− wm) log

[
Hm(Y2m; θ0 + n−1/2u)−Hm(Y1m; θ0 + n−1/2u)

Hm(Y2m; θ)−Hm(Y1m; θ)

]
=

= 2
n∑

m=1

(1− wm) log
(

1 + ηnm(Y1m, Y2m;n−1/2u)
)
, (38)

и
χn,θ0(n−1/2u) = χ

(1)
n,θ0

(u) + χ
(2)
n,θ0

(u). (39)

Определим события An =

{
max

1≤m≤n
max
1≤i≤k

∣∣∣ξ(i)
nm(Xm;n−1/2u)

∣∣∣ < ε

}
и Bn ={

max
1≤m≤n

∣∣ηnm(Y1m, Y2m;n−1/2u)
∣∣ < ε

}
. Тогда при справедливости этих событий в си-

лу формулы Тейлора при некоторых
∣∣∣α(i)
mn

∣∣∣ < 1 и |βmn| < 1 имеем

χ
(1)
n,θ0

(u) = 2

n∑
m=1

wm

k∑
i=1

δ(i)
m ξnm(Xm;n−1/2u)−

n∑
m=1

wm

k∑
i=1

δ(i)
m ξ2

nm(Xm;n−1/2u)+

+
n∑

m=1

wm

k∑
i=1

δ(i)
m α(i)

mn

∣∣∣ξnm(Xm;n−1/2u)
∣∣∣3, (40)

и

χ
(2)
n,θ0

(u) = 2

n∑
m=1

(1− wm)ηnm(Y1m, Y2m;n−1/2u)−
n∑

m=1

(1− wm)η2
nm(Y1m, Y2m;n−1/2u)+
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+

n∑
m=1

(1− wm)βmn

∣∣∣ηnm(Y1m, Y2m;n−1/2u)
∣∣∣3. (41)

Так как условие (2) обеспечивает асимптотическую нормальность последовательности
1

Ψ(n,θ)

n∑
m=1

k∑
i=1

∂ log h
(i)
m (Xm;θ)
∂θ по теореме Линдеберга, то нам остается доказывать справедли-

вость следующих соотношений при n→∞:

Pθ(An)→ 0, Pθ(Bn)→ 0, (42)

Pθ0

(∣∣∣∣∣2
n∑

m=1

wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)− n−1/2
n∑

m=1

wm

k∑
i=1

δ(i)
nm

(
∂ log h

(i)
m (Xm; θ)

∂θ
;u

)
+

1

4
(J1m(θ0)u;u)

∣∣∣∣ > ε

)
→ 0,

(43)

Pθ0

(
2

n∑
m=1

(1− wm)ηnm(Y1m, Y2m;n−1/2u)−n−1/2
n∑

m=1

(1− wm)

(
∂ log (Hm(Y2m; θ)−Hm(Y1m; θ))

∂θ
;u

)
+

+
1

4
(J2m(θ)u;u)

∣∣∣∣ > ε

)
→ 0, (44)

Pθ0

(∣∣∣∣∣
n∑

m=1

wm

k∑
i=1

δ(i)
m ξ2

nm(Xm;n−1/2u)− 1

4
(J1m(θ)u;u)

∣∣∣∣∣ > ε

)
→ 0, (45)

Pθ0

(∣∣∣∣∣
n∑

m=1

(1− wm)η2
nm(Y1m, Y2m;n−1/2u)− 1

4
(J2m(θ)u;u)

∣∣∣∣∣ > ε

)
→ 0, (46)

Pθ0

(
n∑

m=1

wm

k∑
i=1

δ(i)
m

∣∣∣ξ(i)
nm(Xm;n−1/2u)

∣∣∣3 > ε

)
→ 0, (47)

Pθ0

(
n∑

m=1

(1− wm)
∣∣∣ηnm(Y1m, Y2m;n−1/2u)

∣∣∣3 > ε

)
→ 0. (48)

В силу (20), при n→∞

Pθ0(An) ≤
n∑

m=1

Pθ0

(∣∣∣∣∣wm
k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

∣∣∣∣∣ > ε

)
=

= nPθ0

(∣∣∣∣∣wm
k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

∣∣∣∣∣ > ε

)
= o(1).

Аналогично доказывается и вторая сходимость в (42) с использованием (21). Согласно (18)
и неравенства Маркова при n→∞

Pθ0

∣∣∣∣∣∣
n∑

m=1

wm

k∑
i=1

δ(i)
m ξ

(i)
ni

2(Xm;n−1/2u)− 1

n

n∑
m=1

wm

k∑
i=1

δ(i)
m

(
u;
∂g

(i)
m (Xm; θ)

∂θ

)2
∣∣∣∣∣∣ > ε

 ≤
≤ 1

ε
Eθ


n∑

m=1

wm

k∑
i=1

δ(i)
m

ξ(i)
ni

2(Xm;n−1/2u)− 1

n

(
u;
∂g

(i)
m (Xj ; θ)

∂θ

)2
 ≤

≤ 1

ε
Eθ

∣∣∣∣∣∣
n∑

m=1

wm

k∑
i=1

δ(i)
m

ξ(i)
ni

2(Xm;n−1/2u)−

(
n−1/2u;

∂g
(i)
m (Xm; θ0)

∂θ

)2
∣∣∣∣∣∣ = o(1). (49)
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С другой стороны, согласно лемме 1 и закону больших чисел при n→∞

1

n

n∑
m=1

wm

k∑
i=1

δ(i)
m

(
u;
∂g

(i)
m (Xm; θ)

∂θ

)2

=

= uT
1

n

n∑
m=1

wm

k∑
i=1

∂g
(i)
m (Xm; θ0)

∂θ

(
∂g

(i)
m (Xm; θ0)

∂θ

)T
u − 1

4

(
n∑

m=1

J1m(θ0)u;u

)
Q̃

(n)
θ→ 0. (50)

Из (49) и (50) следует (45). Аналогично доказывается и (46). В силу (42) и (45) получаем
(47). Аналогично доказывается (48). Докажем (43) и (44). Согласно (22), при n→∞

Eθ

(
wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

)
= −1

8
(J1(θ0)u;u) + o

(
1

n

)
. (51)

Ввиду этого при n→∞ (43) становится эквивалентным соотношению

λ(u) = Pθ0

2

∣∣∣∣∣∣
n∑
j=1

{
wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)− Eθ

[
wm

k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

]
−

− n−1/2

2
wm

k∑
i=1

δ(i)
m

(
∂ log h

(i)
m (Xm; θ0)

∂θ
;u

)}∣∣∣∣∣ > ε

)
→ 0.

Теперь учитывая независимость слагаемых

λ(u) ≤ 4

ε2
Eθ0

{
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[
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[
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2
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=
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ε2
Eθ0

{
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[
k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)− 1

2
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i=1

δ(i)
m

(
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(i)
m (Xm; θ)

∂θ
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)]}2

−

−8n
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[
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k∑
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δ(i)
m ξ(i)
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2
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k∑
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δ(i)
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(
∂ log h

(i)
m (Xm; θ)
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·
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[
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δ(i)
m ξ(i)
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]
+
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ε2
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[
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]}2

=

=
4n

ε2

{
Eθ0

[
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k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)− 1

2
wm

k∑
i=1

δ(i)
m

(
∂ log h

(i)
m (Xm; θ)

∂θ
;n−1/2u

)]2

−

−

[
Eθ0

[
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k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

]]2
−4n−1/2

ε2
Eθ0

[
n∑

m=1

wm

k∑
i=1

δ(i)
m

(
∂ log h

(i)
m (Xm; θ)

∂θ
;u

)]
·
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[
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m=1
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k∑
i=1

δ(i)
m ξ(i)

nm(Xm;n−1/2u)

]
. (52)

Первое слагаемое в правой части последнего неравенства стремится к нулю при n →
∞ в силу (26) из доказательства леммы 4 и (51), а второе слагаемое также в силу (51).
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Следовательно, (43) справедливо. Вполне аналогично устанавливается и (44). Теперь ЛАН
следует из соотношений (42)-(48) и многомерной ЦПТ. Теорема доказана.

Список литературы

[1] Ibragimov I., Khas’minskii R., Statistical Estimation: Asymptotic Theory, New York: Springer-Verlag, 1981.
795 p.

[2] Leman E., Testing statistical hypothesis, New York: Springer-Verlag, 2005. 785 p.
[3] Rusas J., Contiguity of probability measures, M.: Mir, 1975. 258 p.
[4] Bilingsley P., Contiguity of probability measures, M.: Nauka, 1977. 352 p.
[5] Le Cam L., Lo Yang G., Asyrnptotics in Statistics: some basic concepts, New York: Springer-Verlag, 2000.

285 p.
[6] Voinov V., Nikulin M., Balakrishnan N., Chi-squared goodness of fit tests with application, USA: Elsevier,

2013. 226 p.
[7] A. W. van der Vaart, Asymptotic Statistics, USA: Cambridge University Press, 1998. 903 p.
[8] Abdushukurov A., Nurmukhamedova N., Locally asymptotically normality of the family of distributions

by incomplete observations, Journal of Siberian Federal University. Mathematics & Physics, Vol.7, 2014,
pp.141-154.

[9] Abdushukurov A., Nurmukhamedova N., Asymptotic properties of Bayesian – type estimates in the competing
risks model under random censoring, Journal of Mathematical Sciences (United States), Springer, Vol.245,
No.3, 2020, pp.341-349.

[10] Abdushukurov A., Nurmukhamedova N., Asymptotic properties of likelihood ratio statistics in competing
risks model under interval random censoring, Lobachevskii Journal of Mathematics, Vol.42, No.12, 2021, pp.
2687-2696.

86
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Кездейсоқ процестер теориясы – ықтималдықтар теориясының физикада, биологияда,
техника мен медицинада, қаржы – экономикалық жүйелерде және бiлiмнiң басқа салала-
рында да қарқынды дамып отырған бөлiмi. Кездейсоқ процесс уақытқа байланысты жүрiп
отыратын кездейсоқ құбылыстарды сипаттау үшiн қолданылатын математикалық ықти-
малды модель болып табылады. Қазiргi кезде кездейсоқ процестер теориясының стацио-
нар және гаустық, марковтық процестерi негiзiнен радио және электротехникада, кибер-
нетикада қолданылады. Математикалық экономика, математикалық биологияда әртүрлi
марковтық процестер, газдардың молекулярлық теориясында броундық қозғалыс процесi,
космостық бөлшектер каскады теориясында тәуелсiз өсiмшелер процестерi мен марковтық
процестер қолданылады. Соңғы кезде жаратылыстану ғылымдарының қандайы да өз са-
лаларында кездейсоқ процестер теориясын пайдаланып отырады. Әрбiр бiлiм алушы бұл
теорияның әдiстерiн меңгеру үшiн ықтималдықтар теориясы мен математикалық стати-
стиканың дәстүрлi бөлiмдерi мен жоғары математика, графтар теориясы дифференциал-
дық теңдеулер, математикалық физика теңдеулерi курстарын бiлгендерi дұрыс. Мақала
экономикалық-математикалық модельдеудiң негiзгi бөлiмдерiнiң бiрi болып табылатын кез-
дейсоқ дискреттi марковтық процестерге, оларды зерттеуде графтардың, өтпелi матрица-
лардың қолданылуына арналған.

Марковтық процестер кездейсоқ процестердiң жеке жағдайы болып табылады. Марко-
втық процестердiң басқа кездейсоқ процестерден ерекшелiгi мынада:

- оның көптеген қолданбалы есептердi шешуге мүмкiндiк беретiн математикалық аппа-
ратының болуы;

- марковтық процестер көмегiмен күрделi жүйелердiң жағдайын сипаттауға болатынды-
ғы.

Бұл модельдеу көмегiмен қаржы, экономикалық теорияның басқа әдiстердi пайдаланып
шешкенде барынша күрделi болатын банк жүйесiндегi немесе товар айналымы процесiн-
дегi басқару жүйесiн тиiмдi реттеу, шешiм қабылдау, болжам жасау, жоспарлау есептерiн
зерттеуге болады. Ал, бұл жағдайлар бүгiнгi күннiң өзектi мәселелерiнiң бiрi.

Анықтама 1. Тәжiрибе жүргiзiлетiн уақыт аралығының әрбiр t уақыт мезетiне бiр ғана
S(t) кездейсоқ шаманы сәйкестендiретiн функция кездейсоқ үдерiс ( процесс) немесе S(t)
кездейсоқ функция деп аталады [1, 2].

Сонымен, кездейсоқ функцияның аргументi-уақыт, ал оның мәнi-кездейсоқ шама болып
табылады. Осылайша, кездейсоқ функция тәжiрибе барысында кездейсоқ шаманың уақыт
бойынша өзгерiсiн сипаттайды.

Жалпылама түрде, жүйе түсiнiгiне келесi түрде анықтама беруге болады.
Анықтама 2. Тәуелсiз iшкi бөлiк жиындарға бөлуге болмайтын, өзара байланысқан

элементтердiң тұтас жиынтығын S жүйесi ретiнде түсiнуге болады.
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Жүйе элементтерi мен олардың арасындағы байланыстар уақыт бойынша өзгерiп оты-
рады және әрбiр t уақыт мезетiнде S жүйенiң S(t) күйiн сипаттайды.

Анықтама 3. Егер S жүйе t уақыт өту барысында өзiнiң S(t) күйiн кездейсоқ түрде
өзгертiп отыратын болса, онда S жүйеде кездейсоқ үдерiс өтедi (жүредi) делiнедi.

s1, s2, ..., sn, ...−S жүйесiнiң мүмкiн жағдайлары (күйлерi) болсын. Әдетте, берiлген жағ-
дайлар, кез келген уақыт мезетiнде жүйе олардың тек бiреуiнде ғана болатындай (сапалық
түрде) анықталады деп есептеледi, яғни кез келген tуақыт мезетi үшiн S(t) = si орындала-
тындай бiр ғана si жағдайы табылады.

Егер жағдайлар жиынтығы есептiк санынан аспайтын, яғни ақырлы {s1, s2, ..., sn} немесе
есептiк {s1, s2, ..., sn, ...} болса, онда ол дискреттiк. Егер күйлердiң жиынтығы есептiктен
артық болса (мысалы, континуум қуаты бар болса), онда ол үздiксiз болады.

Жағдайлар жиынтығы дискреттi болғанда жүйе өзiнiң жағдайын кенет (лезде) секiрмелi
түрде өзгертiп отырады. Ал, жағдайлар жиынтығы үздiксiз болғанда жүйенiң бiр жағдай-
дан екiншiсiне өтуi үздiксiз, бiртiндеп, қалыпты түрде жүзеге асырылады.

Жүйе элементтерi арасындағы бiр немесе екi жақтағы байланыстар әрi тiкелей, әрi жа-
нама болуы мүмкiн.

Жүйеде жүретiн дискреттi кездейсоқ үдерiстердi талдау үшiн оның жағдайларының
графтарын пайдаланған ыңғайлы.

Анықтама 4. Жүйенiң жағдайларының графы ретiнде iшкi жағында жағдайлардың
белгiленуi және аралықтарында бiр жағдайдан келесiсiне мүмкiн тiкелей ауысуларды бiл-
дiретiн бағытталған сызықтардың (стрелкалардың) жиынтығы орналасатын, жағдайларды
шартты түрде кескiндейтiн квадраттар жиынтығын (олардың орнына тiктөртбұрыштарды
немесе дөңгелектердi де алуға болады) түсiнемiз [3, 4].

Мысал 1. 1-суретте s1 → s2, s3 → s2, s3 → s7, s4 → s5, s5 → s4, s5 → s1, s6 → s7, s7 →
s8, s8 → s6 мүмкiн тiкелей ауысуларымен s1 − s8 сегiз жағдайы бар S жүйесiнiң жағдай
графы бейнеленген.

Мысалы, s3 жағдайдан s8 жағдайға өту тек s7 жағдайы арқылы мүмкiн болады, сонды-
қтан ол жанама-тiкелей емес болып табылады; s3 → s8 тiкелей ауысуы мүмкiн емес, себебi
жағдай графында сәйкестi стрелка көрсетiлмеген.

s1 - s2 � s3
@
@@R

s5

6

s4
-
� s6 - s7

�
�	

s8
@
@I

1 сурет - s1 − s8 жағдайларымен берiлген S жүйесiнiң жағдайлар графы

S жүйесiнде өтетiн Марковтық кездейсоқ дискреттi процесс жүйе кездейсоқ келетiн мүм-
кiн жағдайлармен ғана емес, сонымен қатар оның бiр жағдайдан келесi бiр жағдайға өтетiн
уақыт мезетiмен де сипатталады.

Анықтама 5. Егер жүйенiң бiр жағдайдан келесi жағдайға өтуi осы процестiң кезеңдерi
(кадамдары немесе адымдары) деп аталатын алдын-ала анықталған {t1, t2, ..., tk, ...} уақыт
мезеттерiнде iске асырылатын болса, онда жүйеде жүретiн кездейсоқ процесс дискреттi
уақытқа тәуелдi процесс деп аталады.
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Анықтама 6. Егер жүйенiң жағдайдан жағдайға кез келген, алдын ала белгiсiз, кез-
дейсоқ уақыт мезетiнде өтуi мүмкiн болса, онда жүйеде жүретiн кездейсоқ процесс үзiлiстi
уақытқа тәуелдi процесс деп аталады.

Жұмыста экономикалық және қаржылық жүйелердегi дискреттi уақытқа тәуелдi мар-
ковтық дискреттi процестердi қарастырамыз.

s1, s2, ..., sn, ... − S жүйесiнiң барлық мүмкiн жағдайлары болсын, осы жағдайлардың
бiреуiнен келесiсiне тек қана t1, t2, ..., tk, ... уақыт мезеттерiнде ғана секiрiп өтедi. t ∈
[tk, tk+1), k = 1, 2, 3, ... уақыт мезетiнде S жүйесi S(t) = S(tk) жағдайда болатындықтан,
берiлген процестi tk кезеңдердiң (адымдардың немесе қадамдардың) кездейсоқ функциясы
ретiнде қарастыруға болады, немесе, оның k номерлерiне тепе-тең деп есептеуге болады.
Сонымен, бұл процесс k = 1, 2, 3, ... натурал аргументтiң кездейсоқ функциясы, яғни кез-
дейсоқ тiзбек болып табылады. Егер S жүйесiнiң k кезеңнен k+1 кезеңге дейiнгi аралықта
si жағдайында болатындығын бiлдiретiн оқиғаны Si(k) деп белгiлесек, яғни Si(k) оқиғасы
« t ∈ [tk, tk+1) болғанда S(t) = si болады» дегендi бiлдiредi.

Анықтама 7. Егер әрбiр кезең үшiн кез келген si жағдайдан кез келген sj жағдайына өту
ықтималдығы S жүйесiнiң si жағдайда қалай және қашан болғандығына тәуелдi болмаса,
онда кездейсоқ тiзбек марковтық тiзбек деп аталады.

Анықтама 8. tk уақыт мезетiнде S жүйесiнiң si жағдайдан sj жағдайға тiкелей өту
ықтималдығы k кезең үшiн iжағдайдан j жағдайға өтетiн өтпелi ықтималдығы деп аталады
да, pij(k) деп белгiленедi.

Егер i = j болса, онда өтпелi ықтималдық pij(k) = pii(k) болады, бұл ықтималдық S
жүйесiнiң si жағдайда кiдiрiс ықтималдығы деп аталады. Егер k кезеңде si жағдайдан
келесi sj (i 6= j) жағдайға тiкелей өту мүмкiн болмаса немесе i жағдайда кiдiрiс (i = j)
мүмкiн болмаса, онда pij(k) = 0 болады.

Анықтама 9. Егер өтпелi ықтималдықтар k кезеңге байланысты болмаса, онда марко-
втық тiзбек бiртектi деп аталады.

Әрбiр k = 1, 2, 3, ... кезеңдерiнде S1(k), S2(k), ..., Sn(k) оқиғалары үйлесiмсiз және толық
топ құрайтын болғандықтан, ықтималдықтар теориясындағы қосу теоремасы бойынша бұл
оқиғалардың ықтималдықтарының қосындысы 1-ге тең болады:

n∑
i=1

pi(k) = 1, k = 1, 2, 3, ... (1)

Бұл бөлiмде бiртектi марковтық тiзбектер қарастырылады. Өтпелi ықтималдықтарды
мына түрдегi n реттi квадраттық матрицалар түрiнде жазамыз:

P =
(
pij

)n
i,j=1

=


p11 p12 ... p1n
p21 p22 ... p2n
... ... ... ...
pn1 pn2 ... pnn

 (2)

Р матрицасы k кезеңнiң номерiне байланысты емес; оның n ретi жүйедегi жағдайлар
санына сәйкес келедi; матрицаның бас диагоналы бойында кiдiрiстер ықтималдықтары ор-
наласқан [3,4].

pij өтпелi ықтималдықты Sj(k) ( S жүйесi k кезеңнен (k+1) кезеңге дейiн sj жағдайында
болады) оқиғасының Si(k−1) оқиғасы пайда болғаннан кейiнгi pij = pSi(k−1)(Sj(k)) шартты
ықтималдығы ретiнде түсiндiруге болады, мұндағы Si(k−1) оқиғасы S жүйесi (k−1) кезең-
нен k кезеңге дейiн si жағдайында болды дегендi бiлдiредi. Ендеше, S1(k), S2(k), ..., Sn(k)
оқиғаларының үйлесiмсiз және толық топ құрайтындығынан олардың ықтималдықтары-
ның қосындысы 1-ге тең болады:
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n∑
j=1

pij = 1, i = 1, ..., n, (3)

яғни, осыған сәйкес өтпелi ықтималдықтар матрицасының әрбiр жатық жолының элемент-
терiнiң қосындысы 1-ге тең болады екен. Ендеше, өтпелi ықтималдықтар матрицасы сто-
хастикалық матрица болады.

Теорема. Бiртектi марковтық тiзбек үшiн k− дан (k + 1) кезеңге дейiнгi жағдай ықти-
малдықтарының жол-векторы (k − 1)−ден k кезеңге дейiнгi жағдай ықтималдықтарының
жол-векторы матрицасы мен өтпелi ықтималдықтар матрицасының көбейтiндiсiне тең бо-
лады: (

p1(k), p2(k), ..., pn(k)
)
=
(
p1(k − 1), p2(k − 1), ..., pn(k − 1)

)
· P (4)

Салдар. Бiртектi марковтық тiзбек үшiн төмендегi формула орындалады:(
p1(k), p2(k), ..., pn(k)

)
=
(
p1(0), p2(0), ..., pn(0)

)
· P k, k = 1, 2, .... (5)

Осы теорема мен салдар көмегiмен банк жүйесiндегi шешiм қабылдау, талдау, болжам
жасау жұмысында пайдалы болатын есептi қарастыруға болады.

Мысал 2. S1, S2, S3, S4 жағдайлары сәйкесiнше 3%, 4%, 5% және 6% пайыздық мөлшер-
лемелермен сипатталатын банк жағдайын қарастырайық. Бұл пайыздық мөлшерлемелер
әр айдың басында тағайындалады және ай бойына өзгерiссiз қалады. Алдыңғы уақыт ара-
лықтарындағы банк жұмысын талдау, бақылау нәтижесi тоқсан барысында өтпелi ықти-
малдықтардың өзгерiсiнiң елемеуге болатындай, аз шамада екендiгi анықталған, ендеше
оларды тұрақты деп есептеуге болады. Егер өткен тоқсан аяғында банктiң пайыздық мөл-
шерлемесi 5%-ды құраған болса және сәйкестi ықтималдықтар p12 = 0, 6; p21 = 0, 2; p23 =
0, 3; p31 = 0, 1; p32 = 0, 4; p34 = 0, 3; p42 = 0, 3; p43 = 0, 4 екендiгi белгiлi болса, тоқсан аяғын-
дағы банктiң жағдай ықтималдықтарын анықтау керек болсын [5].

Шешуi. S жүйесi ретiнде қарастырылып отырған банк жүйесiн алып, берiлген ықти-
малдықтарға сәйкес таңбаланған жағдай графы тұрғызылады, ол 2-суретте келтiрiлген.
Жүйе әрбiр уақыт мезетiнде төрт жағдайдың тек бiреуiнде ғана бола алады. Келтiрiлген
анықтамаларға сәйкес банк жүйесiнде бiртектi марковтық дискреттi уақытқа байланысты
(тәуелдi) дискреттi кездейсоқ процесс жүредi, яғни бiртектi марковтық тiзбек болады.
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2 сурет - 2 мысалға сәйкестi жүйенiң жағдай графы

Алдымен есептi шешудi (5) формуласы бойынша жүргiзейiк. 2 суреттегi таңбаланған
граф бойынша pij өтпелi ықтималдықтардың мәндерiн жазамыз: p12 = 0, 6; p13 = 0; p14 = 0,

онда i = 1 болғанда, бұл оқиғалар толық топ құрайтын болғандықтан pii = 1 −
n∑

j=1,j 6=i

pij ,

i = 1, ..., n формуласы бойынша p11 = 1− (p12 + p13 + p14) = 1− 0, 6 = 0, 4 болады.
Сол сияқты,

p21 = 0, 2; p23 = 0, 3; p24 = 0; p22 = 1− (p21 + p23 + p24) = 1− (0, 2 + 0, 3) = 0, 5
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p31 = 0, 1; p32 = 0, 4; p34 = 0, 3; p33 = 1− (p31 + p32 + p34) = 1− (0, 1 + +0, 4 + 0, 3) = 0, 2.

Осы мәндер бойынша өтпелi ықтималдықтар матрицасы құрылады, дұрыс құрылған
матрицаның әрбiр жатық жолындағы элементтер қосындысы 1-ге тең болуы керек:

P =


0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 .

t = 0 бастапқы уақыт мезетiнде S жүйесi s3 жағдайда болғандықтан, ықтималдықтың
бастапқы таралу матрицасы мынадай болады:(

p1(0) p2(0) p3(0) p4(0)
)
=
(
0 0 1 0

)
.

Үш ай өткеннен кейiнгi тоқсан аяғында банктiң жағдай ықтималдығын n = 4 және k = 3
мәндерi үшiн (5) формуласы бойынша табуға болады. Осы жағдай үшiн бұл формула былай
жазылады: (

p1(3) p2(3) p3(3) p4(3)
)
=
(
p1(0) p2(0) p3(0) p4(0)

)
· P 3.

P 3 матрицасын тауып алу керек, ол үшiн алдымен P 2 табамыз:

P 2 =


0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 ·

0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 =


0, 28 0, 54 0, 18 0
0, 21 0, 49 0, 21 0, 09
0, 14 0, 43 0, 28 0, 15
0, 1 0, 4 0, 29 0, 21

 .

P 3 =


0, 28 0, 54 0, 18 0
0, 21 0, 49 0, 21 0, 09
0, 14 0, 43 0, 28 0, 15
0, 1 0, 4 0, 29 0, 21

 ·

0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 =


0, 238 0, 51 0, 198 0, 054
0, 203 0, 482 0, 225 0, 09
0, 17 0, 456 0, 245 0, 129
0, 149 0, 439 0, 262 0, 15

 .

Сонда, iзделiндi ықтималдық (үш ай өткеннен кейiнгi тоқсан аяғында банктiң жағдай
ықтималдығы):(

p1(3) p2(3) p3(3) p4(3)
)
=
(
p1(0) p2(0) p3(0) p4(0)

)
· P 3 =

=
(
0 0 1 0

)
· P 3 =

(
0 0 1 0

)
·


0, 238 0, 51 0, 198 0, 054
0, 203 0, 482 0, 225 0, 09
0, 17 0, 456 0, 245 0, 129
0, 149 0, 439 0, 262 0, 15

 =

=
(
0, 17 0, 456 0, 245 0, 129

)
.

Бұдан
p1(3) = 0, 17; p2(3) = 0, 456; p3(3) = 0, 245; p4(3) = 0, 129,

яғни тоқсан аяғында 3%, 4%, 5% және 6% пайыздық мөлшерлемелердiң ықтималдығы сәй-
кесiнше 0,17; 0,456; 0,245; 0,129 болады екен. Нақтырақ айтқанда, өткен тоқсан аяғында
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5% пайыздық мөлшерлеме болса, бұл тоқсан аяғында басқа пайыздық мөлшерлемелерге
қарағанда 4% пайыздық мөлшерлеме болуы ықтималды болады екен.

Ендi қажеттi ықтималдықтарды бiртектi марковтық тiзбек үшiн k-дан (k + 1) кезеңге
дейiнгi жағдай ықтималдықтарының жол-векторының немесе жол матрицасының (4) фор-
муласы бойынша тауып көрелiк. t = 0 бастапқы уақыт мезетiнде S жүйесi s3 жағдайда
болғандықтан, ықтималдықтың бастапқы таралу матрицасы мынадай болады [5].

Қалған ықтималдықтарды бiртiндеп осы формула бойынша рекурренттi түрде таба бер-
сек (

p1(1) p2(1) p3(1) p4(1)
)
=
(
p1(0) p2(0) p3(0) p4(0)

)
· P =

=
(
0 0 1 0

)
·


0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 =
(
0, 1 0, 4 0, 2 0, 3

)
.

(
p1(2) p2(2) p3(2) p4(2)

)
=
(
p1(1) p2(1) p3(1) p4(1)

)
· P =

=
(
0, 1 0, 4 0, 2 0, 3

)
·


0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 =
(
0, 14 0, 43 0, 28 0, 15

)
.

(
p1(3) p2(3) p3(3) p4(3)

)
=
(
p1(2) p2(2) p3(2) p4(2)

)
· P =

=
(
0, 14 0, 43 0, 28 0, 15

)
·


0, 4 0, 6 0 0
0, 2 0, 5 0, 3 0
0, 1 0, 4 0, 2 0, 3
0 0, 3 0, 4 0, 3

 =
(
0, 17 0, 456 0, 245 0, 129

)
.

Бұдан алдыңғы шешiммен бiрдей жағдай ықтималдықтың мынадай нәтижелерiн аламыз:

p1(3) = 0, 17; p2(3) = 0, 456; p3(3) = 0, 245; p4(3) = 0, 129.

Олай болса, бұл әдiспен есептеу жүргiзгенде де 4% пайыздық мөлшерлеме болуы тиiмдi
болады екен.

Осындай есептердi шығару барысында есептеулердiң дұрыстығына көз жеткiзу үшiн
берiлген мәлiметтер бойынша жүйенiң жағдай графын тұрғызып, граф бойынша бел-
гiсiз ықтималдықтарды тауып, алынған матрицаларды стохастикалыққа тексерiп отыру
керек. Аталған сипаттағы есептер шешiмi қаржы, экономикалық жүйелер жұмысының
тиiмдiлiгiн арттыруда пайдасы мол. Сонымен қатар, келтiрiлген материалды меңгеру бiлiм
алушылардың математикалық, ақпараттық мәдениетiн қалыптастырып, дамытуға, қаржы-
экономикалық жүйелердiң қызметiн талдап, болжам жасау, тиiмдi шешiм қабылдау, қаржы-
лық жоспарлау және басқаруды жетiлдiру, қаржылық тұрақтылық жағдайын қамтамасыз
ету жұмыстарын тиянақты да сауатты орындауларына игi әсер етерi анық.

Кiлттiк сөздер: Кездейсоқ шама, кездейсоқ үдерiс, кездейсоқ функция, жүйе, жүйенiң жағдайы, жүйеде
өтетiн кездейсоқ үдерiс, марковтiк үдерiстер, жүйенiң жағдай графы.

AMS пәндiк классификация: 60
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ПАРАБОЛИЧЕСКАЯ ИНТЕРПОЛЯЦИЯ ТАБЛИЦ СМЕРТНОСТИ ДЛЯ
ДРОБНЫХ ВОЗРАСТОВ
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Аннотация. В статье исследуется новый метод параболической интер-
поляции таблиц смертности для дробных возрастов. Практически все
предлагаемые формулы интерполяции для дробных возрастов имеют вы-
пуклость вниз или линейны. А предложенная параболическая интерпо-
ляция имеет выпуклость вверх, что более соответствует таблицам смерт-
ности на примере Кыргызстана [3] в области от года до 80 лет. Также
исследуем показатели таблиц смертности.

Ключевые слова: актуарная математика, таблицы смертности, интерполяция таб-
лиц смертности, таблицы смертности для дробных возрастов, страхование жизни.

Предметная классификация AMS: 62P05.

1. Описание параболической интерполяции

Предоставляемые статистическими организациями таблицы смертности обычно имеют
шаг в целых годах, что усложняет их применение в приложениях, где важны таблицы
смертности для дробных возрастов, таких как страхование жизни, негосударственные пен-
сионные фонды и другие виды деятельности. Для таких случаев необходимо составить таб-
лицы смертности для дробных возрастов. Формулы интерполяции, предлагаемые в книгах
Бауэрса Н., Гербера Х., Джонса Д., Несбитта С., Хикмана Дж. [1], Фалина Г. И., Фали-
на А. И. [2], [4] и [5] имеют как уже говорилось выпуклость вниз или линейны, но они
более легки в вычислительном смысле. Но на сегодняшний день вычислительные процес-
сы легко запрограммировать, и поэтому данный способ интерполяции также легко можно
запрограммировать. Приведем определение параболической интерполяции из [6].

Определение 1.1. Интерполяционная формула для определения функции дожития для
дробных возрастов определяемая по формуле

s2(x+ t) = (1− t)s2(x) + ts2(x+ 1) (1)

где 0 ≤ t ≤ 1, x ∈ Z+ назовем параболической интерполяцией.

Так как функция дожития невозрастающая функция, перепишем интерполяционную
формулу в виде

s(x+ t) =
√
s2(x)− t · (s2(x)− s2(x+ 1)). (2)

Найдя производную функции (2)

s′t(x+ t) =
s2(x)− s2(x+ 1)

2
√
s2(x)− t · (s2(x)− s2(x+ 1))
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можно заметить что производная функции отрицательна, т.к. s(x) > s(x+1), следовательно
функция дожития имеет выпуклость вверх.

Вычислим вероятности дожития человека в возрасте x до возраста x+ t, с учетом пара-
болической интерполяции

tpx =
√
1− t(1− p2x) (3)

а вероятность смерти человека в возрасте x в течении дробного времени t можно вычислить
по формуле

tqx = 1− tpx = 1−
√
1− t(1− p2x) = 1−

√
1 + t(q2x − 2qx) (4)

Полученные формулы (3) и (4) для определения вероятности дожития до возраста x+ t,
и вероятности смерти человека в возрасте x в течении времени t будем использовать в
дальнейшем.

2. Вычисление показателей таблиц смертности

Одним из важных вероятностных функций таблиц смертности для дробных возрастов яв-
ляется интенсивность смертности. Докажем следующую теорему для интенсивности смерт-
ности.

Теорема 2.1. интенсивность смертности для дробных возрастов в случае параболической
интерполяции определяется по формуле

µ(x+ t) =
1− p2x

2 · (1− t(1− p2x))
(5)

где x ∈ Z+ а 0 < t < 1.

Доказательство. Для доказательства теоремы воспользуемся определением формулы ин-
тенсивности смертности, которая определяется по формуле µ(x) = −s′(x)

s(x) .
Учитывая формулу (2) для определения функции дожития при параболической интер-

поляции мы получим следующее

µ(x+ t) =
−s′t(x+ t)

s(x+ t)
=

=
−
(√

s2(x)− t(s2(x)− s2(x+ 1))
)′
t√

s2(x)− t(s2(x)− s2(x+ 1))
=

=
s2(x)− s2(x+ 1)

2 · (s2(x)− t(s2(x)− s2(x+ 1)))
, (6)

учитывая, что s(x) 6= 0, поделим числитель и знаменатель последней строки формулы (6)
на s2(x), получим

µ(x+ t) =
1−

(
s(x+1)
s(x)

)2
2 ·
(
1− t

(
1−

(
s(x+1)
s(x)

)2))
так как s(x+1)

s(x) = px мы и получим нашу искомую формулу (5), т.е.

µ(x+ t) =
1− p2x

2 · (1− t(1− p2x))

Что и требовалось доказать. �
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Теперь вычислим другие вероятностные функции для дробных возрастов:
1. Вычислим 1−tqx+t – вероятность того, что человек в возрасте x + t умрет в течении

1− t лет

1−tqx+t = 1− s(x+ 1)

s(x+ t)
= 1−

s(x+1)
s(x)

s(x+t)
s(x)

= 1− px

tpx
=

= 1− 1− qx
1− tqx

= 1− 1− qx√
1 + t(q2x − 2qx)

(7)

2. Вычислим yqx+t – вероятность того, что человек в возрасте x+ t умрет в течении y лет,
при условии 0 < y < 1 и 0 < y + t ≤ 1

yqx+t = 1− s(x+ t+ y)

s(x+ t)
= 1−

s(x+t+y)
s(x)

s(x+t)
s(x)

= 1− t+ypx

tpx
=

= 1− 1− t+yqx
1− tqx

= 1−

√
1 + (t+ y)(q2x − 2qx)

1 + t(q2x − 2qx)
=

= 1−

√
1 +

y(q2x − 2qx)

1 + t(q2x − 2qx)
(8)

учитывая выведенные выше формулы (3), (4), (7) и (8) можно сформулировать одну
большую теорему.

Теорема 2.2. В случае параболической интерполяции дробных возрастов, имеют место
следующие формулы для определения вероятностных функций дробных возрастов:

(1) tpx =
√

1− t(1− p2x)
(2) tqx = 1− tpx = 1−

√
1− t(1− p2x) = 1−

√
1 + t(q2x − 2qx)

(3) 1−tqx+t = 1− 1−qx√
1+t(q2x−2qx)

(4) yqx+t = 1−
√
1 + y(q2x−2qx)

1+t(q2x−2qx)

Доказательсво каждого из пунктов данной теоремы уже приведены выше в формулах
(3), (4), (7) и (8).

3. Заключение

Данный метод интерполяции можно применять в случаях расчета различных показа-
телей страхования жизни и страхования на дожитие. Также данный метод интерполяции
можно использовать в образовательных целях при подготовке актуариев, создавая задачи
с учетом данного метода интерполирования для дробных возрастов.

Но следует заметить что данный метод лучше применять в области (5; 80) т.е. в случаях
когда необходимо сведения для возрастов в промежутке от 5 до 80 лет. Т.к. именно в данной
области график функции в [6] из таблицы смертности [3] имеет выпуклость вверх.
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Керi және қисынсыз есептер

Inverse and ill-posed problems

Обратные и некорректные задачи
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ON THE REGULARIZATION OF THE SOLUTION OF A NONLINEAR

OPERATOR EQUATION OF THE FIRST KIND IN HILBERT SPACE
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Abstract. Many applied problems of physics and biophysics are reduced to the operator equa-
tions of the first kind. These equations are reduced as inverse problems of mathematical physics
in cases where the expression for the Green’s function is unknown. The inverse problem of
electric logging of wells defining deposits and reserve calculation of mineral resources is an ex-
ample of such problems. The above application tasks are urgent tasks of modern science, these
tasks can discover new facets of the current state of development of mankind. In this regard,
it stresses the importance of studying ill-posed problems. In [1], MM Lavrent’ev proposed reg-
ularization method for solving linear operator equations of the first kind in Hilbert space with
the replacement of the original equation close to him, in a sense, for which the task of finding
a solution is resistant to small changes in the right-hand side and is solvable for any right-hand
side, ie, the equation is replaced by an equation

αz +Az = u,

where A – linear operator - regularization parameter. In [2] Newton’s method of approximate
solution of the equations was distributed L.V.Kantorovich on functional equations

K (z) = 0

where K (z)- non-linear, twice Frechet differentiable operator acting from one Banach space
into another.In this paper, we propose a combined method of regularization of a new type,
combining the idea of the method of M. M. Lavrent’ev [1], Newton-Kantorovich method [2] for
the regularization of solutions of nonlinear operator equations of the first kind in Hilbert space.

Keywords: nonlinear operator, regularization, Hilbert space, the Frechet differential, linear
operator, bounded operator, Lipschitz condition.

AMS Subject Classification: 517.94

1. Statement of objectives

Consider the nonlinear operator equation of the first kind type

K(z) = u (1)

where K : H → H the non-linear operator, Frechet differentiable.
In the space we use the notation of the ball S(z0, r) = {z : ‖z − z0‖ ≤ rz}.
We assume that
1) there u = u∗exists a unique solution z∗ of equation (1), ie, we have the identity

K(z∗) ≡ u∗ (2)

2) the operator K is continuous in the ball S (z0, rz), and has a Frechet K ′, derivative con-
tinuous in point z0.

3) linear non-self-adjoint operator K ′(z0) is reversible, but unlimited, ie
∥∥∥[K ′(z0)]

−1
∥∥∥ =∞;
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4) operator satisfies the Holder condition∥∥K ′(z1)−K ′(z2)∥∥ ≤ N‖z1 − z2‖β (3)

where Nand β are constants 0 < β ≤ 1,
5) element u∗ is unknown to us, but instead is known element uδ such that

‖uδ − u∗‖ ≤ δ (4)

where δ > 0- numeric parameter.
Thus, equation (1) in the ball S (z0, rz) is ill-posed problem.
With K ′∗ (z0) we denote the operator, which is conjugate to the operator K ′ (z0).
Consider the nonlinear operator equation of the first kind type

K ′
∗

(z0)K (z) = K ′
∗

(z0)u (1*)

Equations (1) and (1*) are equivalent.

2. Regularization of the solution of the problem

Along with the equation (1*) we consider the equation

αzα +K ′
∗

(zα)K(zα) = K ′
∗

(zα)u (5)

where α > 0 the small regularization parameter.

Lemma 2.1. If K ′∗ (zα)K(z) – Fréchet differentiable operator from H in H and performed the
K ′∗(z)K ′(z) weakened condition of the Holder with a fixed element z2 ≡ zα , then∥∥K ′∗(zα)

∥∥∥∥K(z)−K(zα)−K ′(zα)(z − zα)
∥∥ ≤ NM

1 + β
‖z − zα‖1+β (6)

It is sufficient to fulfill the conditions of the Holder (3) on the segment zτ = zα+τ (z − zα) , 0 ≤
τ ≤ 1

Proof. The lemma follows from the identity

K(z)−K(zα)−K ′(zα)(z − zα) =

1∫
0

{
K ′ (zα + τ(z − zα))−K ′(zα)

}
(z − zα)dτ (7)

To construct a regularizing operator inside the ball S (z0, rz) picking the number zα form the ball
S (zα, rz (α)), where the center of the ball at α → 0 the center of the ball S(z0, rz)approaches,
ie zα (u0)→ z0, consequently rz (α)→ 0.

Elements ball S (zα, rz (α)) satisfy the inequality ‖z − zα‖ ≤ rz (α), then between the elements
zα and z∗ have the estimate ‖z∗ − zα‖ ≤ γrz (α) where 0 < γ < 1/2. �

Theorem 2.2. Suppose that 1) the condition 2), and 2) the linear operator K ′∗(zα)K ′(zα) is
continuous positive self-adjoint operator; 3) linear operator K ′∗ (zα) in the ball approaches the
inequality ∥∥K ′∗ (zα)

∥∥ ≤M (8)

4) the operator K ′(z) holds the weakened condition of the Holder with a fixed element z2 ≡ zα∥∥K ′(z)−K ′(zα)
∥∥ ≤ N‖z − zα‖β at S (zα, rz (α)) (9)

5) there is a limit relation

lim
rz(α)→0

rz(α)

α(rz(α))
= 0, α(rz (α)) = σrσβz (α) , 0 < σ <

(
1

2

) β(1−σ)
2−β−βσ

(
NM

1 + β

) 1−β
2−β−βσ

(10)

then there is a number r̃ > 0, that the rz (α) < r̃ operator

I1 [τ ] =
(
αE +K ′

∗
(zα)K ′(zα)

)
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E +
(
αE +K ′

∗
(zα) K ′(zα)

)−1
K ′
∗
(zα)

 1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ


(where 0 ≤ τ ≤ 1, z- fixed element) in a ball S (zα, rz (α)) has an inverse bounded operator.

Proof. We make an assessment∥∥∥∥∥∥(αE +K ′
∗
(zα)K ′(zα)

)−1
K ′
∗
(zα)

 1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ

∥∥∥∥∥∥ ≤ 1

α

NM

1 + β
‖z − zα‖β ≤

NMrβz (α)
(1+β)α ,

where
∥∥∥(αE +K ′∗(zα)K ′(zα)

)−1∥∥∥ ≤ 1
α , [1].

From (4) it follows that there exists r̃ > 0 such that

NMrβz (α)

(1 + β)α(rz (α))
<

NMr̃

(1 + β)α(r̃)
= q < σ at rz (α) < r̃, 0 < σ <

(
1

2

) β(1−σ)
2−β−βσ

(
NM

1 + β

) 1−β
2−β−βσ

(11)

When selecting α(rz (α)) = σrσβz (α) , the condition (4) is satisfied, and choose a specific number
r̃ > 0 , that

rz (α) <

(
(1 + β)σ2

NM

)1/β(1−σ)

= r̃ and α(r̃) = σ

(
(1 + β)σ2

NM

)σ/1−σ
(12)

Consequently,

q1 =
NMr̃

(1 + β)α(r̃)
=

(
(1+β)σ2

/NM

)1/β(1−σ)
NM

(1 + β)σ
(
(1+β)σ2/NM

)σ/1−σ =

(
(1 + β)

NM

)1−β/β(1−σ)

σ
2−β−βσ
β(1−σ) <

1

2
(13)

By virtue of the Banach theorem [3] in the ball S (zα, r (α)) of the operator

ϕ [τ ] ≡ E +
(
αE +K ′

∗
(zα)K ′(zα)

)−1
K ′
∗
(zα)

 1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ


reversible and the estimate ∥∥∥(ϕ [τ ])−1

∥∥∥ =∥∥∥∥∥∥∥
E +

(
αE +K ′

∗
(zα)K ′(zα)

)−1
K ′
∗
(zα)

 1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ

−1
∥∥∥∥∥∥∥ ≤

1

1− q1
Thus, the operator is reversible I1 [τ ], and the inverse has the form

(I1 [τ ])−1 = (ϕ [τ ])−1
(
αE +K ′

∗
(zα)K ′(zα)

)−1
and the estimate ∥∥∥(I1 [τ ])−1

∥∥∥ ≤ 1

1− q1
1

α
(14)

QED. �
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Equation (4) is equivalent to write in the form

zα = zα − (I1 [τ ])−1
(
αzα +K ′

∗
(zα)K(zα)−K ′∗ (zα)u

)
(15)

Theorem 2.3. Suppose that the equation (5) the following conditions: 1) at the point zα linear
operator

K ′
∗

(zα)K ′ (zα)

is continuous positive self-adjoint; 2) the operator

(I1 [τ ])−1
(
αzα +K ′

∗
(zα)K(zα)−K ′∗ (zα)u

)
satisfies the condition∥∥∥(I1 [τ ])−1

(
αzα +K ′

∗
(zα)K(zα)−K ′∗ (zα)u

)∥∥∥ ≤ NM

(1− q1)σ
1/σ

α
1−σ
σ = η

3) for the operator K ′ (zα) is satisfied Holder (4) with a fixed element z2 ≡ zα and for any z1
region of

‖z − zα‖ ≤ tη, where 1 < t ≤ 2 + β

β
(16)

4) permanent 1
(1−q1)α , η, N, M, β and t in conditions 1), 2) and 3) are such that

h =
(NM)1+β

(1− q)1+βσβ/σ
α
β−(1+β)σ

σ ≤ 1 + β

2

t− 1

t1+β
(17)

then in a bowl (17), equation (5) has a unique solution z∗,α.

Proof. Evidence. Based on the initial approximation zα, we construct a sequence of elements
{zn}∞n=0

zn+1 = zn − (I1 [τ ])−1
(
αzn +K ′

∗
(zα)K(zn)−K ′∗ (zα)u

)
(18)

Firstly, by induction show that all zn are in the ball (17). Condition 2) we have

‖z1 − zα‖ =
∥∥∥(I1 [τ ])−1

(
αzα +K ′

∗
(zα)K(zα)−K ′∗ (zα)u

)∥∥∥ ≤ η < tη

, and z1 enters into a ball (17). Suppose that for some natural n executed ‖zn − zα‖ ≤ tη. With
this statement, we show that zn+1 part of the ball (17). From (19) we have

zn+1 − zα = zn − zα − (I1 [τ ])−1
(
αzn +K ′

∗
(zα)K(zn)−K ′∗ (zα)u

)
=

= −(I [τ ])−1K ′
∗

(zα)
(
K(zn)−K(zα)−K ′(zα) (zn − zα)

)
−

− (I [τ ])−1
(
αzα +K ′

∗
(zα)K(zα)−K ′∗ (zα)u

)
+

+ (I [τ ])−1K ′
∗

(zα)

 1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ (zn − zα)

 (19)

By (6), we have given the condition 2), (3) and (4) of theorem 2:

‖zn+1 − zα‖ ≤ tη, (20)

and, therefore, zn+1 is a ball (17).
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We now estimate the difference between two successive iterations ‖zn+1 − zn‖. From (19) we
have

zn+1 − zn = zn − zn−1 − (I1 [τ ])−1
(
αzn +K ′

∗
(zα)K(zn)−K ′∗ (zα)u

)
+

+ (I [τ ])−1
(
αzn−1 +K ′

∗
(zα)K(zn−1)−K ′∗ (zα)u

)
=

= (I [τ ])−1
(
α (zn − zn−1) +K ′

∗
(zα)K ′(zα) (zn − zn−1) +

+K ′
∗

(zα)

1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ (zn − zn−1)−

−αzn −K ′∗ (zα)K(zn)− αzn−1 −K ′∗ (zα)K(zn−1)
)
.

We introduce the operator Bα(z)

Bα(z) = z − (I1 [τ ])−1
(
αz +K ′

∗
(zα)K(z)−K ′∗ (zα)u

)
(21)

Transforming the operator Bα(z) have

Bα(z) = (I1 [τ ])−1
((
αE +K ′

∗
(zα)K ′(zα)

)
ϕ [τ ] z− αz −K ′∗ (zα)K(z) +K ′

∗
(zα)u

)
(22)

The derivative operator Bα(z) at the point ∀z ∈ S (zα, r (α)) has the form

B′α(z) = (I1 [τ ])−1K ′
∗

(zα)

K ′(zα)−K ′(z) +

1∫
0

{
K ′(zα + τ(z − zα))−K ′(zα)

}
dτ

 . (23)

We estimate the norm of the operator B′α(z)∥∥B′α(z)
∥∥ ≤ 2 + β

1 + β

1

1− q1
NM

α
‖z − zα‖β ≤

2 + β

1 + β
htβ. (24)

The estimate (25) implies that ∀z1, z2 ∈ S (zα, r (α)) the operator Bα(z) is Lipschitz

‖Bα(z1)−Bα(z2)‖ ≤
2 + β

1 + β
htβ ‖z1 − z2‖ (25)

We now estimate ‖zn+1 − zn‖. Using (26) we have

‖zn+1 − zn‖ = ‖Bα(zn)−Bα(zn−1)‖ ≤
2 + β

1 + β
htβ ‖zn − zn−1‖ , q2 =

2 + β

1 + β
htβ < 1 (26)

where

q2 =
2 + β

1 + β
htβ ≤ 2 + β

2

t− 1

t
< 1

, because when t < 2+β
β

Continuing evaluation (27), we obtain

‖zn+1 − zn‖ ≤ qn2 ‖z1 − zα‖ ≤ qn2 η (27)

Next we show that the sequence {zn}∞n=0 is a fundamental sequence. Valid for all, n and p
we have, using the triangle inequality and (28)

‖zn+p − zn‖ ≤ ‖zn+p − zn+p−1‖+‖zn+p−1 − zn+p−2‖+ ...+‖zn+1 − zn‖ ≤ qn+p−12 ‖z1 − zα‖+

+ qn+p−22 ‖z1 − zα‖+ ...+ qn2 ‖z1 − zα‖ =
(
qn+p−12 + qn+p−22 + ...+ qn2

)
‖z1 − zα‖ . (28)

Inequality (29) using the sum of a geometric progression, we have by q1 < 1

‖zn+p − zn‖ ≤ ‖z1 − zα‖ qn2
p∑
i=1

qi−12 ≤ qn2
qp2

1− q2
‖z1 − zα‖ . (29)
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In view of the completeness of H there

lim
n→∞

zn = zα (30)

We fix in (30), and the index n tends p to infinity. Then we obtain the estimate

‖zn − z∗‖ ≤
qn2

1− q2
η, q2 =

2 + β

1 + β
htβ < 1 (31)

This estimate (32) is the speed of convergence of the method. This is because when n → ∞
error decreases as qn.

Thus, for the solution of the equation (5) in the bowl (17) we have the estimate

‖zα − zα‖ ≤
(2 + β)NM

β (1− q1)σ
1/σ

α
1−σ
σ (32)

Theorem 2 is proved. �

Theorem 2.4. Suppose that 1) all the conditions of Theorem 2; 2) between the elements zαand
z∗ have the estimate ‖z∗ − zα‖ ≤ γrz (α) , where 0 < γ < 1/2.

Then a unique continuous solution zα,∗ of equation (16) u = u∗ converges in the norm of the
exact H solution z∗ of the equation (1) α→ 0.

Proof. Evidence. Using the triangle inequality, the inequality (33) for u = u∗ the second condi-
tion of Theorem 3, estimating the norm ‖zα,∗ − z∗‖, we have

‖zα,∗ − z∗‖ ≤ ‖zα,∗ − zα‖+ ‖z∗ − zα‖ ≤ (1 + γ)
(2 + β)NM

β (1− q1)σ
1/σ

α
1−σ
σ (33)

Inequality (34) implies that zα,∗ → z∗ at α → 0 the norm of H. Thus, the solution zα,∗of
equation (16) u = u∗ is an approximate solution of equation (1).

QED.
The main problem to be examined is the construction of the approximate solutions according

{uδ} to the following sequence zα,δ, which converges in the space Hto the exact solution z∗ of
equation (1), provided that the initial convergence uδ → u∗ of at δ → 0. To do this, we estimate
the difference zα,δ − z∗, where zα,δ- the decision of the equation (16) u = uδ. It is represented
in the form

zα,δ = zα,δ − (I1 [τ ])−1
(
αzα,δ +K ′

∗
(zα)K(zα,δ)−K ′∗ (zα)uδ

)
(34)

Using the triangle inequality, we have∥∥∥zα,δ − z∗∥∥∥ ≤ ∥∥∥zα,δ − zα,∗∥∥∥+ ‖zα,∗ − z∗‖ (35)

where zα,∗ = zα,∗ − (I1 [τ ])−1
(
αzα,∗ +K ′∗ (zα)K(zα,∗)−K ′∗ (zα)u∗

)
the solution of the equa-

tion (16) u = u∗

Consider the difference zα,δ − zα,∗

zα,δ − zα,∗ = −(I1 [τ ])−1K ′
∗
(zα)

(
K ′(zα,∗)−K ′(zα)

) (
zα,δ − zα,∗

)
−

− (I1 [τ ])−1K ′
∗
(zα)

1∫
0

{(
K ′(zα,∗ + τ

(
zα,δ − zα,∗

)
)−K ′(zα,∗)

)}(
zα,δ − zα,∗

)
dτ+

+(I1 [τ ])−1K ′
∗
(zα)

1∫
0

{(
K ′(zα + τ (z − zα))−K ′(zα)

)}(
zα,δ − zα,∗

)
dτ+(I1 [τ ])−1K ′

∗
(zα) (uδ − u∗) .

(36)
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Assessing the converted difference, we have∥∥∥zα,δ − zα,∗∥∥∥ ≤ (2 + 2β + β
)
NM

(1− q1) (1 + β)
· r

β
z (α)

α

∥∥∥zα,δ − zα,∗∥∥∥+
1

1− q1
· δ
α
. (37)

We show that when choosing α (rz (α)) = σ1r
βσ1
z (α) where σ < σ1 there exists ˜̃r > 0 such that(

2 + 2β + β
)
NM

(1− q1) (1 + β)
· r

β
z (α)

α
<

(
2 + 2β + β

)
NM

(1− q1) (1 + β)
·

˜̃r

α
(
˜̃r
) = q3 ≤ σ1 (38)

when rz < ˜̃r, where 0 < σ1 <
(
1
2

) β(1−σ1)
2−β−βσ1

(
(2+2β+β)NM
(1−q1)(1+β)

) 1−β
β(1−σ1)

.

Further, from (41) we have

rz <

(
σ21 (1− q1) (1 + β)

(2 + 2β + β)NM

) 1
β(1−σ1)

≡ ˜̃r end α
(
˜̃r
)

= σ1

(
σ21 (1− q1) (1 + β)

(2 + 2β + β)NM

) σ1
1−σ1

(39)

Under these conditions (40), q3 <
1
2 .

Then from (38) we have∥∥∥zα,δ − zα,∗∥∥∥ ≤ C1
δ

α
, C1 =

1

(1− q3) (1− q1)
(40)

In view of (34) and (41) from (36) we have∥∥∥zα,δ − z∗∥∥∥ ≤ ∥∥∥zα,δ − zα,∗∥∥∥+ ‖zα,∗ − z∗‖ ≤ C2α
1−σ
σ + C1

δ

α
,

C2 =
(1 + γ) (2 + β)NM

β (1− q1)σ
1/σ

. (41)

Minimizing the right-hand side of inequality (44) we obtain the dependence of the regulariza-
tion α parameter on the right side of the parameter error δ

α (δ) =

(
C1

C2

σ

1− σ
δ

)σ
. (42)

Then the estimate (42) has the form∥∥∥zα,δ − z∗∥∥∥ ≤ C1−σ
1 Cσ2 (1− σ)1−σ

(
1

σ

)σ
δ1−σ (43)

From (44) it follows that zα,δ → z∗ δ → 0 in the norm H. Thus, it is proved. �

Theorem 2.5. Suppose that: 1) all the conditions of Theorem 3; 2) the element satisfies con-

dition (3); 3) α (rz (α)) = σ1r
βσ1
z (α)where σ < σ1 it performed condition

(2+2β+β)NM
(1−q1)(1+β) ·

rβz (α)
α <

(2+2β+β)NM
(1−q1)(1+β) ·

˜̃r
α(˜̃r)

= q3 ≤ σ1 when rz < ˜̃r, where 0 < σ1 <
(
1
2

) β(1−σ1)
2−β−βσ1

(
(2+2β+β)NM
(1−q1)(1+β)

) 1−β
β(1−σ1)

;

4) the regularization parameter α satisfies the condition (43). Then the solution of equation
(16) u = uδ, converges δ → 0 to the exact solution z∗ of equation (1). The rate of convergence
satisfies (44).

3. Conclusion

In this paper we show that, based on the combination of the regularization method for solving
operator equations in Hilbert space is regularizability.

Justification of the new combined regularization method proposed in this paper consists of
the following study results:

1. regularizing operator is constructed for the solution of operator equations of the first kind
in Hilbert space;

105



2. Prove the convergence of regularized solutions to the exact solution of the original equation;
3. Get prametra regularization choice depending on the error, right side;
4. estimates of the rate of convergence of the regularized solutions to the exact solution.
For the first time, based on the combined method of regularization regularizing operator is

constructed for the solution of operator equations of the first kind in Hilbert space. Established
convergence and convergence rate of regularized solutions to the exact solution.

This work has a theoretical orientation. The result can be used to solve applied problems of
geophysics, thermal physics, filtering optics, medical imaging itp
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Abstract. In this article, regularizations and stability of solutions of system linear integral
Fredholm equations of the first kind are obtained by the methods of functional analysis.

Keywords: linear, inteqral equations, first kind, regularization.

1. Introduction

Inverse and ill-posed problems are currently attracting great interest. The theory and nu-
merical methods for solving inverse and ill-posed problems were studied in [1-17].The notion of
correctness in the works of A.N. Tikhonov [1], M.M. Lavrent’ev [2] and V.K. Ivanov [3], different
from the classical one, provided a means for studying ill-posed problems and stimulated interest
in integral equations with large applied value.

The fundamental results for Fredholm integral equations of the first kind were obtained by
M.M. Lavrentiev in [4], [5], where the regularizing operators in the sense of M.M. Lavrentiev.

In [10]-[12], uniqueness theorems were proved and regularization operators in the sense of
Lavrent’ev were constructed for systems of linear Volterra and Fredholm integral equations of
the third kind.

In [14]-[16] problems of uniqueness and stability of solutions for linear Fredholm integral equa-
tions of the first kind were investigated.

In this work, we apply the method of integral transformation to prove regularizations and
stability of solutions of system of linear integral Fredholm equations of the first kind in the
semi-axis.

Consider of the system of Fredholm linear integral equations

Ku ≡
∫ a

−∞
K(t, s)u(s)ds = f(t), t ∈ (−∞, a], (1)

where

K(t, s) =

{
A(t, s), −∞ < s ≤ t ≤ a,
B(t, s), −∞ < t ≤ s ≤ a, (2)

A(t, s) = (aij(t, s)) =


a11(t, s) a12(t, s) . . . a1n(t, s)
a21(t, s) a22(t, s) . . . a2n(t, s)
. . . . . . . . . . . .

an1(t, s) an2(t, s) . . . ann(t, s)

 ,
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B(t, s) = (bij(t, s)) =


b11(t, s) b12(t, s) . . . b1n(t, s)
b21(t, s) b22(t, s) . . . b2n(t, s)
. . . . . . . . . . . .

bn1(t, s) bn2(t, s) . . . bnn(t, s)


f(t) = (fi(t)) = (f1(t)...fn(t))T , u(t) = (ui(t)) = (u1(t)...un(t))T .

B(t, s) and A(t, s) are the known matrix functions, f(t) is known vector function, u(t) is unknown
vector function.

We introduce possible notation:
1. For vectors u = (u1, u2, ..., un), v = (ϑ1, ϑ2, ..., ϑn) ∈ Rn we define the scalar product by the
equality

〈u, ϑ〉 =

n∑
i=1

uivi.

2. For A = (aij)− n× n - square matrix and u = (u1, u2, ..., un) ∈ Rn we define the norm

‖A‖ =

 n∑
i=1

n∑
j=1

|aij |2
 1

2

,

‖u‖ =

(
n∑
i=1

|ui|2
) 1

2

.

3. Through L2,n(−∞, a] denote the space of all n− dimensional vector functions u(t) =
(u1(t), ..., un(t)) satisfying the condition ui(t) ∈ L2(−∞, a] for all i = 1, 2, ..., n.

For u(t) = (u1(t), ..., un(t)) ∈ L2,n(−∞, a] define the norm

‖u(t)‖L2,n
=

(∫ b

a
‖u(t)‖2 dt

) 1
2

.

We will assume that

‖K(t, s)‖ ∈ L2((−∞, a]× (−∞, a]), ‖f(t)‖ ∈ L2(−∞, a].

System of equations (1) by virtue of relation (2) can be expressed as∫ t

−∞
A(t, s)u(s)ds+

∫ a

t
B(t, s)u(s)ds = f(t). (3)

Both parts of (3) are scalarly multiplied by the u(t)− vector function and, integrating the results
on −∞ < t ≤ a, we obtain∫ a

−∞

∫ t

−∞
〈A(t, s)u(s), u(t)〉 dsdt+

∫ a

−∞

∫ a

t
〈B(t, s)u(s), u(t)〉 dsdt =

∫ a

−∞
〈f(t), u(t)〉 dt, (4)

∫ a

−∞

∫ t

−∞

〈
A(t, s)u(s), u(t)dsdt+

∫ a

−∞

∫ a

s

〈
B∗(s, t)u(s), u(t)dtds =

∫ a

−∞
〈f(t), u(t)〉 dt,

where B∗(s, t) is the transposed matrix to the matrix B(s, t).
Integrating by parts and using the Dirichlet formula we have∫ a

−∞

∫ a

s
〈B(s, t)u(t), u(s)〉 dtds =∫ a

−∞

∫ a

s
〈B∗(s, t)u(s), u(t)〉 dtds =

∫ a

−∞

∫ t

−∞
〈B∗(s, t)u(s), u(t)〉 dsdt.
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Then from (4) we obtain∫ a

−∞

∫ t

−∞
〈[A(t, s) +B∗(s, t)]u(s), u(t)〉 dsdt =

∫ a

−∞
〈f(t), u(t)〉 dt (5)

Denote

H(t, s) =
1

2
(A(t, s) +B∗(s, t)), (t, s) ∈ G = −∞ < S ≤ t ≤ a

Then from (5) we obtain

2

∫ a

−∞

∫ t

−∞
〈H(t, s)u(s), u(t)〉 dsdt =

∫ a

−∞
〈f(t), u(t)〉 dt, (6)

where ∫ a

−∞

∫ t

−∞
H2(t, s)dsdt < +∞.

We introduce a new matrix function M(t, s) as follows

M(t, s) =

{
H(t, s), −∞ < s ≤ t ≤ a,
H∗(s, t), −∞ < t ≤ s ≤ a. (7)

It’s clear that M(t, s) = M∗(s, t), (t, s) ∈ (−∞, a]× (−∞, a].
It is easy to verify the validity of the equality∫ a

−∞

∫ a

−∞
‖M(t, s)‖2 dsdt < +∞.

Then, it is known that

M(t, s) =
∞∑
i=1

ϕi(t)ϕi(s)

λi
, (8)

where, λi - the characteristic numbers of the matrix kernel M(t, s), which are arranged in
ascending order
of their modules, |λ1| ≤ |λ2| ≤ ... and ϕ1(t), ..., ϕn(t) the
corresponding orthonormal eigen vector-functions. It is assumed that M(t, s) is a complete
kernel and 0 < λ1 ≤ λ2 ≤ ....
In this case, the solution of the system (1) will be unique in L2,n(−∞, a].

In what follows, we will assume that all characteristic numbers of the matrix kernel are
positive.

For u(t) = (ui(t)) ∈ L2,n(−∞, a] we obtain

‖u(t)‖2,n =

(
n∑
i=1

∫ a

−∞
|ui(t)|2dt

) 1
2

=

(∫ a

−∞
‖u(t)‖2 dt

) 1
2

=

( ∞∑
ν=1

∣∣∣u(ν)∣∣∣2) 1
2

,

where

u(ν) =

∫ a

−∞

〈
u(t), ϕ(ν)(t)

〉
dt =

∫ a

−∞

(
n∑
i=1

ui(t)ϕ
(ν)
i (t)

)
dt, (ν = 1, 2, ...).

We distinguish the family of correctness sets depending on the parameter as follows:

Nα =

{
u(t) ∈ L2,n(−∞, a] :

∞∑
ν=1

λ−αν

∣∣∣u(ν)∣∣∣2 ≤ c} , where c > 0, 0 < α <∞,

u(ν) =

∫ a

−∞
〈u(t), ϕν(t)〉 dt, (ν = 1, 2, ...). (9)

Let u(t) = (ui(t)) ∈ Nα. Then
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2

∫ α

−∞

∫ t

α

∞∑
ν=1

λν

〈 ϕ
(ν)
1 (t)
. . .

ϕ
(ν)
n (t)

 (ϕ
(ν)
1 (s)...ϕ

(ν)
1 (s))

 u1(s)
. . .
un(s)

u(t)

〉
dsdt =

∫ α

−∞

[
n∑
i=1

fi(t)ui(t)

]
dt,

‖u(t)‖22,n =
∞∑
i=1

∣∣∣u(ν)∣∣∣2 =
∞∑
i=1

λανλ
−α
ν

∣∣∣u(ν)∣∣∣2 = λα1

( ∞∑
ν=1

λ−αν

∣∣∣u(ν)∣∣∣2) ≤ cλα1 ,
‖u(t)‖22,n ≤ cλ

α
1 . (10)

We will assume that f(t) ∈ K(Nα). Then the system (1) has a solution (ui) ∈ Nα and by virtue
of (6), (7)and (8) we have:

2

∫ α

−∞

∫ t

α

∞∑
ν=1

λν

〈 ϕ
(ν)
1 (t)
. . .

ϕ
(ν)
n (t)

 (ϕ
(ν)
1 (s)...ϕ

(ν)
1 (s))

 u1(s)
. . .
un(s)

u(t)

〉
dsdt =

∫ α

−∞

[
n∑
i=1

fi(t)ui(t)

]
dt,

∞∑
ν=1

2

∫ α

−∞

[∫ t

α

〈
u(s), ϕ(ν)(s)

〉
ds

]〈
u(t), ϕ(ν)(t)

〉
dt =

∫ α

−∞
〈f(t), u(t)〉 dt,

∞∑
ν=1

λν

∣∣∣∣∫ α

−∞

〈
u(t), ϕ(ν)(t)

〉
dt

∣∣∣∣2 =

∫ α

−∞
〈f(t), u(t)〉 dt,

∞∑
ν=1

λν

∣∣∣u(ν)∣∣∣2 =

∫ α

−∞
〈f(t), u(t)〉 dt

Hence, using Holder’s inequalities, we have
∞∑
ν=1

λν

∣∣∣u(ν)∣∣∣ ≤ ‖f(t)‖2,n ‖u(t)‖2,n (11)

On the other side:

‖u(t)‖22,n =
∞∑
ν=1

∣∣u(ν)∣∣ 2α
1+α

λ
α

1+α
ν

λ
α

1+α
ν

∣∣∣u(ν)∣∣∣ 2
1+α ≤

( ∞∑
ν=1

|uν |2

λν

) α
1+α

( ∞∑
ν=1

λ−αν

∣∣∣u(ν)∣∣∣2) 1
1+α

.

Here we have applied Holder’s inequality for p = 1+α, q = (1+α)
α . Taking into account u(t) ∈ Nα

and (11), from the last inequality we have

‖u(t)‖22,n ≤ c
1

1+α

(
‖f(t)‖2,n ‖u(t)‖2,n

) α
1+α

.

Hence we obtain the following stability estimate

‖u(t)‖2,n ≤ c
1

2+α ‖f(t)‖
α

2+α

2,n , 0 < α <∞. (12)

Thus, the following theorem has been proved.
Theorem 1. Let the operator M generated by the matrix kernel M(t, s) be positive, where it

is defined M(t, s) by formula (7)Then on the set K(Nα) (K(Nα) image when Nα displayed by
the operator K ) the operator K−1, the inverse of K, is uniformly continuous with the Holder
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exponent α
2+α i.e. estimate (12) is valid.

Let us show that the solution of the system of equations

εu(t, ε) +

∫ α

−∞
K(t, s)u(s, ε)ds = f(t), t ∈ (−∞, α]), ε > 0 (13)

will be regularizing for equation (1) on the set Nα. Indeed, by making the following substi-
tution into the in system equations (13) u(t, ε) = u(t) + ξ(t, ε), where u(t) ∈ Nα− solution of
systems of equations (1), we obtain

εξ(t, ε) +

∫ α

−∞
K(t, s)ξ(s, ε)ds = −ε(t)

Scalarly multiplying the last system of equations by ξ(t, ε) and integrating from −∞ to a,
taking into account (2) and (8), we have:

ε ‖ξ(t, ε)‖22,n +

∞∑
ν=1

λ−1ν |ξν(ε)|2 ≤ ε
∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| , (14)

where ξi(ε)− are the Fourier coefficients for the function ξ(t, ε), according to the orthonormal

system ϕ(ν)(t) =
{
ϕ
(ν)
i (t)

}
that is

ξν(ε) =

∫ ∞
α

〈
ξ(t, ε), ϕ(ν)(t)

〉
dt, (ν = 1, 2, ...).

Applying the Holder inequality for p = q = 1
2 , from (14) we obtain

‖ξ(t, ε)‖2,n ≤ ‖u(t)‖2,n , (15)

∞∑
ν=1

λν |ξν(ε)|2 ≤ ε ‖u(t)‖22,n ≤ εcλ
α
1 , ε > 0. (16)

On the other side
∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| =
∞∑
ν=1

|ξν(ε)|
α

1+α

λ
α

2(1+α)
ν

λ
α

2(1+α)
ν

∣∣∣u(ν)∣∣∣ 1
1+α |ξν(t, ε)|

1
1+α

∣∣∣u(ν)∣∣∣ 1
1+α

.

Therefore, after applying the generalized Holder inequality to the right-hand side for

p =
2(1 + α)

α
, q = 2(1 + α),m = 2(1 + α), n =

2(1 + α)

α
,

we have

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤

( ∞∑
ν=1

λν |ξν(ε)|2
) 1

p
( ∞∑
ν=1

∣∣u(ν)∣∣2
λαν

) 1
q

‖ξ(t, ε)‖
2
q ‖u(t)‖

2
p ,

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤

( ∞∑
ν=1

|ξν(ε)|2 λ−1ν

) a
(1+α)2

( ∞∑
ν=1

λαν

∣∣∣u(ν)∣∣∣2) 1
(1+α)2

‖ξ(t, ε)‖
1

1+α ‖u(t)‖
α

1+α ,

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤

( ∞∑
ν=1

|ξν(ε)|2 λ−1ν

) 1
p
( ∞∑
ν=1

λαν

∣∣∣u(ν)∣∣∣2) 1
q

‖ξ(t, ε)‖
2
q ‖u(t)‖

2
p .

Further in force u(t) ∈ Nα, (15) and (16) from the last inequality we have

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤ (εcλα1 )
1
p c

1
q (cλα1 )

p+q
pq .

111



Hence, substituting p = 2(1+α)
α , q = 2(1 + α) we get

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤ c
1

2(1+α) (cλα1 )
1
2 (εcλα1 )

α
2(1+α) , (17)

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤ cλ
1

2(1+α)

1 c
1
2 c

α
2(1+α)λ

α
2
1 λ

α2

2(1+α)

1 ε
α

2(1+α)

∞∑
ν=1

∣∣∣u(ν)∣∣∣ |ξν(ε)| ≤ cλ
α(2α+1)
2(1+α)

1 ε
α

2(1+α) . (18)

Taking into account (18), from (14) we have

‖u(t, ε)− u(t)‖2,n ≤ c
1
2λ

α(2α+1)
4(1+α)

1 ε
α

4(1+α) , 0 < α <∞ (19)

Thus proven.
Theorem 2. Let the operator M generated by the matrix kernel M(t, s) be positive and

f(t) ∈ K(Nα). Then estimate (19) is valid, where u(t, ε)− is the solution of the system (13),
u(t) is the solution of the system (1) M(t, s) and is determined by formula (8).
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1. Introduction

The scale-invariant nondispersive wave equation

uxxt + uuxxx + 2uxuxx = 0 (1)

was introduced by J.Hunter and R.Saxton [1] in connection with a model of nematic liquid
crystals. J.Hunter and Y.Zheng [2],[3] have given a very beautiful and thorough treatment
of equation (1), including the introduction of a Hamiltonian structure and proof of complete
integrability. In [4], the inverse scattering problem is used to obtain explicit solutions for finite-
dimensional flows in both compact and non-compact cases. The destruction phenomena and
the global existence of strong solutions were discussed in [5, 6]. The Hunter-Saxton equation
also appears in a different physical context as the high-frequency limit of the Camassa-Holm
equation, a model equation for shallow water [7, 8, 9]. The hydrodynamic relevance of this model
was explored in the article [10] and the reexpression of the geodesic flow on the diffeomorphism
of the circle group [11].

The periodic Cauchy problem for the Hunter-Saxton equation is first considered in [12]. They
proved the local existence of strong solutions to the periodic Hunter-Saxton equation and showed
that all space-independent strong solutions collapse in a finite time.

In the work [13] V.K. Melnikov integrated the KdV equation with a self-consistent source
in the class of rapidly decreasing functions and [14] studied the KdV equation with a self-
consistent source in the class of periodic functions. Similar papers on integrating non-linear
evolution equations with sources can be found in [16]-[29].

The paper is organized as follows. The formulation of the problem under consideration is
given in section 2. In section 3, it is given some basic information about the direct and inverse
spectral problem for the weighted Sturm-Liouville operator with periodic coefficient. Section 4
is devoted to deriving the evolution of the spectral data corresponding to the problem under
consideration.

2. Problem Statement

We consider the Hunter-Saxton equation with a self-consistent source

uxxt = −uuxxx − 2uxuxx +

∞∑
k=0

αk(t)s (π, λk, t)
[
qx (x, t)ψ2 (x, λk, t) + 2q(x, t)

(
ψ2 (x, λk, t)

)′]
(2)
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in the class of real-valued π-periodic on the spatial variable x function u = u (x, t) which satisfy
the regularity of assumption

u ∈ C3
x (t > 0) ∩ C1

t (t > 0) ∩ C (t ≥ 0)

with the initial condition

u(x, 0) = u0(x), x ∈ R, (3)

where q(x, t) = uxx (x, t), u0 (x) ∈ C3(R) is the given real-valued π -periodic function and
ψ (x, λk, t) are the Floquet solution (normalized by the condition ψ (0, λk, t) = 1) of the weighted
Sturm–Liouville equation

y′′ = λq(x, t)y, x ∈ R. (4)

Here λk is zeros of the function ∆2 (λ) − 4, where ∆ (λ) = c (π, λ, t) + s′ (π, λ, t). We
denote by c (x, λ, t) and s (x, λ, t) the solutions of equation (4) satisfying the initial conditions
c (0, λ, t) = 1, c′ (0, λ, t) = 0 and s (0, λ, t) = 0, s′ (0, λ, t) = 1 respectively. In system (2), the
functions αk(t), k ∈ Z, can be chosen freely within the class of real-valued continuous functions
having uniform asymptotic decay αk = O

(
1
k2

)
, k → +∞. Using the expression for the Floquet

solutions, one may derive the identity

s(π, λk, t)ψ
2(τ, λk, t) = s(π, λk, t, τ), (5)

where s(x, λ, t, τ) is the solution of the Eq. (4) with coefficient q(x + τ, t) satisfying the initial
conditions s(0, λ, t, τ) = 0, s′(0, λ, t, τ) = 1. Equality (5), the uniform decay condition αk(t) =
O
(

1
k2

)
and asymptotic formulas ([?])

s(π, λ, t, τ) = O(λ−
1
2 ),

∂s(π, λ, t, τ)

∂τ
= O(λ−

1
2 )

provide uniform convergence of the series in equation (1). In (2) and elsewhere, the prime ”′ ”
means the derivative with respect to the variable x.

The aim of this work is to provide a procedure for constructing the solution u (x, t), ψ (x, λk, t)
of problem (2)-(4) using the inverse spectral theory for the weighted Sturm–Liouville equation
(4).

3. Preliminaries

The spectrum of the weighted Sturm–Liouville operator (4) with q (x, 0) < 0, x ∈ R is
absolutely continuous and coincides with the set

E = {λ ∈ R: −2 ≤ 4 (λ) ≤ 2} = [λ0, λ1] ∪ [λ2, λ3] ∪ · · · ∪ [λ2n, λ2n+1] . . . .

The intervals (−∞, λ0) , (λ2n−1, λ2n) , n ≥ 1 are called the gaps or lacunas.
The numbers ξn, n ≥ 1 with the signs σn = sign {s′ (π, ξn)− c (π, ξn)}, n ≥ 1 are called

the spectral parameters of the weighted Sturm–Liouville equation (4) with q (x, 0) < 0, x ∈ R.
Notice that ξn coincides with the eigenvalues of the Dirichlet problem for equation (4). Moreover,
the inclusions ξn ∈ [λ2n−1, λ2n] and the equality

s (π, λ) = π
∞∏
n=1

(
1− λ

ξn

)
(6)

are fulfilled.
The boundaries λn of the spectrum and the spectral parameters ξn, σn are called the spectral

data of the weighted Sturm–Liouville equation (4). The determination of spectral data of (4)
is called a direct spectral problem and conversely, the restoration of the coefficient q of (4) by
spectral data is called an inverse spectral problem.

The spectrum of the weighted Sturm–Liouville operator (4) with the coefficient q (x+ τ) <
0 does not depend on the real parameter τ , but the spectral parameters do. The spectral
parameters satisfy the system of Dubrovin differential equations
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dξn(τ)

dτ
=
ξn(τ)

π

√
∆2 (ξn(τ))− 4∏
m 6=n

(
1− ξn(τ)

ξm(τ)

) , ξn (0) = ξn, (7)

where the signature of the radical
√

∆2 (ξn)− 4 is given by

√
∆2 (ξn)− 4 = −4 (ξn)− 1

∂s(π,ξn)
∂λ

∫ π

0
q (x) s2 (x, ξn)dx, n ≥ 1.

The system of Dubrovin equations (7) and the following trace formulas:

q (τ) =
1

2

∑
n≥1

[
1

ξn (τ)
−
(

1

ξn (τ)

)′′]
− 1

2

∑
k≥0

1

λk
(8)

provide the method for solving the inverse problem.

4. Main Result

The main result of the paper is stated in the theorem below.
Theorem 1. Let u(x, t) and ψ(x, λk, t) be solution of the problem (2)-(4). Then the spectrum

of the problem (4) does not depend on t, and the spectral parameters ξn = ξn (t) , σn =
σn (t) , n ≥ 1 satisfy the analogue of the system of Dubrovin equations

ξ̇n =

 1

2ξn
+

1

2

∞∑
j=1

1

ξj
− 1

2

∞∑
k=0

1

λk
+

∞∑
k=0

ξnαk(t)s (π, λk, t)

λk − ξn

hn (ξ) , (9)

where

hn (ξ) =

σnξn

√(
1− ξn

λ0

) ∏∞
i=1

(
1− ξn

λ2i−1

)(
1− ξn

λ2i

)
∞∏

j 6=n, j=1

(
1− ξn

ξj

) .

The sign σn(t) = ±1 changes at each collision of the point ξn(t) with the boundaries of its gap
[λ2n−1, λ2n]. Moreover, the following initial conditions are fulfilled:

ξn(t)|t=0 = ξ0n, σn(t)|t=0 = σ0n, n ≥ 1, (10)

where ξ0n, σ
0
n, n ≥ 1 are the spectral parameters of the weighted Sturm–Liouville equations (4)

corresponding to the coefficients q0 (x) = uxx (x, 0) < 0.
Proof. We rewrite (2) as follows

qt = −uuxxx − 2uxuxx +G (x, t) (11)

where

qt =
∂q (x, t)

∂t
, q = q (x, t) = uxx (x, t) ,

G(x, t) =

∞∑
k=0

αk(t)s(π, λk, t)[qx(x, t)ψ2(x, λk, t) + 2q(x, t)(ψ2(x, λk, t))
′
].

Let yn = yn (x, t) be the normalized eigenfunction of the Dirichlet problem for equation (4)
corresponding to the eigenvalue ξn = ξn (t). It is easy to see that

yn (x, t) =
1

αn (t)
s (x, ξn, t) , (12)
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αn (t) =

√∫ π

0
s2 (x, ξn, t) q (x, t) dx.

Differentiating the identity

y
′′
n = ξnqyn (13)

with respect to t, we get

ẏ
′′
n = ξ̇nqyn + ξnq̇tyn + ξnqẏn. (14)

After multiplying identity (14) by yn, we integrate over x from 0 to π, we get

ξ̇n

∫ π

0
qy2ndx =

∫ π

0

(
ẏ′nyn − yn′ẏn

)′
dx−

∫ π

0
ξnqty

2
ndx

Hence, based on Dirichlet boundary condition and normalization∫ π

0
q (x, t)y2ndx = 1,

we have

ξ̇n = −
∫ π

0
ξnqty

2
ndx. (15)

Substituting Eq. (11) into (15), we obtain

ξ̇n = ξn

∫ π

0
(uuxxx + 2uxuxx) y2ndx−

∫ π

0
ξnG (x, t) y2ndx. (16)

We seek the antiderivative of the first integrand in (16) as a quadratic form of yn and y′n, that
is (

ay2n + byny
′
n + cy′2n

)′
= ξn (uuxxx + 2uxuxx) y2n (17)

where a = a (x, t, ξn), b= b (x, t, ξn) and c = c (x, t, ξn) are independent of yn and y′n. Using
equality (13), we get from (17)

y2n(a
′
+

1

4
b+ ξnbq) + yny

′
n(2a+ b

′
+

1

2
c+ 2ξncq) + (y

′
n)2(b+ c

′
) =

= ξn (uuxxx + 2uxuxx) y2n (18)

comparing the left and right hand sides of (18) we find b = −c′, a = 1
2c
′′ − 1

4c− cξnq

1

2
c′′′ − 1

2
c′ − 2c′ξnq − cξn (t) q′ = ξn (uuxxx + 2uxuxx) . (19)

It is easy to check that the function c = − 1
2ξn
− u (x, t) satisfies the equality (19). Substituting

obtained values of a (x, t, ξn), b (x, t, ξn) and c (x, t, ξn) into (17) we arrive at∫ π

0
ξn (uuxxx + 2uxuxx)y2ndx =

∫ π

0

(
ay2n + byny

′
n + cy′2n

)′
dx =

=
(
ay2n + byny

′
n

)
|π0 −

(
1

2ξn
+ u (x, t)

)
y′2n |π0 =

= −
(

1

2ξn
+ u (0, t)

)[
y′2n (π, t)− y′2n (0, t)

]
(20)

We now calculate the antiderivative of the second integrand in (16).
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∫ π

0
ξnG (x, t) y2ndx =

=
∞∑
k=0

αk(t)ξns (π, λk, t)

∫ π

0

[
qxψ

2 (x, λk, t) + 2q
(
ψ2 (x, λk, t)

)′]
y2ndx. (21)

It is easy to see that

I =

∫ π

0

[
qxψ

2 (x, λk, t) + 2q
(
ψ2 (x, λk, t)

)′]
y2ndx =

=

∫ π

0

[
2
(
qψ2 (x, λk, t)

)′ − qxψ2 (x, λk, t)
]
y2ndx =

=

∫ π

0

(
qψ2 (x, λk, t)

)′
y2ndx−

∫ π

0
qxψ

2 (x, λk, t)y
2
ndx+

+qψ2 (x, λk, t) y
2
n|
π
0 −

∫ π

0
qψ2 (x, λk, t)

(
y2n
)′
dx =

=

∫ π

0
q
(
ψ2 (x, λk, t)

)′
y2ndx−

∫ π

0
2qψ2 (x, λk, t)yny

′
ndx =

=

∫ π

0
2qψ (x, λk, t) yn

[
ψ′ (x, λk, t) yn − ψ (x, λk, t) y

′
n

]
dx =

= −
∫ π

0
2qψ (x, λk, t) ynW {ψ (x, λk, t) , yn} dx. (22)

Using the equality

qψ (x, λk, t) yn =
(ψ (x, λk, t) y

′
n − ψ′ (x, λk, t) yn)′

ξn − λk
and

ψ (π, λk, t) = ψ (0, λk, t) = 1,

we obtain

I =

∫ π

0

2

λk − ξn
W {ψ (x, λk, t) , yn}W ′ {ψ (x, λk, t) , yn} dx =

=
1

λk − ξn
W 2 {ψ (x, λk, t) , yn} |π0 =

=
1

λk − ξn

(
y′2n (π)ψ2 (π, λk, t)− y′2n (0)ψ

2
(0, λk, t)

)
=

=
1

λk − ξn

(
y′2n (π)− y′2n (0)

)
. (23)

Putting (23) to (21), we get∫ π

0
ξnG (x, t) y2ndx =

∞∑
k=0

ξnαk(t)s (π, λk, t)

λk − ξn

(
y′2n (π)− y′2n (0)

)
. (24)

Substituting (20) and (24) into (16), we obtain

ξ̇n = −

{
1

2ξn
+ u (0, t) +

∞∑
k=0

ξnαk(t)s (π, λk, t)

λk − ξn

}[
y′2n (π, t)− y′2n (0, t)

]
. (25)

According to (12) and to the identity
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α2
n (t) =

∫ π

0
s2 (x, ξn, t) q (x, t) dx = s′ (π, ξn, t)

∂s (π, λ, t)

∂λ
|λ=ξn , (26)

we derive the equality

y′2n (π, t)− y′2n (0, t) =
1

α2
n (t)

[
s2 (π, ξn, t)− s′2 (0, ξn, t)

]
=

=
1

s′ (π, ξn, t)
∂s(π,λ,t)

∂λ |λ=ξn

[
s′2 (π, ξn, t)− 1

]
=

=
1

∂s(π,λ,t)
∂λ |λ=ξn

[
s′ (π, ξn, t)−

1

s′ (π, ξn, t)

]
. (27)

Now, substituting the values x = π and λ = ξn (t) into the identity

c (x, λ, t) s′ (x, λ, t)− c′ (x, λ, t) s (x, λ, t) = 1,

we find that

c (π, ξn, t) =
1

s′ (π, ξn, t)
. (28)

According to (28) and the identity

[c(π, λ, t)− s′(π, λ, t)]2 = (∆2(λ)− 4)− 4c′(π, λ, t)s(π, λ, t))

we obtain the equality

s′ (π, ξn, t)−
1

s′ (π, ξn, t)
= σn (t)

√
∆2 (ξn)− 4, (29)

where

σn (t) = sign
{
s′ (π, ξn, t)− c (π, ξn, t)

}
, n ≥ 1.

Using (6) and the expansions

∂s (π, λ, t)

∂λ
|λ=ξn = −ξ−1n π

∞∏
j 6= n
j = 1

(
1− ξn

ξj

)
, (30)

∆2 (ξn)− 4 = π2
(

1− ξn
λ0

) ∞∏
i=1

(
1− ξn

λ2i−1

)(
1− ξn

λ2i

)
, (31)

we deduce

s′ (π, ξn, t)− 1
s′(π,ξn,t)

∂s(π,λ,t)
∂λ |λ=ξn

=
σn
√

∆2 (ξn)− 4
∂s(π,ξn,t)

∂λ

=

= −
σn

√(
1− ξn

λ0

) ∏∞
i=1

(
1− ξn

λ2i−1

)(
1− ξn

λ2i

)
ξ−1n

∏∞
j 6= n,
j = 1

(
1− ξn

ξj

) . (32)

From (25), (32) and trace formulas
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u (0, t) =
1

2

∞∑
k=1

1

ξk
− 1

2

∞∑
k=0

1

λk

we conclude (9).
We notice that if instead of Dirichlet boundary conditions we consider periodic or anti-periodic

boundary conditions, then equation (25) remains valid and we can deduce λ̇n(t) = 0 for all n ∈ Z.
Hence, the spectrum of problem (13) does not depend on the parameter t, and the theorem is
proved.

Remark 1. Theorem 1 provides the method for solving problem (2)-(4). It is the following
one.

(i) Solving the direct spectral problem for (4) with q (x+ τ), spectral data λn, n ≥ 0,
ξ0n(τ), σ0n (τ) , n ≥ 1 are obtained.

(ii) Using the result of Theorem 1, we find the solution of the Cauchy problem ξn(τ, t)|t=0 =
ξ0n(τ), σn (τ, t)|t=0 = σ0n(τ), n ≥ 1 , for the Dubrovin-type system (9).

(iii) Finally, by using trace formulas

u (τ, t) =
1

2

∞∑
k=1

1

ξk(τ, t)
− 1

2

∞∑
k=0

1

λk

we obtain the expressions for u (τ, t). After that the Floquet solutions ψ (x, λk, t) of equation
(4) can be determined. The uniformly convergence of the last series follows from the asymptotic
behavior of the eigenvalues ξk(τ, t) and λk.

Conclusion

We present a simple method for constructing a source for the Hunter-Saxton equation and
show that the inverse spectral method of the weighted Sturm-Liouville operator with periodic
coefficient is applicable to solving the Cauchy problem for the Hunter-Saxton equation with a
source in the class of periodic functions. In this approavich, an analogue of the Dubrovin system
of differential equations is derived, and then the Hunter-Saxton equation with a self-consistent
source in the class of periodic functions is solved in the form of a uniformly converging functional
series.

Keywords: Hunter-Saxton equation, self-consistent source, trace formulas, inverse spectral problem, weighted
Sturm - Liouville operator.

AMS Subject Classification: 34L25, 35P25, 37K15, 47F05.
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1. Introduction

Mathematical modeling of the spread of viral infection in Kazakhstan using inverse problem
solving methods can be a useful tool for understanding disease dynamics, predicting future
spread, and evaluating the effectiveness of various infection control measures. Modeling the
spread of infection is usually based on a system of complex differential equations that describe
the change in the number of infected, recovered, and affected individuals over time and space.
However, in the case of inverse problem solving methods, we work in the opposite direction –
based on available data on incidence and other factors, we try to estimate model parameters
that best fit the observed data [1].

The basic idea of inverse problem solving methods is to find the optimal values of the model
parameters that minimize the difference between the predicted values of the model and the actual
incidence data. For this, optimization method such as firefly algorithm is used. Mathematical
modeling of the spread of viral infection using inverse problem solving methods is one of the ways
to help understand and fight infectious diseases. However, it should be noted that the accuracy
of the models depends on the available data, the quality of the model and the assumptions
made during the modeling process. Therefore, it is important to use reliable data and take into
account the various factors that influence the spread of infection [2].

Mathematical modeling of the spread of coronavirus infection by the SEIR-HCD (Susceptible
– Exposed – Infected – Recovered – Hospitalized – Critical - Dead) method using the firefly
algorithm is one of the ways to analyze and predict the dynamics of morbidity. The SEIR-
HCD method is based on dividing the population into several categories: Susceptible, Exposed,
Infected, Recovered, Hospitalized, Critical, and Dead. The model takes into account the tran-
sitions between these categories based on certain parameters, for example, the probability of
infection, the incubation period, the average duration of the disease, etc.

The firefly algorithm is a metaheuristic optimization method that simulates the behavior of
the brightness field in finding the optimal solution. Each firefly represents a possible solution
to the problem, and their movement and interaction allows you to find the optimal solution. In
the context of modeling coronavirus infection, the firefly algorithm can be used to determine the
optimal model parameter values that best fit the observed disease data.

This work was partially supported by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan (Grant No. AP19579325).
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The use of the SEIR-HCD method and the firefly algorithm allows modeling the spread of
coronavirus infection, taking into account the dynamics of morbidity, the transition between
categories and the influence of various factors such as control measures and vaccination. The
model can be used to predict future disease trends, evaluate the effectiveness of infection control
measures, and inform public health decisions.

However, it should be noted that the accuracy of the model depends on the quality of the
data used to parameterize the model and the correct choice of the modeling parameters.

2. Formulation of the problem

Let consider the SEIR-HCD model of the spread of COVID-19 [3].

dS
dt = −5−a(t−τ)

5

(
αI(t)S(t)I(t)

N + αE(t)S(t)E(t)
N

)
,

dE
dt = 5−a(t−τ)

5

(
αI(t)S(t)I(t)

N + αE(t)S(t)E(t)
N

)
− 1

tinc
E(t),

dI
dt = 1

tinc
E(t)− 1

tinf
I(t),

dR
dt = β

tinf
I(t)− 1−εHC

thosp
H(t),

dH
dt = 1−β

tinf
I(t) + 1−µ

tcrit
C(t)− 1

thosp
H(t),

dC
dt = εHC

thosp
I(t)− 1

tcrit
C(t),

dD
dt = µ

tcrit
C(t)

(2.1)

with initial conditions

S(t0) = N − E0 − I0 −R0 − C0 −D0, E(t0) = E0, (2.2)

I(t0) = I0, R(t0) = R0, H(t0) = H0, C(t0) = C0, D(t0) = D0 (2.3)

The outline of model 2.1 was described above, and the description and values of parameters
and initial conditions for Almaty region are given in Table 1 (the initial time is assumed to be
April 15, 2020). In the SEIR-HCD model, the asymptomatic population E(t) transitions to
the symptomatic population I(t) after tinc days. Infected people recover after tinf days with
probability β and are hospitalized H(t) with probability 1 − β. The hospitalized person may
then recover or may need to be C(t) connected to a ventilator. In the model, only critical cases
can die with probability D(t) [4].

3. Formulation of an inverse problem

Assume that additional information about symptomatic cases (1 − bk)hk, critical cases Ck
and death gk at specified time points in the SEIR-HCD model is known at specified time tk,
k = 1, ..,K:

E(tk; q) = (1− bk)hk, C(tk; q) = Ck, D(tk; q) = gk, k = 1, ...,K. (3.1)

J(q) = 〈A(q)− f,A(q)− f〉. (3.2)

Here A is a nonlinear inverse calculation operator, f = {f ik}
i∈L
k=1,K , L is a set of measurable

states of the system, q = (αE(t), αI(t), εHC , µ, E0, I0) is a vector of unknown model parameters,
hk is the number of identified cases in Almaty region, bk is the percentage of asymptomatic cases
according to PCR results.

The inverse problem 3.1-3.2 for the SEIR-HCD model is to determine the parameter vec-
tor q. For the SEIR-HCD model, the inverse problem is reduced to the objective functional
minimization problem.
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Table 1. Description and parameter values of the SEIR-HCD model

Parameter Description Value
a(t) Index of self-isolation (0, 5)
αE(t) The infection parameter between asymptomatic and suscep-

tible populations is αE >> αI

(0, 1)

αI(t) Parameter of infection between infected and susceptible pop-
ulations

(0, 1)

β Proportion of infected people who survive the disease with-
out complications

(0, 1)

εCH Percentage of hospitalized cases requiring mechanical venti-
lation

(0, 1)

µ Proportion of deaths from COVID-19 (0, 0.5)
τ latent period (describes the delay in the onset of an infec-

tious disease)
2 days

tinc Duration of the incubation period 2− 14 days
tinf The length of the infectious period 2.5− 14 days
thosp Length of hospital stay 4− 5 days
tcrit The duration of use of the mechanical ventilation 10− 20 days
N Population (people) in Almaty region 2179600
E0 Initial number of asymptomatic carriers (1, 5000)
I0 Initial number of infected (1, 5000)
R0 Initial number of cases treated (1, 100)
H0 Initial number of hospitalizations 180
C0 Initial number of critical cases 51
D0 Initial number of deaths 10

J(q) =

K∑
k=1

1

(1− bk)2h2k

( 1

tinc
E(tk−1; q)−(1−bk)hk

)2
+

(C(tk; q)− Ck)2

C2
k

+
(D(tk; q)− gk)2

g2k
. (3.3)

Here, the first term t−1incE(tk−1; q) describes the number of asymptomatic carriers of the symp-
tomatically infected COVID-19 virus on day tk. The functional J(q) also includes information
on the severity C(tk; q) and death D(tk; q) of the COVID-19 cases available in open sources.

4. Firefly algorithm

Nature-inspired metaheuristic algorithms, especially algorithms based on swarm intelligence,
have attracted much attention in the last years. The Firefly Algorithm (FA) appeared about five
years ago in 2008 [5], and its literature has expanded dramatically with various applications. In
this chapter, we first introduce the standard brightness algorithm and then briefly review variants
with a selection of recent publications. We can now idealize some of the flashing characteristics
of flares so that we can develop algorithms to inspire firefly. For simplicity in describing the
standard FA, we use the following three idealized rules:
• All sparklers are of the same sex, so a sparkler is attracted to other sparklers regardless of
their gender.
• Attraction is proportional to the brightness of the flame. Thus, for any two flashes, the firefly
moves to the less bright light. Attraction is proportional to luminosity, both of which decrease
with distance. Unless there is a flash of light from a particular fire, it moves at random.
• The landscape of the objective function affects or is determined by the brightness of the firefly.
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For a maximization problem, the brightness can be proportional to the value of the objective
function. Other forms of brightness can be defined in a similar way to the fitness function in
genetic algorithms.

5. Results

Numerical results of solving the inverse problem of restoring parameter values from some
additional information are given in Table 2. The Firefly algorithm was implemented in a high-
level language and an interactive environment for programming, numerical calculations and
visualization of results - MatLab. The inverse problem was considered with data calculated for
each equation of the model at 5 time points uniformly distributed in the interval (0, 60).

Table 2. Results of parameter restoration

True parameter values
a(t) τ αI αE k β εCH µ
2.5 2 0.491 0.994 0.28 0.165 0.0065 0.0011

Average value of the recovered parameters
3.4347 0.3323 0.9568 1.2114 0.0091 0.4712 0.0011 0.0032

Relative error
0.37388 0.83385 0.9486 0.218 0.9675 1.855 0.83 1.9

Thus, the parameter values of the SEIR-HCD model were restored with a relative error of
no more than 20-40% (αE , a(t)) for the determined parameters, for 4 parameters this indicator
exceeds 80% (τ , αI , εCH , k), which indicates that the parameter values recovery is also a good
enough result. And the relative error value of the remaining parameters exceeds about 100%
(β, µ).

Figure 1. Restored distribution dynamics of I, H, C, D variables.

Observed variables depend differently on different parameters and can be used to rank pa-
rameters in order of relative influence on model predictions. Such an effect can be quantified
using parametric sensitivity.

6. Conclusion

In the context of the global coronavirus pandemic, mathematical modeling is becoming an
important tool for understanding and predicting the dynamics of the spread of the virus, evalu-
ating the effectiveness of control measures, and developing strategies to combat the pandemic.
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Figure 2. Restored distribution dynamics of the R variable.

In this thesis, mathematical modeling of coronavirus infection in Kazakhstan was studied using
the SEIR-HCD model and the firefly algorithm in Matlab.

In addition, the results of the study show that the firefly algorithm is an effective and powerful
tool for numerically solving the system of differential equations describing the SEIR-HCD model.
It has good convergence speed and sufficient accuracy to predict the dynamics of infection spread.

Based on the results of the research, it can be concluded that the SEIR-HCD model, developed
by using the algorithm of brightness in the Matlab program, is an effective tool for mathematical
modeling of the coronavirus infection in Kazakhstan. It can be used to predict the dynamics
of the spread of infection, evaluate the effectiveness of control measures, and make informed
decisions in the fight against a pandemic.
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Abstract. In this paper, theoretical knowledge about inverse and ill-posed problems is applied
to linear neural networks (LNN) in combination with machine learning methods using the most
common regularization methods (including L1, L2, and dropout) to achieve a reduction in the
retraining of neural networks. In the L1 regularization method, a penalty is added to the loss
function—the absolute value of the model parameters. This leads to the sparsity of the model
parameters, which can simplify and speed up their study. For L2 regularization, a penalty is
added to the loss function, the square of the L2 norm, which leads to increased noise immunity
and, consequently, reduces the likelihood of repeated learning . Dropout means that during the
learning process, there is a certain probability that the neurons of the neural network will be
disabled, thereby reducing retraining. These methods can be used to select the optimal value
of a regularized hyperparameter.

Keywords: Inverse and ill-posed problems; machine learning; linear neural networks.
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1. Introduction

With the advent of powerful computers, the field of application of inverse problems and
problem theory has expanded to almost all areas of science using mathematical methods [1].
Studies on linear regression appeared at the beginning of the XIX century [2-3], assuming that the
relationship between the independent variable x and the dependent variable y is linear, i.e. that
y can be expressed as a weighted sum of the elements of x, and usually admitting some noise that
observations contain; assuming that any noise is relatively normal, for example, that the noise
follows a normal distribution. In 1911, Hermann Weyl discovered and published one of the first
examples of solving inverse problems describing the asymptotic behavior of the eigenvalues of the
Laplace-Beltrami operator [4]. In 1936, Alan Turing proposed the concept of a Turing machine,
which marked the beginning of the era of artificial intelligence [5]. In 1911, Yuri Nesterov
made a great contribution to the accelerated version of gradient descent, which converged much
faster than the usual gradient descent method [6]. In 1997, Fukumizu Kenji explained linear
neural networks [7]. In 2012, John Kalivas described the regularization options L2 and L1,
Tikhonov [8]. In 2016, Ian Goodfellow, Joshua Bengio and Aaron Courville in their book ”Deep
Learning” state: ”In the context of deep learning, most regularization strategies are based on
regularizing estimates. The regularization of the estimate is achieved by reducing the variance
with increasing bias. An effective regularizer can make trades profitable and significantly reduce
variance without excessively increasing bias.” [9]. In 2021, Haji Saad and Abdulaziz Mohsinz
compared various optimization methods based on gradient descent algorithms [10]. In this paper,
theoretical knowledge about inverse and ill-posed problems is applied to linear neural networks
(LNN) in combination with machine learning methods using the most popular regularization
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methods (including L1, L2 and dropout, etc.) to achieve the goal of avoiding overfitting neural
networks.

2. Linear neural networks

Let

l =

N∑
i=1

xiwi + b, i = 1, 2, · · ·N.y = f (l) (1)

where Y is the output vector, W is the weight matrix, X is the input vector, b is the displacement
term and f is the activation function.

Figure 1. Structure of
linear neural networks.

Figure 2. Logistic regression.

The transfer function of a neuron of a linear neural network is a linear function, so the output
can be any value, and the output of the perceptron can only be 0 or 1. Linear neural networks
(LNN) are a class of neural networks in which each neuron has only one output signal and
performs linear operations. In a linear neural network, each neuron receives input data, multi-
plies it by the appropriate weight, and summarizes the results. Then the result is transmitted
to the output of the neuron. Unlike nonlinear neural networks, linear neural networks cannot
solve complex tasks such as pattern recognition or image classification. However, they can be
useful in regression tasks where values need to be predicted based on input data. Linear neural
networks are also used as basic models for more complex architectures, such as convolution
neural networks and recurrent neural networks. Training of linear neural networks is carried
out by adjusting the weights of neurons to minimize the error between the predicted and actual
values in the training data [11]. Optimization methods such as gradient descent are used for this
purpose. Before training, it is necessary to define a loss function that measures the difference
between the predicted value and the actual value. The standard error or the average absolute
error is usually used. After determining the loss function, you can start learning. At each it-
eration of the gradient descent, the weight of the neuron is updated in the direction opposite
to the gradient of the loss function. This minimizes errors and increases the predictive power
of the network. Learning linear neural networks can be quite fast and efficient, especially for
regression problems with a large number of functions. However, more complex tasks, such as
image classification, require a more sophisticated neural network architecture. The main theo-
rists of neural networks are Jeffrey Hinton, Joshua Bengio and Jan Lecun. They are pioneers in
the field of deep learning and neural networks, and their work has become the basis for many
modern developments in the field of artificial intelligence technologies. Currently, there is not a
single major neural network theorist, because the field of artificial intelligence and deep learning
is developing very quickly, and many scientists around the world are actively engaged in this
field. However, Joshua Bengio, Jeffrey Hinton and Jan Lecun are still the most famous and
influential scientists in this field. Jeffrey Hinton was the first to propose an algorithm for ”back
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propagation of errors” for training neural networks. This algorithm solves the problem associ-
ated with the fact that neural networks are difficult to train in multi-layered complex scenarios,
and lays the foundation for the subsequent development of deep learning technology. Hinton
proposed the famous ”dropout” technology, which can effectively prevent the problem of model
transformation. At the same time, Hinton also proposed the Deep Belief Network (DBN), which
is a deep unsupervised learning network capable of automatically learning functions and used
in many fields [8,12,13].

In the literature on neural networks, regularization is understood as a method used to prevent
over-fitting of the model. These methods reduce the influence of noise in the data and make the
model more resistant to changes in the input data. We will mention only 4 main methods in
this regard:

• Regularization of L1 and L2 (a.N.Tikhonov regularization): The penalty term is added
to the loss function (for L1-regularization - the absolute value of the parameter, for
L2-regularization - the quadratic norm of the parameter). This method can be used to
select the best value of a regularized hyperparameter. For example, to assess the quality
of the model at different values of the hyperparameter, cross-validation is applied, and
the value that gives the best quality is selected [14].
• Dropout: some neurons are randomly switched off during training, thereby reducing

retraining [15].
• Early stop: If errors in the test data set begin to increase, stop training [16].
• Batch normalization: Normalize data at each level of the neural network to speed up

training and reduce retraining time [17].

The relationship between these methods and classical regularization methods is established.

3. L1 regularization

Regularization L1 is also called lasso regression, Ω - the regularization term is the sum of the
absolute values of the weight parameters in the weight matrix.

Ω (W ) =‖W ‖1= ΣiΣj | wij | . (2)

We multiply the regularization term by α and add all this to the loss function.

L̂ (W ) = α ‖W ‖1 +L(W ). (3)

∇W L̂(W ) = αsign(W ) +∇WL(W ) (4)

The derivative of the new loss function leads to a formula that is the sum of the gradient of the
old loss function and the weight value multiplied by α.

4. L2 regularization

L2 regularization is the most common type of all regularization methods and is also commonly
referred to as weight reduction or regression. During L2 regularization, the neural network loss
function expands by the so-called regularization term, which is here called Ω.

Ω (W ) =‖W ‖22= ΣiΣjw
2
ij . (5)

L̂ (W ) =
α

2
‖W ‖22 +L(W ) =

α

2
ΣiΣjw

2
ij + L(W ) (6)

Calculate the gradient of the new loss function and put the gradient in the weight update
rule:

∇W L̂ (W ) = αW +∇WL (W ) . (7)

W ←W − ε(αW +∇WL(W )). (8)
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Redefinition:

W ←W (1− εα)W − ε∇WL(W ). (9)

Figure 3. Fitting the
function y = 2x + 1 using
the L1 regularization
method.

Figure 4. Fitting the
function y = 2x + 1 using
the L2 regularization
method.

5. Dropout

During the learning process, some neurons are randomly switched off, which reduces over-
training [18].

f = σ

(
N∑
i=1

xiwi + b

)
, i = 1, 2, · · · N. (10)

Training stage:

y = f
⊙

B,Bi ∼ Bernoulli (p) . (11)

Training stage:

y = (1− p) f
⊙

B. (12)

Figure 5. Structure of dropout.

Normalization of data on each layer of the neural network to accelerate learning and reduce
retraining [19].

µB =
1

m

m∑
i=1

xi, (13)
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σ2B =
1

m

m∑
i=1

(xi − µB)2 , (14)

x̂i =
xi − µB√
σ2B + ε

, (15)

yi = γx̂i + β = BN γβ (xi) . (16)

Where γ, β are trainable parameters.

Figure 6. The structure of batch normalization [20].

6. Early stopping

An early stop means that we periodically save the trained parameters and monitor the valida-
tion error. After the training is stopped, we return the trained parameters to the exact position
at which the validation error began to grow, and not to the position of the last parameter.
Another way to imagine an early stop is a very efficient hyperparameter selection algorithm
that sets the number of epochs as absolutely the best. In fact, it restricts the optimization
procedure to a small part of the trained parameter space, close to the initial parameters. It can
also be shown that in the case of simple linear models with quadratic error functions and simple
gradient descent, early stopping is equivalent to L2 regularization [21].

7. Gradient disappearance/explosion problem

Neural networks rely on back propagation to transmit information back and forth. However,
as the number of layers decreases, the gradient often becomes smaller and smaller, which leads
to an almost constant weight of the lower layers, and we cannot come to a good solution. This
is the gradient vanishing problem. On the other hand, the gradient can get bigger and bigger,
which leads to a deviation of the algorithm, which is the problem of the gradient explosion.
Xavier and Bendjio pointed out that the sigmoid colon activation function, popular at that
time, and the initialization method with an average value of 0 and a standard deviation of 1
had serious problems: the variance of the output data of each layer was much greater than the
variance of its input data, and the increase in variance was saturated into the upper layer [22].

The method of initialization by the Sigmoid activation function and the mean value equal to
0 and the standard deviation equal to 1 has a serious problem: the variance of the output data
of each layer is much larger than the variance of its input data. An increase in variance leads
to saturation of the activation function at the upper level. In fact, this is because the average
value of the logical function is 0.5 instead of 0 (the average value of the Tanh function is 0,
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Figure 7. Early stop: Stop training if the error
on the validation dataset starts to grow.

Figure 8. Sigmoid activation function (left) and
Tanh activation function (right).

which works a little better). As shown in Figure 8, you can see that when the input data of
the Sigmoid function becomes larger (negative or positive), the saturation of the function is 0
or 1, and the derivative is very close to 0. Consequently, when back propagation begins, it has
almost no gradient for back propagation over the network.

8. Over-fitting and under-fitting

The model studies the relationship between input data (called objects) and output data (called
labels) from a training data set. During the training process, the model receives both objects
and labels and learns to match the first with the second. For example, suppose we want to build
a linear neural network to predict real estate prices. Enter the initial date of data creation, the
area of the plot (square feet) and the capacity of the garage, and the result will be the sale price
of the house. The trained model is evaluated on a test set. On the test set, we only provide
her with characteristics, and she makes predictions. We compare the predicted results with the
known labels of the test set to calculate the accuracy. An important part of our data generation
is adding random noise to the label. In any real process, whether natural or artificial, the data
is not fully suitable for determining the trend. There is always noise or other variables in the
relationship that we cannot measure. In the case of housing prices, due to other factors affecting
housing prices, prices do not completely match.

• Retraining: excessive dependence on training data.
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• Insufficient fit: it is impossible to study the relationship in the training data.
• High variance: the model changes significantly depending on the training data.
• High deviation: assumptions about the model lead to ignoring the training data.
• Excessive and insufficient fitting leads to a deterioration in the ability to generalize in

the test set.
• The test kit used to adjust the model can prevent insufficient and excessive fit [23-24].

Figure 9. Train-Dev-Test in comparison with model fitting.

9. Conclusion

Unlike nonlinear neural networks, linear networks cannot solve complex tasks such as pattern
recognition or image classification. Linear neural networks are suitable for regression tasks, that
is, people want to predict a value based on input data. Linear neural networks can also be
used as basic models for more complex architectures, such as convolution neural networks and
recurrent neural networks. Regularization is also used in neural networks to solve the problem
of excessive network weight and excessive learning. The use of L1-regularization does not have
the meaning of ”feature selection”, as in linear models. Regularization is an integral part of deep
learning of neural networks. They either limit the learning parameters or introduce interference
somewhere in the learning cycle, depending on the learning data, network architecture, learning
parameters or goals. However, regularization does not reduce the number of parameters and
does not simplify the network structure. For neural networks, in addition to adding penalties
to empirical risks, another method of combating retraining is also actively used — dropout. In
this process, the network will be simplified according to the rules - if the error function does not
change, the network can be simplified even more. In addition, batch standardization and early
stopping can also solve the problem of gradient vanishing/explosion.
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ALGORITHM FOR SOLVING THE INVERSE PROBLEM FOR THE
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Abstract. This study focuses on the initial boundary value problem associated with the
Helmholtz equation. Due to the presence of incorrectness in this problem, it is transformed
into an inverse boundary value problem with two unknown boundary conditions. Usually, the
numerical solution of this problem is based on the ”optimization - discretization” scheme. The
original problem is reformulated in the form of an inverse problem presented in operator form.
This operator equation is further transformed into the task of minimizing the objective function.
By calculating the functional gradient, we develop an algorithm for solving the inverse problem,
which is then combined with the discretization of both direct and conjugate problems [1]–[9].

In this paper, we propose to discretize the formulation of the inverse problem and derive the
gradient in discrete form, after which we develop an algorithm. This approach to the solution
significantly simplifies the process of the inverse problem and contributes to faster convergence
of the algorithm.

Keywords: inverse problems, numerical solution, Helmholtz equation, method Landweber,
finite difference scheme.

AMS Subject Classification: 65M32, 65N21, 35R30

1. Problem statement

Consider the initial boundary value problem for the Helmholtz equation:

uxx + uyy +
(ω2

c2
+ a(x, y)

)
u = 0, (x, y) ∈ (0, 1)× (0, 1), (1)

u(0, y) = h1(y), y ∈ [0, 1], (2)

u(x, 0) = h2(x), x ∈ [0, 1], (3)

ux(0, y) = f1(y), y ∈ [0, 1], (4)

uy(x, 0) = f2(x), x ∈ [0, 1]. (5)

The problem (1) — (5) is ill-posed. To solve the problem numerically, we first reduce it to the
inverse problem Aq = f , with respect to some direct (correct) problem. Next, we reduce the
solution of the operator equation Aq = f to the problem of minimizing the objective functional
J(q) = 〈Aqn − f,Aqn − f〉.

To minimize the objective functional of J(qn), we will use the Landweber iteration method.

This research has been funded by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP19579325).
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2. Reducing the initial problem to the inverse problem.

The solution of the initial problem (1) — (5) is reduced to solving the inverse problem, with
respect to some direct (well-posed) problem. As a direct direct, we will consider the following

uxx + uyy +
(ω2

c2
+ a(x, y)

)
u = 0, (x, y) ∈ (0, 1)× (0, 1), (6)

u(0, y) = h1(y), y ∈ [0, 1], (7)

u(x, 0) = h2(x), x ∈ [0, 1], (8)

u(1, y) = q1(y), y ∈ [0, 1], (9)

u(x, 1) = q2(x), x ∈ [0, 1]. (10)

The inverse problem to the problem (6) – (10) is to define the function q1(x), q2(y), according
to additional information about the solution of the direct problem.

ux(0, y) = f1(y), y ∈ [0, 1], (11)

uy(x, 0) = f2(x), x ∈ [0, 1]. (12)

Let’s introduce the operator

A : (q1, q2) 7→ (ux(0, y), uy(x, 0)). (13)

Then we will write the inverse problem in the operator form

Aq = f.

Let’s introduce the objective functional

J(q1, q2) =

1∫
0

[
ux(0, y; q1, q2)− f1(y)

]2
dy +

1∫
0

[
uy(x, 0; q1, q2)− f2(x)

]2
dx. (14)

The objective functional (14) will be minimized by the Landweber iteration method. Let qn

approximation be known. The following approximation is defined from:

qn+1 = qn − αJ ′(qn) (15)

here α ∈ (0, ||A||−2) – descent parameter [1].

3. Solving the inverse problem for the Helmholtz equation according to the
”discretization-optimization” scheme.

Introducing a grid into a given Square Ω in area, we get the steps x and y in the same way.

h =
1

N
, hx = hy = h, ωh =

{
(xi, yj) = i · h, j · h; i, j = 1, N − 1

}
We write the problem (6)–(10) in discrete form:

ui+1,j − 2ui,j + ui−1,j
h2

+
ui,j+1 − 2ui,j + ui,j−1

h2
+
(ω2

c2
+ ai,j

)
ui,j = 0 (16)

u0,j = g1,j , (17)

ui,0 = g2,i, (18)

uN,j = q1,j , (19)

ui,N = q2,i. (20)

The objective functional is approximated in the form:

J(qn1 , q
n
2 ) =

N−1∑
j=0

[
u1,j − u0,j

h
− f1,j

]2
· h+

N−1∑
i=0

[
ui,1 − ui,0

h
− f2,i

]2
· h. (21)

136



(19)–(20) boundary conditions we give the increment q1,j + δq1,j , q2,i + δq2,i and enter the
following designations

ui,j ≈ u(xi, yj ; q1,j , q2,i),

ũi,j ≈ u(xi, yj ; q1,j + δq1,j , q2,i + δq2,i),

δui,j = ũi,j − ui,j . (22)

Using the notation (22), we calculate the increment of the objective functional J(qn1 , q
n
2 ).

J(q1,j + δq1,j , q2,i + δq2,i)− J(q1,j , q2,i) =

N−1∑
j=0

[
ũ1,j − ũ0,j

h
− f1,j

]2
· h+

N−1∑
i=0

[
ũi,1 − ũi,0

h
− f2,i

]2
· h−

N−1∑
j=0

[
u1,j − u0,j

h
− f1,j

]2
· h+

N−1∑
i=0

[
ui,1 − ui,0

h
− f2,i

]2
· h =

N−1∑
j=0

(
δu1,j − δu0,j

)
h

· 2

[
u1,j − u0,j

h
− f1,j

]
· h+

N−1∑
i=0

(
δui,1 − δui,0

)
h

· 2

[
ui,1 − ui,0

h
− f2,i

]
· h+ o(‖δu‖) =

= 〈δq1,j , J ′q1,j〉+ 〈δq2,i, J ′δq2,i〉. (23)

Consider the formulation of the perturbed problem to the problem (16) – (20).

ũi+1,j − 2ũi,j + ũi−1,j
h2

+
ũi,j+1 − 2ũi,j + ũi,j−1

h2
+
(ω2

c2
+ ai,j

)
ũi,j = 0, (24)

ũ0,j = g1,j , (25)

ũi,0 = g2,i, (26)

ũN,j = q1,j + δq1,j , (27)

ũi,N = q2,i + δq2,i. (28)

To get the problem for δui,j , from the problem (24)—(28) we subtract the problem (16) –
(20) and, given (22), we get the following relations:

δui+1,j − 2δui,j + δui−1,j
h2

+
δui,j+1 − 2δui,j + δui,j−1

h2
+
(ω2

c2
+ ai,j

)
δui,j = 0, (29)

δu0,j = 0, (30)

δui,0 = 0, (31)

δuN,j = δq1,j , (32)

δui,N = δq2,i. (33)

To calculate the gradient of the objective function set for solving the inverse problem, we use
the following partial addition formulas considered in the literature source [10].

(∆iv, wi) = vNwN−1 − v1w0 − (vi,∆i−1w), (34)

(∆i−1v, wi) = vN−1wN − v0w1 − (vi,∆iw). (35)

here ∆iv = vi+1 − vi, (v, w) =
∑N−1

i=1 viwih
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Multiplying (29) by an arbitrary function ψi,j , we sum i from 1 to N − 1 and j from 1 to
N − 1.

0 = h2 ·
N−1∑
i=1

N−1∑
j=1

[
1

h2
(δui+1,j − 2δui,j + δui−1,j) +

1

h2
(δui,j+1 − 2δui,j + δui,j−1)+

+
(ω2

c2
+ ai,j

)
δui,j

]
ψij =

=

N−1∑
j=1

[
(∆iδuj , ψ

i
j)− (∆i−1δuj , ψ

i
j)
]

+
N−1∑
i=1

[
(∆jδui, ψij)− (∆j−1δui, ψij)

]
+

+ h2 ·
N−1∑
j=1

N−1∑
i=1

(ω2

c2
+ ai,j

)
δui,jψi,j =

Using the formulas (34)—(35), we get:

=

N−1∑
j=1

[
δuN,jψN−1,j − δu1,jψ0,j − (δui,j ,∆

i−1ψj)− δuN−1,jψN,j + δu0,jψ1,j + (δui,j ,∆
iψj)

]
+

+
N−1∑
i=1

[
δui,Nψi,N−1 − δui,1ψi,0 − (δui,j ,∆

j−1ψi)− δui,N−1ψi,N + δui,0ψi,1 + (δui,j ,∆
jψi)

]
+

+ h2 ·
N−1∑
j=1

N−1∑
i=1

(ω2

c2
+ ai,j

)
δui,jψi,j =

=

N−1∑
j=1

(
δui,j ,∆

iψj −∆i−1ψj)
)

+

N−1∑
i=1

(
δui,j ,∆

jψi −∆j−1ψi)
)

+ h2 ·
N−1∑
j=1

N−1∑
i=1

(ω2

c2
+ ai,j

)
δui,jψi,j

=
N−1∑
j=1

[
δuN,jψN−1,j − δu1,jψ0,j − δuN−1,jψN,j + δu0,jψ1,j

]
+

+

N−1∑
i=1

[
δui,Nψi,N−1 − δui,1ψi,0 − δui,N−1ψi,N + δui,0ψi,1

]
.

Given the conditions (37)—(40), the sum is of the following type:

0 = h2 ·
N−1∑
i=1

N−1∑
j=1

[ 1

h2
(ψi+1,j − 2ψi,j + ψi−1,j) +

1

h2
(ψi,j+1 − 2ψi,j + ψi,j−1) +

(ω2

c2
+ ai,j

)
ψi,j

]
δui,j+

+ h ·
N−1∑
j=1

[
δq1,jψN−1,j − δuNx−1,jψN,j − ψ0,j(δu1,j − δu0,j)

h

]
+

+ h ·
N−1∑
i=1

[
δq2,iψi,N−1 − δui,N−1ψi,N − ψi,0(δui,1 − δui,0)

h

]
.
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Taking into account the formula (23), we calculate the summary report and the gradient
formula as follows:

ψi+1,j − 2ψi,j + ψi−1,j
h2

+
ψi,j+1 − 2ψi,j + ψi,j−1

h2
+
(ω2

c2
+ ai,j

)
δψi,j = 0, (36)

ψ0,j = 2

(
u1,j − u0,j

h
− f1,j

)
, (37)

ψi,0 = 2

(
ui,1 − ui,0

h
− f2,i

)
, (38)

ψN,j = 0, (39)

ψi,N = 0. (40)

In addition, the gradient formula is in the form:

J ′q =

(
J ′q1,j
J ′q2,i

)
=

(
ψN−1,j

h
ψi,N−1

h

)
(41)

References

[1] Shishlenin M.A., Kasenov S.E., Askerbekova Z.A. Numerical Algorithm for Solving the Inverse Problem for
the Helmholtz Equation, Computational and Information Technologies in Science, Engineering and Educa-
tion, 1:2 (2019), 197-207.

[2] Alimbekova N.B., Berdyshev A.S., Baigereyev D.R. Parallel Implementation of the Algorithm for Solv-
ing a Partial Differential Equation with a Fractional Derivative in the Sense of Riemann-Liouville. 2021
IEEE International Conference on Smart Information Systems and Technologies (SIST), 2021, P. 1-6. DOI:
10.1109/SIST50301.2021.9465922

[3] Temirbekov N., Malgazhdarov Ye., Tokanova S., Amenova F., Baigereyev D., Turarov A. Information tech-
nology for numerical simulation of convective flows of a viscous incompressible fluid in curvilinear multiply
connected domains. Journal of Theoretical and Applied Technology, 2019. Vol. 97, No. 22. P. 3166-3177

[4] Zhumagulov B.T., Temirbekov N.M., Baigereyev D.R. Efficient difference schemes for the three-phase non-
isothermal flow problem. AIP Conference Proceedings, 2017. Vol. 1880. P. 060001-1 - 060001-10; DOI:
10.1063/1.5000655.

[5] Wojcik W., Temirbekov N.M., Baigereyev D.R. Fractional flow formulation for three-phase non-
isothermal flow in porous media. Przeglad Elektrotechniczny, 2016. Vol. 92, № 7. – P. 24-31. - DOI:
10.15199/48.2016.07.04.

[6] Anvar Azimov, Syrym Kasenov, Daniyar Nurseitov, Simon Serovajsky Inverse problemfor the Verhulst equa-
tion of limited population growth with discrete experiment data. AIP Conference Proceedings. – 2016. – V.
1759, 020037

[7] Syrym Kasenov, Altyn Nurseitova and Daniyar Nurseitov A conditional stability estimate of continuation
problem for the Helmholtz equation. AIP Conference Proceedings. – 2016. – V. 1759, 020119

[8] Kasenov S., UrmashevB., Temirbekov A., Amantayeva A. Numerical Solution of the Inverse Pharmacoki-
netic Problem for the Three-Compartment Model.Journal of Engineering Science and Technology Review.
2020.–p.122-126.

[9] Kabanikhin, S., Nurseitova, A., Kasenov, S. Stability estimation of the generalized solution to the direct
problem for the acoustic equation. Journal of Physics: Conference Series, 2021, 2092(1), 012005

[10] Samarskiy A.A. Theory of difference schemes. Moscow, Nauka (1989), p.616.

139
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Abstract. The solution of ill-conditioned system of linear equations has been an active and
important area of research, from the point of view of numerical algebra, it has its own value
for study. However, from the point of view of inverse problems, it is a necessary display form
of an ill-conditioned operator equation after discretization. Thus, many existing methods or
techniques for solving ill-conditioned system of linear equations can be used for the numerical
solution of inverse problems, for example, the technique of preconditioning can be looked at
as a regularization strategy. On the other hand, we can certainly apply the idea of processing
inverse problems to study the solution of pathological linear equations, and the combination
of the two gives rise to a promising class of effective algorithms in image processing: regular-
ized preconditioned conjugate gradient (regularized PCG) [1]. The methods for finding stable
approximate solutions to inverse problems in mathematical physics are often referred to as reg-
ularization methods or strategies. These methods were developed separately and independently
by Tikhonov and Phillips in the early 1960s.[2-3]

Keywords: Regularization, Ill-conditioned system.

1. Introduction

In the following, we discuss the solution of ill-conditioned system of linear equations from the
point of view of dealing with inverse problems.

We discuss:

Az = U, z ∈ Z = Rn, u ∈ U = Rn (1)

Because A ∈ Rn×n, it is a bounded linear operator in a Euclid space and thus it is a compact
operator, so the system of equations (1) which corresponds to is the first kind of operator
equation. Following the theoretical framework, the system of equations (1) may appear as
follows.

When det(A) = 0, its operator does not exist because A is singular, but for any u ∈ U it has
an infinite number of solutions, this is an ill-posed problem.

When det(A) 6= 0, A has an operator and thus the solution to the system of equations (1)
exists and is unique. But depending on the size of its condition number cond(A) = ‖A‖

∥∥A−1∥∥,
there are two further cases:

If it is well-conditioned, i.e., the number of conditions is small, the solution of equation (1)
is stable with respect to the perturbation of the right terminal term; thus, the equation (1) is
well-posed.

If it is ill-posed, i.e., when the number of conditions is very large, a small change in the right-
hand term u will cause a large deviation of the approximate solution from the true solution, and
thus equation (1) is ill-posed.

As you know, the best square approximation with polynomials leads to the following Hilbert
matrix.
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{
A = Hn = (hij)n×n
hij = 1/(i+ j − 1)

(i, j = 1, 2, . . . , n)

When n is very large, cond (Hn) ≈ e3.5n thus being ill-conditioned.
It should be noted that there are several ways to deal with ill-conditioned system of linear

equations.
(1) Increasing the word length of the computer (i.e., machine precision). For example, if the

PC is used with single precision and the GAUSS principal elimination method or LU decompo-
sition, a stable approximate solution to the system of equations (1) up to H5 as the coefficient
matrix can be found, while the above algorithm fails when it is above order 5; if double precision
computing is used, the system of equations of order 20 to 30 can still be solved using the above
algorithm to obtain 3 digits above the valid number.[4]

(2) Preconditioning, i.e., choosing a non-singular matrix P such that cond(PA) � cond(A),
can then solve the system of equations

PAz = Pu (2)

As the solution of Eq. (2) is equivalent to that of Eq. (1), the difficulties posed by ill-
conditioning can be avoided, although the implementation of this strategy requires the choice
of matrix P , which translates into another difficult problem, although some quite successful
methods for constructing P have now been investigated, such as the use of the incomplete LU
decomposition and the incomplete Cholesky decomposition.

(3) Next, we will discuss the regularization methods:
Let the operator A be a singular square matrix. First, we give the definition of the solution

in the singular case of A in (1), such that:

M =

{
m ∈ Rn : ‖Am− u‖ = inf

n∈Rn
‖An− u‖

}
Then there are infinitely many elements in it.
Definition 1: The vector zT ∈ M is said to be a regular fitting solution to the system of

equations (1), which satisfies.

zT = min
m∈M

‖m‖ (3)

It can be shown that such a vector zT exists and is unique and that the regular quasi-solution
is equivalent to the solution in the ordinary sense when A−1 exists.

In fact, using AT to multiply both sides of equation (1) have.

ATAz = ATu (4)

and ATA must be a non-negative definite matrix, so that the only orthogonal matrix P can be
found such that.

PATA = PDP,D = diag (λ1, λ2, . . . , λn) , λi ≥ 0

Let m = P T z be substituted into the system of equations (4) to obtain:

Dm = P TAT y ≡ F
Since the solution to the above system of equations is:

zi =

{
Fi/λi (λi 6= 0)
0 (λi = 0)

(5)

Therefore, we have

zT = Pm

But in general, we can only obtain an approximation of A and y, Ã and ỹ.We assume that
this perturbation is small:

‖A− Ã‖ ≤ δ, ‖u− ũ‖ ≤ δ(δ > 0)
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At this point, for the system of equations:

Ãz̃ = ũ (6)

Repeat the derivation above and use the perturbation theorem for eigenvalues.
Theorem 1 [5]: The eigenvalues of ÃT Ã are λ̃1, λ̃2, . . . , λ̃n.For ATA the size of the eigenvalue

perturbation is the same as ‖A− Ã‖.
Then those eigenvalues of λi = 0 will be perturbed to non-zero, very small values, thus using.

m̃i = F̃i/λ̃i

When equation (1) is ill-posed, the numerical stability of the approximate solution cannot
be guaranteed using any of the ordinary algorithms, but it can be solved with the help of
regularization methods.

We consider only the case where the right terminal term u is perturbed and set ‖u− ũ‖ ≤ δ.
To do this, first construct the stable function.

Definition 2: An operator R(u, δ) is said to be a regular operator of δ the equation Az = u
in a neighborhood of u = uT , if it reflects U to F with the following properties.

(1) There exists δ1 > 0 such that R(u, δ) is defined for all δ : 0 ≤ δ ≤ δ1 satisfying the
condition ρU (uδ, uT ) ≤ δ when uδ ∈ U ;

(2) ∀ε > 0,∃0 ≤ δ0 := δ0 (ε, uT ) ≤ δ1, such that ρU (uδ, uT ) ≤ δ ≤ δ0 implies ρU (zδ, zT ) ≤ ε,
where zδ = R (uδ, δ).

Theorem 2: Let A be an operator from F to U and R̃(Az, α) : U → F be an operator on u
continuous defined for all elements u in U and any α > 0. If we have,

lim
α→0

R̃(Az, α) = z, ∀z ∈ F (7)

then the operator R̃(u, α) is the regular operator of equation (7).
Proof: Let zT ∈ F, uT ∈ U be two fixed elements and AzT = uT , δ, a fixed positive number.

Thus, for everything satisfying the condition:

ρU (uδ, uT ) ≤ δ (8)

of uδ ∈ U ,we have

ρF

(
R̃ (uδ, α) , zT

)
≤ ρF

(
R̃ (uδ, α) , R̃ (uT , α)

)
+ ρF

(
R̃ (uT , α) , zT (9)

Since the operator R̃(u, α) is continuous at u = uT , so for sufficiently small δ > 0 (δ ≤ δ1)
follows from inequality (8),

ρF

(
R̃ (uδ, α) , R̃ (uT , α)

)
≤ ω(δ) (10)

where, when ∀δ ≤ δ1,∀δ ≤ δ1, is also due to

lim
α→0

R̃ (AzT , α) = lim
α→0

R̃ (uT , α) = zT (11)

Therefore ∀δ > 0, all exist such that α = α (δ, zT ) such that when α ≤ α1 there is.

ρF

(
R̃ (uδ, α) , zT

)
≤ ω(δ) (12)

Combining equations (9), (10), (12), it follows that both ∀δ ≤ δ1 and ∀α ≤ α1 hold the
inequality.

ρF

(
R̃ (uδ, α) , zT

)
≤ 2ω(δ) (13)

such that for δ → 0 with ω(δ)→ 0, inequalities can be derived from equations (8), (13).

ρF

(
R̃ (uδ, α) , zT

)
≤ ε

The theorem yields the proof.
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Definition 3: Let F be a metric space and M be a subset of F .Also let the generic function
J : M → R1 exist as a lower exact bound on M . The sequence {zn} ⊂ M,M is said to be a
sequence of minimizations of J . If

lim
n→∞

J (zn) = d, d = inf
z∈M

J(z)

In general, the sequence {zn} may not have a limit; even if there exists a limit point z∗,there
may not be z∗ ∈M and

lim
n→∞

J (zn) = J
(

lim
n→∞

zn

)
,= J (z∗)

Theorem 3 [6]: Let A be a continuous operator from the metric space F to the metric
space U . Then ∀α > 0 and ∀u ∈ U,∃zα ∈ F1 such that the generic function Mα[z, u] =
ρ2U (Az, u) + αΩ[z], u ∈ U, z ∈ F1 ⊂ F reaches its lower exact bound at zα,

Mα [zα, u] = inf
z∈F1

Mα[z, u]

Theorem 4 [6]: For any u(t) ∈ L2[a, b] and any α > 0, there exists a unique zα(s) ∈W 1
2 [a, b]

such that the spreading generalized function Mα[z, u] reaches its lower exact bound on W 1
2 [a, b],

Mα [zα, u] = inf
z∈W 1

2

Mα[z, u]

For any given α > 0, there is za ∈ Z1 (which is a certain subset of Z) such that.

Mα (zα, u) = inf
z∈Z2

Mα(z, u)

Clearly, the solution to the above problem is equivalent to solving the Euler equation.(
ATA+ αI

)
zα = ATu

It is the regularized form of equation (4), so that zα∗ = zα∗(ũ,δ) is a stable approximate
solution to the ill-posed equation Az = ũ.
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ОБРАТНЫЕ ЗАДАЧИ УРАВНЕНИЯ ПЕРЕНОСА ИЗЛУЧЕНИИ В
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В начале по важности вопросов следует отметить, что уравнения переноса описывают ряд
практически важных явлений, таких как процессы, происходящие в ядерных реакторах,
рассеяние света в атмосфере, прохождение рентгеновского и γ –излучений через вещество.
Исследуемые процессы отличаются друг от друга лишь законами столкновения. Первые
результаты и подробный вывод уравнений переноса нейтронов можно найти в трудах Ани-
конов Ю. Е.[1], Владимиров В.С. [4], Г.И.Марчука, В.И.Лебедева [7], К.Кэйз [8]. Разработ-
ки численных методов и качественным исследованиям этого уравнения изложено в трудах
Аниконов Ю. Е.[1], Г.И.Марчука [7] и Б.Дэвисона [9]. Качественные исследования свойств
решений задач переноса получили в работах Т.А.Гермогеновой [2],[3], У.М.Султангазина
[5], [6], В.И.Агошкова [10]. Дальнейшие исследования локальных свойств классических ре-
шений стационарной задачи переноса внесла Аниконов Ю. Е.[1], Т.А.Гермогенова [2], [3].
Гельдеровость решения нестационарного уравнения переноса в однозонной, выпуклой об-
ласти по временной и пространственной переменным были доказаны У.М.Султангазиным
[5], [6], Г.М.Сыдыков[11], [12], А.Д.Сариевым [11]-[13].

В настоящей работе изучаются локальные свойства классических решений односкорост-
ного нестационарного уравнения переноса, рассматриваемого в многозонной области. Урав-
нение переноса рассмотрено при следующих предложениях [1]-[6]:

1) все частицы имеют одинаковые по модулю скорости,
2) поток частицы из вакуума на внешнюю границу отсутствует,
3) индикатриса рассеяния θ

(
~r, ~ω, ~ω′

)
представлена в виде θ

(
~r, ~ω, ~ω′

)
= (4π)−1δS(~r)g(µ0)

где µ0 -косинус угла между направлениями ~ω и ~ω′, т.е. µ0 =
(
~ω, ~ω′

)
.

При этих предложениях уравнение переноса имеет вид
∂u

∂t
+ Lu = Su+ f. (1)

Здесь u = u
(
t, ~r, ~ω

)
- функция распределения частиц, f = f

(
t, ~r, ~ω

)
- функция источника,

δ = δ
(
~r
)
, δS = δS

(
~r
)
− (4π)−1g(µ0)- индикатриса рассеяния, ~r = (x, y, z) - пространственные

координаты, ~ω = (ξ, η, ζ) - точки единичной сферы Ω со сферическими координатами
ξ = sinθcosϕ, η = sinθsinϕ, ζ = cosθ, Lu =

(
~ω, grad u

)
+ δ
(
~r
)
u,

Su =
δS

(
~r
)

4π

∫
Ω

g(µ0)u
(
t, ~r, ~ω′

)
d~ω′.

Будем говорить, что поверхность ∂G области G принадлежит классу Cp(p ≥ 1), если
в некоторой окрестности каждой точки ~r0 ∈ ∂G она представима уравнением ϕ~r0(~r) = 0,
причем gradϕ~r0(~r) 6= 0, и функция ϕ~r0(~r) непрерывна вместе со своими производными до
порядка ρ включительно в упомянутой окрестности. Поверхность ∂G называется кусочно-
гладкой, если она состоит из конечного числа поверхностей класса C1 [2], [3]. Будем считать,
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что область G в которой происходит процесс переноса, состоит из конечного числа подоб-

ластей (зон) Gj ограниченных кусочно-гладкой поверхностью ∂Gj т.е. G =
J⋃
j=1

Gj , а Ḡ -

выпуклым. Через ∂Ḡ обозначим внешнюю поверхность области G. Граничная поверхность
∂G области содержит кроме ∂Ḡ еще поверхности γij раздела зон (части поверхности ∂Gj )
∂Gj .

Кроме того полагается, что множество [0, T ] × Ḡ - удовлетворяет условию «обобщенной
выпуклости» см. Гермогеновой [2], [3]

Π
(
t, ~r, ~ω

)
=
{(
τ, ~r − ~ω(t− r)

)
, 0 ≤ τ ≤ t

}
,

являющаяся характеристикой дифференциального выражения ∂
∂t + L и проходящая через

любую точку (t, ~r) ∈ [0, T ] × Ḡ при любом ~ω ∈ Ω имеет конечное число M
(
t, ~r, ~ω

)
точек(

t∗m, ~r
∗
m

) (
t∗m = t∗

(
t, ~r, ~ω

)
, ~r∗m = ~r − ~ω(t − t∗m

)
, 0 ≤ t∗1 ≤ ... ≤ t∗m < t

)
пресечений с гранич-

ной поверхностью (0, T ] × ∂G ∪ {0} × G и supM
(
t, ~r, ~ω

)
< ∞. Здесь t∗1

(
t, ~r, ~ω

)
есть время

пересечения характеристикой Π
(
t, ~r, ~ω

)
границы множества [0, T ]× Ḡ.

Для однозначной разрешимости к уравнению (1) необходимо присоединить начальное
распределение частиц

u
(
0, ~r, ~ω

)
= Φ

(
~r, ~ω

)
(2)

и режимы на внешней границе и на границе раздела зон

u
(
t, ~r, ~ω

)
= 0, ~r′ ∈ ∂Ḡ,

(
~n~r′ , ~ω

)
< 0 (3)

lim
τ→t∗m+0

u
(
τ, ~r, ~ω(t− τ), ~ω

)
= lim

τ→t∗m−0
u
(
τ, ~r, ~ω(t− τ), ~ω

)
, m = 2,M. (4)

Пусть Π̄j = [0, T ]× Ḡj , Π̃j = Π̄j \
{
{0} × ∂Gj

}
, j = 1, J.

C
(
Π̃ × Ω

)
- класс функции

(
t, ~r, ~ω

)
, непрерывных в каждом множестве Π̃j × Ω, j = 1, J

и таких, что max
j

sup
Π̃j×Ω

∣∣(t, ~r, ~ω)∣∣ = f̄ <∞.

Заметим, что, если f ∈ C
(
Π̃j ×Ω

)
, то при стремлении

(
t, ~r
)
к {0}× ∂G вдоль различных

прямых, пределы lim f
(
t, ~r, ~ω

)
существуют и вообще говоря различны.

Определение 1. Классическим решением задачи ((1)-(4) в области G =
J⋃
j=1

Gj назовем

функцию u
(
τ, ~r − ~ω(t− τ), ~ω

)
, которая для всех t ∈ [0, T ], ~r ∈ G, ~ω ∈ Ω

1) непрерывна по τ на отрезках
[
t∗K , t

∗
K+1

]
, K = 1,M − 1,

[
t∗M , t

]
и непрерывно диффе-

ренцируема по τ в интервалах
[
t∗K , t

∗
K+1

]
, K = 1,M − 1,

(
t∗M , t

)
;

2) допускает существование интеграла столкновений

N
(
t, ~r, ~ω

)
= Su =

δS
(
~r
)

4π

∫
Ω

g(µ0)u
(
t, ~r, ~ω′

)
d~ω′,

принадлежащего C
(
Π̃× Ω

)
;

3) удовлетворяет уравнению
d

dt
u
(
τ, ~r − ~ω(t− τ), ~ω

)
+ δ
(
τ, ~r − ~ω(t− τ)

)
u
(
τ, ~r − ~ω(t− τ), ~ω

)
=

= N
(
τ, ~r − ~ω(t− τ), ~ω

)
+ f

(
τ, ~r − ~ω(t− τ), ~ω

)
,

(5)

начальному условию (2) и граничным условиям (3) - (4).
Всюду в работе будем полагать, что данные задачи δ, δS ,Φ, f обладают определенной

гладкостью в каждом из зонGj , а также считать, что выполнены естественные ограничения:
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1) 0 ≤ δS
(
~r
)
≤ δ
(
~r
)
≤ δ̄ <∞,

2) g(µ0) ≥ 0, 1
4π

∫
Ω

g(µ0)d~ω′ = 1.

Кроме того, без ограничения общности можно считать, что

3) δ̄S \ δ = q < 1, где δ = min
j

inf
Ḡj
f
∣∣δ(~r)∣∣ > 0, δS = max

j
sup
Ḡj

f
∣∣δS(~r)∣∣ > 0.

Действительно, если соотношение 3) не выполнено, то введя новую неизвестную функцию

U = e−λtU,

где λ = δS+1, приходим к новой задаче (1) - (4) относительно U, для которой соотношения
1)-3) выполнены.

Будем говорить, что задача (1) - (4) удовлетворяет условиям согласования А, если{
Φ
(
r̄∗, ~ω

)
= 0, r̄′ ∈ ∂Ḡ,

(
n̄r̄′ , ~ω

)
< 0,[

Φ
(
r̄, ~ω
)]
∂G

= 0,
(6)

Φ(h− 0, µ) = Φ(h+ 0, µ), (7)
последнее означает, что функция Φ

(
r̄∗, ~ω

)
непрерывна по r̄ при переходе через поверхность

раздела зон вдоль всех направлений ~ω ∈ Ω.
В работе изучены дифференциальные свойства интеграла столкновений, доказана тео-

рема существования и единственности классического решения задачи.

N = KN +Kf +BΦ, (8)
где

KN
(
t, ~r, ~ω

)
=
δS
(
~r
)

4π

∫
G∩Ш

(
~r,t
)
∣∣~r − ~r′∣∣−2

g(µ′0)e−a
(
~r,~r′
)
N
(
t−
∣∣~r − ~r′∣∣, ~r′, ~ω′)d~r′,

BΦ
(
t, ~r, ~ω

)
=
δS
(
~r
)

4π

∫
Ω
(
~r,t
) g(µ0)Φ

(
~r − ~ω′′t, ~ω′′

)
e
−

t∫
0

σ
(
~r−~ω′′τ

)
dτ
d~ω′′,

~ω′ =
(
~r − ~r′

)
/
∣∣~r − ~r′∣∣, µ′0 =

(
~ω, ~ω′

)
, µ0 =

(
~ω, ~ω′′

)
,

a
(
~r, ~r′

)
=
∣∣~r − ~r′∣∣ 1∫

0

σ
(
~rα+ ~r′(1− α)

)
dα,

Ω
(
~r, t
)

=
{
~ω ∈ Ω : ~r − ~ωt ∈ Ḡ

}
\ ∂Ḡ.

На основе исследований свойств операторов K и B доказано, что решение уравнения (8)
может быть представлено рядом Неймана

N =

∞∑
n=0

Kn(Kf +BΦ) (9)

Доказаны теоремы о существовании и единственности классического решения задачи, об
областях гельдеровости интеграла столкновений.

Пусть G =
J⋃
j=1

Gj – многозонная область, в которой происходит процесс переноса, удовле-

творяющая условиям, упомянутым во введении. Ω – единичная сфера. Введем обозначения
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Λ = [−1; 1], Π̄j = [0, T ]× Ḡj , Π̃j = Π̄j \
(
0, ∂Gj

)
.

Если функция u
(
t, r̄, ~ω

)
терпит разрыв при переходе через точку r̄γ границы раздела зон

γij , тогда обозначим

δu
(
t, r̄γ , ~ω

)
= lim

ε→+0

⌊
u
(
t, r̄γ + ε~nrγ , ~ω

)
− u
(
t, r̄γ − ε~nrγ , ~ω

)⌋
,

где ~nrγ - нормаль к γij в точке r̄γ .
Интегрируя уравнение (5) по переменной τ от t∗1 до t с учетом начального и граничных

условий (2)-(4), имеем

u = PΦ +R(N + f) (10)
где операторы P и R определены формулами

Φ
(
t, r̄, ~ω

)
=


0, ~r − ~ωt /∈ Ḡ

Φ
(
~r − ~ωt, ~ω

)
e
−

t∫
0

σ
(
~r−~ω(t−τ)

)
dτ
, ~r − ~ωt ∈ Ḡ

Rf
(
t, ~r, ~ω

)
=

t∫
t∗1

(
t,~r,~ω

) f
(
τ, ~r − ~ω(t− τ), ~ω

)
e
−

t∫
0

σ
(
~r−~ω(t−τ ′)

)
dτ ′

dτ.

Действуя на уравнение (10) оператором S, для интеграла столкновений N получаем

N = KN +Kf +BΦ. (11)

где K = SR, B = SP.
Рассматривая интеграл как кратный, используя теорему Фубини, а затем замену пере-

менных интегрирования ~r′ = ~r − ~ω′(t− τ) учитывая, что при τ = t∗1
(
t, ~r, ~ω′

)
точка ~r лежит

либо на внешней границе области G либо на границе шара Ш
(
~r, t
)
с центром ~r радиуса t,

c помощью известной техники [2], [3] приходим к равенству

K

∫ (
t, ~r, ~ω

)
=

∫
G∩Ш

(
~r,t
) K

(
~r, ~r′, µ′0

)
f
(
t−
∣∣~r − ~r′∣∣, ~r′, ~ω′)d~r′

где

K
(
~r, ~r′, µ′0

)
=
δS
(
~r
)
g
(
µ′0
)

4π
∣∣~r − ~r′∣∣ exp{− ∣∣~r − ~r′∣∣

1∫
0

δ
(
α~r + (1− α)~r′

)
dα
}
,

~ω′ =
~r − ~r′∣∣~r − ~r′∣∣ , µ′0 =

(
~ω, ~ω′

)
.

Легко видеть, что

BΦ
(
t, ~r, ~ω

)
=
δS
(
~r
)

4π

∫
Ω
(
~r,t
) g
(
µ′0
)
Φ
(
~r − ~ω′t, ~ω′

)
e
−

t∫
0

δ
(
~r−~ω′τ

)
dτ
d~ω′,

где µ′0 =
(
~ω, ~ω′

)
, Ω
(
~r, t
)

=
{
~ω ∈ Ω; ~r−~ωt ∈ Ḡ\∂Ḡ

}
, Ωj

(
~r, t
)

=
{
~ω ∈ Ω; ~r−~ωt ∈ Gj

}
, j = 1, J.

Нам нужны следующие леммы:
Лемма 1. Пусть

(
t, ~r
)
∈ Π̃i, i = 1, J. Тогда справедливы пределы

lim
(t1,~r1)→(t,~r)

mes
{

Ωj

(
~r, t
)
\ Ωj

(
~r1, t1

)}
= 0, (12)
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lim
(t1,~r1)→(t,~r)

mes
{

Ω
(
~r, t
)
\ Ω
(
~r1, t1

)}
= 0. (13)

Лемма 2. Если
(
t1, ~r1

)
→
(
0, ~rγ

)
∈ γj , j = 1, J, то предел limmes

{
Ωj

(
~r1, t1

)}
зависит от

пути приближения
(
t1, ~r1

)
к
(
0, ~rγ

)
.

Лемма 3.Если S – площадь единичного сферического пояса, определяемого широтными
углами θ2 и θ1

(
θ2 ≥ θ1

)
, то (Рисунок 1)

S = 2π
(
cosθ1 − cosθ2

)
. (14)

Лемма 4. Пусть даны шары Ш(~0, R) и Ш(~r, t) . Тогда для множества

Ω
(
~r, t
)

=
{
~ω ∈ Ω; ~r − ~ωt ∈Ш(~0, R)

}
верна оценка

Z = mes
{

Ω
(
~r, t2

)
\ Ω
(
~r, t1

)}
≤

2∑
i=1

β1

(
ti, ~r

)∣∣t2 − t1∣∣, (15)

где

β1

(
t, ~r
)

=



2
√

2π

[
1√

t2 + (R− |~r|)2
+

1√
|~r|2 + (R− t)2

]
, ~r ∈Ш(~0, R)

2
√

2π√
t2 + (R− |~r|)2

+
1

R
, ~r /∈Ш(~0, R).

Лемма 5. Пусть шары Ш(~0, R),Ш(~ri, t), i = 1, 2. Тогда справедлива оценка

Z = mes
{

Ω
(
~r1, t

)
\ Ω
(
~r2, t

)}
≤

2∑
i=1

β1

(
t, ~ri
)∣∣~r2 − ~r1

∣∣. (16)

Лемма 6. Пусть выполнены
CδSα , Cβα , C

g
α,

тогда для задачи С оператор B переводит

Cα,0
(
Ḡ× Ω

)
в Cα

(
Π̃× Ω

)
при 0 ≤ α < 1
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и в
Z
(
Π̃× Ω

)
при α = 1.

Лемма 7. Пусть выполнены условия

CδS0 , Cδ0 , C
g
0 ,

тогда оператор B переводит
C
(
Ḡ× Ω

)
в C

(
Π̃× Ω

)
.

Лемма 8. Пусть выполнены условия

CδSα , Cδα, C
g
α,

и условия согласования А, тогда для задачи (1) – (4) оператор B переводит

Cα
(
Ḡ× Ω

)
в Cα

(
Π̃× Ω

)
при 0 ≤ α < 1

и в
Z
(
Π̃× Ω

)
при α = 1.

Лемма 9. Пусть выполнены условия

CδSα , Cδα, C
g
0 ,

тогда оператор K переводит
Cα
(
Π̃× Ω

)
в Cα

(
Π̄× Ω

)
,

Cα
(
Π̄× Ω

)
в Cα

(
Π̄× Ω

)
при 0 ≤ α < 1,

Z
(
Π̃× Ω

)
и Z

(
Π̄× Ω

)
в Z
(
Π̄× Ω

)
.

Кроме того, справедливо неравенство

‖K‖
C
(

Π̄×Ω
)
→C
(

Π̄×Ω
) ≤ q < 1. (17)

Теорема 1. Пусть выполнены условия

CδS0 , Cδ0 , C
g
0 ,

и
Φ ∈ C

(
Ḡ× Ω

)
, f ∈ C

(
Π̄× Ω

)
,

тогда существует единственное классическое решение задачи (1) – (4).
Доказательство. Рассмотрим уравнение (2). В силу леммы 7 и леммы 9 существует един-

ственное решение этого уравнение, принадлежащее C
(
Π̃×Ω

)
, которое представляется рядом

Неймана

N =
∞∑
n=1

Kn(Kf +BΦ) +Kf +BΦ. (18)

Рассмотрим теперь функцию u
(
t, ~r, ~ω

)
, определяемую формулой (1). Действуя на равен-

ство (1) оператором S, видим, что

Su = KN +Kf +BΦ = N.

Пусть t ∈ [0, T ], ~r ∈ G, ~ω ∈ Ω, тогда при

u
(
τ, ~r − ~ω(t− τ), ~ω

)
= PΦ

(
τ, ~r − ~ω(t− τ), ~ω

)
+R(N + f)

(
τ, ~r − ~ω(t− τ), ~ω

)
.

Из равенств
~r − ~ω(t− τ)− ~ω(τ − τ ′) = ~r − ~ω(t− τ ′),

~r − ~ω(t− τ)− ~ωτ = ~r − ~ωt,

t∗1
(
t, ~r, ~ω

)
= t∗1

(
τ, ~r − ~ω(t− τ), ~ω

)
,
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следует, что

PΦ
(
τ, ~r − ~ω(t− τ), ~ω

)
= e

t∫
τ
δ
(
~r−~ω(t−τ ′)

)
dτ ′

PΦ
(
t, ~r, ~ω

)
,

Rf
(
τ, ~r − ~ω(t− τ), ~ω

)
=

τ∫
t∗1

(
t,~r,~ω

) f
(
τ ′, ~r − ~ω(t− τ ′), ~ω

)
e
−

τ∫
τ ′
δ
(
~r−~ω(t−τ ′′)

)
dτ ′′

dr′,

Из этих формул видим, что функция u
(
τ, ~r − ~ω(t − τ), ~ω

)
непрерывна по τ на отрезке

[t∗1
(
t, ~r, ~ω

)
, t], дифференцируемое по τ в интервалах (t∗k, t

∗
k+1), k = 1,M − 1, (t∗M , t) удовле-

творяет уравнению (5). Также нетрудно видеть, что u
(
t, ~r, ~ω

)
удовлетворяет начальному

условию (2) и граничному условию (4). Если ~rγ ∈ ∂G и (~nrγ , ~ω) < 0, то t∗1
(
t, ~rγ , ~ω

)
= t и

~rγ − ωt ∈ G, а потому R(N + f)
(
t, ~rγ , ~ω

)
= 0, PΦ

(
t, ~rγ , ~ω

)
= 0, т.е. u

(
t, ~rγ , ~ω

)
= 0. Этим

доказали существование классического решения задачи (1) – (4).
Докажем единственность. Пусть существуют два решения u1 и u2 . Тогда разность

u = u1 − u2 является решением уравнения

u = RN, (19)

где N = N1−N2 (Ni = Sui, i = 1, 2), который в свою очередь является решением уравнения

N = KN. (20)

Из (19) и (20) видим, что u ≡ 0. Теорема доказана.
Теорема 2. Пусть выполнены условия

CδSα , Cβα , C
g
α,Φ ∈ Cα,0

(
Ḡ× Ω

)
, f ∈ Cα

(
Π̄× Ω

)
,

тогда для задачи
CN ∈ Cα

(
Π̃× Ω

)
при 0 ≤ α < 1

и
f ∈ Z

(
Π̃× Ω

)
при α = 1.

Теорема 3. Пусть выполнены условия

CδSα , Cβα , C
g
α,Φ ∈ Cα,0

(
Ḡ× Ω

)
, f ∈ Cα

(
Π̄× Ω

)
,

а также условия согласования А, тогда для задачи (1) – (4)

N ∈ Cα
(
Π̄× Ω

)
при 0 ≤ α < 1

и
f ∈ Z

(
Π̄× Ω

)
при α = 1.

Ключевые слова: уравнения переноса, многозонная область, граничное условие, обратные задачи.
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О ЛИНЕЙНОЙ ОБРАТНОЙ ЗАДАЧЕ С НЕЛОКАЛЬНОЙ КРАЕВОЙ
УСЛОВИИ ПЕРИОДИЧЕСКОГО ТИПА ДЛЯ УРАВНЕНИЯ

СМЕШАННОГО ТИПА ВТОРОГО РОДА ВТОРОГО ПОРЯДКА В
НЕОГРАНИЧЕННОМ ПАРАЛЛЕЛЕПИПЕДЕ

БИЙБИНАЗ СИПАТДИНОВА1, БАХТИЁР ХАЛХАДЖАЕВ2, СИРОЖИДДИН ДЖАМАЛОВ3
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e-mail: 1sbiybinaz@mail.ru, 2 xalxadjaev@yandex.ru, 3siroj63@mail.ru

Аннотация. В данной статье рассматриваются вопросы корректности
одной линейной обратной задачи c нелокальной краевой условии периоди-
ческого типа для трехмерного уравнения смешанного типа второго рода,
второго порядка в неограниченном параллелепипеде. Для этой задачи
методами «ε–регуляризации», априорных оценок, последовательностью
приближений с применением преоброзования Фурье доказаны теоремы
существования и единственности обобщенного решения одной линейной
обратной задачи с нелокальной краевой условии периодического типа в
определенном классе интегрируемых функции.

Ключевые слова: уравнения смешанного типа второго рода второго порядка, линей-
ная обратная задача с нелокальной краевой условии периодического типа, коректность
задачи, методы «ε-регуляризации», априорных оценок, последовательность приближе-
ния, преоброзования Фурье.

Предметная классификация AMS: 35M10

Введение и постановка задачи

В процессе исследования нелокальных задач была выявлена тесная взаимосвязь задач с
нелокальными краевыми условиями и обратными задачами. К настоящему времени доста-
точно хорошо изучены обратные задачи для классических уравнений таких как, параболи-
ческих, эллиптических и гиперболических типов [1],[2], [14], [21]. Для уравнений смешанного
типа в плоскости изучено в работах К.Б. Сабитова и его учеников [19], а для многомерных
уравнений смешанного типа как первого, так и второго рода в ограниченных областях,
изучены в работах С.З.Джамалова, Р.Р.Ашурова и С.Г.Пяткова [6]-[10] .

Значительно менее изученными являются обратные задачи для уравнений смешанно-
го типа первого рода (в частности, для уравнения Трикоми) в неограниченных областях
[11],[12], а для уравнений смешанного типа второго рода такие задачи в неограниченных
областях практические не исследовались. Частично восполнить данный пробел мы и попы-
таемся в рамках этой работы.

В данной работе, для исследования однозначное разрешимости обратных задач для
трехмерного уравнения смешанного типа второго рода, второго порядка в неограничен-
ном параллелепипеде предлагается метод, который основан на сведение обратной зада-
чи к прямым полунелокальным краевым задачам для семейство нагруженных интегро-
дифференциальных уравнения смешанного типа второго рода, второго порядка в ограни-
ченной прямоугольной области.
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Напомним, что нагруженным уравнением принято называть уравнение с частными про-
изводными, содержащее в коэффициентах или в правой части значения тех или иных функ-
ционалов от решения уравнения [17],[21].

В области

G = (0, 1)× (0, T )×R = Q×R = {(x, t, z);x ∈ (0, 1), 0 < t < T < +∞, z ∈ R}
рассмотрим трехмерное уравнение смешанного типа второго рода второго порядка:

Lu = k(t)utt −∆u+ a(x, t)ut + c(x, t)u = ψ(x, t, z), (1)

где ∆u = uxx + uzz-оператор Лапласа, и пусть k(0) ≤ 0 ≤ k(T ). Здесь ψ(x, t, z) =
g(x, t, z) + h(x, t)f(x, t, z), g(x, t, z) и f(x, t, z)-заданные функции, а функция h(x, t) под-
лежит определению.

Уравнение (1) относится к уравнениям смешанного типа второго рода, так как на знак
функции k(t) по переменной t внутри области Q не налагается никаких ограничений [3].

Пусть все коэффициенты уравнения (1) достаточно гладкие функции в Q.
В дальнейшем для решения поставленных задач нам необходимо ввести определений

несколько функциональных пространств и обозначения.
Обозначим через

û(x, t, λ) = (2π)−1/2

+∞∫
−∞

u(x, t, z) e−iλzdz

преобразование Фурье по переменной z, функции u(x, t, z), а через

u(x, t, z) = (2π)−1/2

+∞∫
−∞

û(x, t, λ) eiλzdλ

обратное преобразование Фурье. Теперь с помощью преобразования Фурье определим про-
странство W l,s

2 (Q) с нормой

||u||2
W l,s

2 (G)
= (2π)−1/2

+∞∫
−∞

(
1 + |λ|2

)s ||û(x, t, λ)||2
W l

2(Q)
dλ, (A)

где s, l-любые конечные положительные целые числа, причем s ≥ 3.
Через W l

2(Q) (при l = 0, W 0
2 (Q) = L2(Q)) определяется пространства Соболева со ска-

лярным произведением (u, ϑ)l и нормой

‖ϑ‖2l = ‖ϑ‖2W l
2(Q) =

∑
|α|≤l

∫
Q

|Dαϑ|2 dxdt,

здесь α мультииндекс, Dα обобщённая производная по переменным x и t.
Очевидно, что пространствоW l,s

2 (G) с нормой (A) является Гильбертовым пространством
[13],[15],[16],[18].

При получении различных априорных оценок мы часто используем неравенство Коши с
σ [13]:

∀u, ϑ > 0, ∀σ > 0, u · ϑ ≤ σu2 + σ−1ϑ2.

Линейная обратная задача.

Найти функции {u(x, t, z), h(x, t)} удовлетворяющие уравнению (1) в области G, такие
что, функция u(x, t, z) удовлетворяет следующим нелокальным краевым условям периоди-
ческого типа:

γu|t=0 = u|t=T , (2)
Dp
xu|x=0 = Dp

xu|x=1; p = 0, 1, (3)
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где γ-некоторое постоянное число, отличное от нуля, величина которого будет уточнена
ниже,

Далее будем считать, чтоu(x, t, z) иuz(x, t, z)→ 0 при |z| → ∞,
u(x, t, z) абсолютно интегрируема по z наR при любом (x, t) вQ. (4)

Кроме того, решение задачи (1)-(4) удовлетворяет дополнительному условию

u(x, t, l0) = ϕ0(x, t), (5)

где l0 ∈ R и с функций h(x, t) принадлежит классу

U = {(u, h)|u ∈W 2,3
2 (G);h ∈W 2

2 (Q)}.

Определение 1: Обобщённым решением задачи (1)-(5) будем называть функцию
u(x, t, z) ∈ U , удовлетворяющую уравнению (1) почти всюду в области G, с условиями
(2)-(5).

Пусть все коэффициенты уравнения (1) достаточно гладкие функции в области G
и пусть выполнены следующие условия относительно коэффициентов, правой части и
заданной функции ϕ0(x, t);

Условие 1:

Периодичность: a(x, 0) = a(x, T ), c(x, 0) = c(x, T ).

Нелокальное условие: γ · g(x, 0, z) = g(x, T, z), γ · f(x, 0, z) = f(x, T, z).

Гладкость: f(x, t, l0) = f0(x, t) ∈ C0,1
x,t (Q), |f0(x, t)| ≥ ρ > 0, f ∈W 3,3

2 (Q), g ∈W 1,3
2 (Q).

Условие 2:

ϕ0(x, t) ∈W 3
2 (Q); γDq

tϕ0|t=0 = Dq
tϕ0|t=T , Dp

xϕ0|x=0 = Dp
xϕ0|x=1, q = 0, 1, 2; p = 0, 1.

Однозначное разрешимость задачи (1)-(5) докажем с помощью преобразованием Фурье,
т.е. для нахождения решение задачи (1)-(5), применяем преобразование Фурье по перемен-
ной z, для задачи (1)-(5).

Для того чтобы сформулировать основной результат, необходимо выполнить некоторые
формальности построения.

Рассмотрим следы уравнения (1) при z = `0:

Lu(x, t, l0) = k(t)utt(x, t, l0)− uxx(x, t, l0)− uzz(x, t, l0)+
+a(x, t)ut(x, t, l0) + c(x, t)u(x, t, l0) = ψ(x, t, l0).

Теперь, учитывая дополнительное условие (5) и то, что f0 6= 0, определим формально
неизвестную функцию h(x, t) в виде интеграла

h(x, t) =
1

f0(x, t)

Φ0 +
1√
2π

+∞∫
−∞

λ2eiλlû(x, t, λ)dλ

 ,
где Φ0 = L0ϕ0−g0, L0ϕ0 = xϕ0tt−ϕ0xx +a(x, t)ϕ0t + c (x, t)ϕ0, а для определения функций
û(x, t, λ) в области Q = (0, 1) × (0, T ) получим нагруженных интегро-дифференциальных
уравнений смешанного типа второго рода второго порядка:

Lû = k(t)ûtt − ûxx + a(x, t)ût + (c(x, t) + λ2)û

= ĝ(x, t, λ) + f̂(x,t,λ)
f0(x,t)

[
Φ0 + 1√

2π

+∞∫
−∞

λ2eiλlû(x, t, λ)dλ

]
≡ F̂ (û),

(6)
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с нелокальными краевыми условиями периодического типа:

γû|t=0 = û|t=T , (7)

Dp
xû|x=0 = Dp

xû|x=1; p = 0, 1, (8)

где, λ ∈ R = (−∞,+∞),

f̂(x, t, λ) = (2π)−1/2

+∞∫
−∞

f(x, t, z)e−iλzdz,

преобразование Фурье по переменной z, функции f(x, t, z).

Основными результатом является

Теорема 1: Пусть выполнены вышеуказанные условия 1 и 2 для коэффициентов уравне-
ния (1), кроме того, пусть 2a − |kt| + µk ≥ B1 > 0, µc(x, t) − ct(x, t) ≥ b2 > 0, для
всех (x, t) ∈ Q, где µ = 2

T ln |γ| > 0, |γ| > 1 и пусть существует положительное чис-
ло σ-(коэффициенты неравенство Коши) такое, что для b0 = min{B1, µ, b2} имеют оценки
b0−11µ2σ−1 = δ > 0, q = M ‖f‖2

W 3,3
2 (G)

< 1, где M = const
(
σµ2mδ−1ρ−2 ‖f0‖C0,1

x,t (Q)

)
, m =

10c1c2c3, c1 =
+∞∫
−∞

λ4dλ
(1+|λ|2)s

< +∞, ci(i = 2, 3)-коэффициенты теоремы вложения Соболева.

Тогда следующее функции

u(x, t, z) = (2π)−1/2

+∞∫
−∞

û(x, t, λ)eiλzdλ, (9)

h(x, t) =
1

f0(x, t)

Φ0 +
1√
2π

+∞∫
−∞

λ2eiλlû(x, t, λ)dλ

 (10)

являются единственным решением линейной обратной задачи (1)-(5) из указанного класса
U , где функция û(x, t, λ) подлежит к определению.

Доказательство теоремы 1 проведем по следующей схеме:
1.Покажем, что функция u(x, t, y), определённая по формуле (9) удовлетворяет дополни-

тельному условию (5).
2. Для доказательства однозначной разрешимости задачи (6)-(8) сначала исследуем одно-

значную разрешимость вспомогательной задачи, то есть исследуем разрешимость семейства
нагруженных интегро-дифференциальных уравнений составного типа с малым параметром
(14)-(16).

3. Затем с помощью этой вспомогательной задачи (14)-(16), изучим однозначную разре-
шимость семейства нагруженных уравнений смешанного типа второго рода, второго поряд-
ка (6)-(8).

4. Используя однозначную разрешимость задачи (6)-(8), покажем однозначную разреши-
мость линейной обратной задачи (1)-(5).

Теперь приступим к реализации этой схемы.
Доказательство. Докажем теорему 1 поэтапно. Сначала покажем, что функция u(x, t, z)

удовлетворяет дополнительному условию (5), т.е. u(x, t, `0) = ϕ0 (x, t). Положим противное.
Пусть

u (x, t, `0) = (2π)−1/2

+∞∫
−∞

û(x, t, λ)eiλ`0dλ = ω (x, t) 6= ϕ0(x, t)
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рассмотрим функции ϑ(x, t) = ω(x, t) − ϕ0(x, t) в области Q. Умножая задачи (6)-(8), на
eiλ`0√

2π
и интегрируя по параметру λ от −∞ до ∞ учитывая условие теоремы 1, получим

следующую задачу
L0ϑ = k(t)ϑtt − ϑxx + a(x, t)ϑt + c(x, t)ϑ = 0 (11)

с нелокальными краевыми условиями периодического типа:

γϑ|t=0 = ϑ|t=T , (12)

Dp
xϑ|x=0 = Dp

xϑ|x=1; p = 0, 1. (13)

Единственность решения задачи (11)-(13) доказано в работах [4]-[6] отсюда следует
ϑ(x, t) = 0, т.е. ω(x, t) = ϕ0(x, t).

1. Семейство нагруженных интегро-дифференциальных уравнений
составного типа с малым параметром

Разрешимость задачи (6)-(8) докажем методами «ε- регуляризации», последовательную
приближений и априорных оценок, а именно в области Q = (0, 1) × (0, T ) рассмотрим се-
мейство нагруженных интегро-дифференциальных уравнений составного типа с малым па-
рамтром:

Lεûε = −ε∂∆ûε
∂t + L0ûε + λ2ûε =

= ĝ(x, t, λ) + f̂(x,t,λ)
f0(x,t)

[
Φ0 + 1√

2π

+∞∫
−∞

λ2eiλl0 ûε(x, t, λ)dλ

]
≡ F̂ (ûε)

(14)

с нелокальными краевыми условиями периодического типа:

γDq
t ûε|t=0 = Dq

t ûε|t=T ; q = 0, 1, 2, (15)

Dp
xûε|x=0 = Dp

xûε|x=1; p = 0, 1, (16)

где ε-малое положительное число.
В дальнейшем при доказательстве корректности задачи (14)-(16), понадобятся следую-

щие обозначения и вспомогательные леммы.
Определим Wi(Q,R), (i = 0, 1, 2)-пространства обобщенных функций в области Q со зна-

чениями в R те

Wi(Q,R) =

{
ϑ̂
∣∣∣ ϑ̂ ∈W i

2(Q), i = 0, 1, 2;
(
1 + |λ|2

)3/2 ∥∥∥ ϑ̂ ∥∥∥
W i

2(Q)
∈ L2(R), W 0

2 (Q) = L2(Q)

}
,

с нормой 〈
ϑ̂
〉2

i
=

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥ϑ̂ ∥∥∥2

W i
2(Q)

dλ. (B)

Очевидно, что пространства Wi(Q,R) с заданной нормой являются Гильбертовым
[13],[15],[16],[20]. Из определения пространства W i

2(Q), i = 0, 1, 2, следует следующие вло-
жения W2(Q,R) ⊂W1(Q,R) ⊂W0(Q,R). Через, символом

W (Q,R) =

{
ϑ̂
∣∣∣ ϑ̂ ∈W2(Q,R),

∂

∂ t
∆ϑ̂ ∈W0(Q,R)

}
обозначим класс функций.

Определение 2: Обобщённым решением задачи (14)-(16) будем называть функцию
ϑ̂(x, t, λ) ∈ W (Q,R), удовлетворяющую уравнению (14) почти всюду в области Q, с кра-
евыми условиями (15), (16).
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Разрешимость задачи (14)-(16) докажем методами последовательных приближений и
априорных оценок [6]-[8],[10]-[12], а именно рассмотрим семейство нагруженных интегро-
дифференциальных уравнений составного типа с малым парамтром:

Lεû
(θ)
ε = −ε∂∆û

(θ)
ε

∂t + L0û
(θ)
ε + λ2û

(θ)
ε =

= ĝ + f̂(x,t,λ)
f0(x,t)

[
Φ0 + 1√

2π

+∞∫
−∞

λ2eiλ`0 û
(θ−1)
ε (x, t, λ) dλ

]
≡ F̂ (û

(θ−1)
ε )

(17)

и с нелокальными краевыми условиями периодического типа:

γDq
t û

(θ)
ε

∣∣∣
t=0

= Dq
t û

(θ)
ε

∣∣∣
t=T

; q = 0, 1, 2, (18)

Dp
xû

(θ)
ε

∣∣∣
x=0

= Dp
xû

(θ)
ε

∣∣∣
x=1

; p = 0, 1, (19)

где ε > 0, θ = 0, 1, 2, ..., {u(−1)
ε } = 0.

Лемма 1: Пусть выполнены все условия теоремы 1, тогда для решения задачи (17)-(19)
справедливы следующие оценки:

(I). εδ
〈
û

(θ)
εtt

〉2

0
+
〈
û

(θ)
ε

〉2

1
≤ const(θ̃, ε̃),

(II). εδ
〈
∂∆û

(θ)
ε

∂t

〉2

0
+
〈
û

(θ)
ε

〉2

2
≤ const(θ̃, ε̃).

Символом const(θ̃, ε̃) здесь и далее обозначим постоянную, независящую от параметров
θ, ε.

Доказательство леммы 1:
Рассмотрим тождество

2
(
Lû(θ)

ε , e−µtû
(θ)
εt

)
0

= 2
(
F̂ (û(θ−1)

ε ), e−µtû
(θ)
εt

)
0
, (20)

где постоянную µ > 0, выберем позже.
Учитывая условий теоремы 1, интегрируя по частям тождество (20) и применяя нера-

венства Коши с σ [13], легко получить слева снизу из (20) следующую неравенству

2
∫
Q

Lû
(θ)
ε e−µtû

(θ)
εt dxdt ≥ ε

∥∥∥û(θ)
εtt

∥∥∥2

0
+
∫
Q

e−µt{(2a− kt + µk) û
2(θ)
εt +

+µû
2(θ)
εx + µλ 2û

2(θ)
ε + (µ c− ct)û2(θ)

ε } dxdt−
−
∫
∂Q

e−µt{k(t)û
2(θ)
εt et − û2(θ)

εx et − 2û
(θ)
εt û

(θ)
εx ex + (c+ λ2)û

(θ)
ε et}ds,

(21)

где µ− const > 0, −→e =
(
ex = (−→e , x); et = (−→e , t)

)
единичный вектор внутренней нормали к

границе ∂ Q. Условия теоремы 1 обеспечивают не отрицательность интеграла по области Q.
Учитывая нелокальные краевые условие периодического типа (18), (19) и условия теоремы
1, с выбором γ2 = eµT получим, что граничные интегралы обратятся в нуль. Таким образом,
из неравенства (21) получим слева снизу следующее неравенство

2
∫
Q

Lû
(θ)
ε e−µtû

(θ)
εt dxdt ≥ ε

∥∥∥û(θ)
εtt

∥∥∥2

0
+
∫
Q

e−µt{B1û
2(θ)
εt + µû

2(θ)
εx +

+(µλ2 + b2)û
2(θ)
ε }dxdt ≥ ε

∥∥∥û(θ)
εtt

∥∥∥2

0
+ b0

∥∥∥û(θ)
ε

∥∥∥2

1
.

(22)
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Применяя неравенство Коши к тождеству (20) с права сверху получим∣∣∣2(F̂ (û
(θ−1)
ε ), e−µtû

(θ)
εt

)
0

∣∣∣ ≤
≤

∣∣∣∣∣2
(
ĝ + f̂(x,t,λ)

f0(x,t)

[
Φ0 + 1√

2π

+∞∫
−∞

λ2eiλ`0 û
(θ−1)
ε (x, t, λ)dλ

]
, e−µtû

(θ)
εt

)
0

∣∣∣∣∣ ≤
≤ 3σ−1

∥∥∥û(θ)
ε

∥∥∥2

1
+ σ

[
‖ĝ‖20 + ρ−2

∥∥∥f̂∥∥∥2

C(Q)

(
T0 ‖ϕ‖2W 2

2 (Q) + ‖g0‖20
)]

+

+c1σρ
−2
∥∥∥f̂∥∥∥

C(Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

1
dλ,

(23)

где δ = min{B1, µ, b2 + µλ2 ≥ b2 > 0}; T0 = 2 max{‖k(t)‖C[0,T ] , ‖a(x, t)‖C(Q) , ‖c(x, t)‖C(Q)}.
Объединяя неравенства (22) и (23), получим

ε
∥∥∥û(θ)

εtt

∥∥∥2

0
+
(
b0 − 3σ−1

) ∥∥∥û(θ)
ε

∥∥∥2

1
≤

≤ σ
[
‖ĝ‖20 + ρ−2

∥∥∥f̂∥∥∥2

C(Q)

(
T0 ‖ϕ‖2W 2

2 (Q) + ‖g0‖20
)]

+

+c1σρ
−2
∥∥∥f̂∥∥∥

C(Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

1
dλ.

(24)

Применяя теоремы вложения Соболева :
∥∥∥f̂∥∥∥2

C(Q)
≤ c2

∥∥∥f̂∥∥∥2

W 2
2 (Q)

[13],[18] к неравенству

(24), получим

ε
∥∥∥û(θ)

εtt

∥∥∥2

0
+
(
b0 − 3σ−1

) ∥∥∥û(θ)
ε

∥∥∥2

1
≤

≤ σc2

[
‖ĝ‖20 + ρ−2

∥∥∥f̂∥∥∥2

W 2
2 (Q)

(
T0 ‖ϕ‖2W 2

2 (Q) + ‖g0‖20
)]

+

+c1c2σδ
−1ρ−2

∥∥∥f̂∥∥∥2

W 2
2 (Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

1
dλ.

(25)

Учитывая условие теоремы b0 − 3σ−1 ≥ δ > 0, разделяя неравенства (25) на δ > 0,

умножая
(

1 + |λ|2
)3

и интегрируя по λ от −∞ и до ∞, получим первую рекуррентную
формулу

ε
δ

〈
û

(θ)
εtt

〉2

0
+
〈
û

(θ)
ε

〉2

1
≤ A+ c1c2σδ

−1ρ−2
〈
f̂
〉2

2

〈
û

(θ−1)
ε

〉2

1
. (26)

Введем обозначение

A ≡ σδ−1c2

[
〈ĝ〉20 + ρ−2

〈
f̂
〉2

2

(
T0 ‖ϕ‖2W 2

2 (Q) + ‖g0‖20
)]
,

учитывая условий теоремы 1

c1c2σδ
−1ρ−2

〈
f̂
〉2

2
< q = M

〈
f̂
〉2

3
< 1,

из рекуррентной формулы (26), получим справедливость (I) оценки. Действительно, для
этого в качестве «начального приближения» возьмем функцию

{
û

(−1)
ε

}
≡ {0}. Тогда имеем

ε

δ

〈
û

(0)
εtt

〉2

0
+
〈
û(0)
ε

〉2

1
≤ σc2δ

−1

[
〈ĝ〉20 + ρ−2

〈
f̂
〉2

2

(
T0 ‖ϕ‖2W 2

2 (Q) + ‖g0‖20
)]
≡ A.

Продолжая этот процесс, методом индукции получим первую априорную оценку для
любой функции

{
û

(θ)
ε

}
, ∀θ ≥ 1.

ε

δ

〈
û

(θ)
εtt

〉2

0
+
〈
û(θ)
ε

〉2

1
≤ A

θ∑
τ=0

q(τ) ≤ 2A.
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Теперь докажем справедливость оценки (II). Для этого рассмотрим тождество:

−2

∫
Q

e−µt Lεû
(θ)
ε Pû(θ)

ε dxdt = −2

∫
Q

e−µtF̂
(
û(θ−1)
ε

)
Pû(θ)

ε dxdt, (27)

где Pû(θ)
ε =

(
∂
∂t∆û

(θ)
ε − µû(θ)

εtt − µû
(θ)
εt

)
.

Аналогичные рассуждения, что и при доказательстве оценки (I), осно-ванные на инте-
грировании по частям (27), с учетом условий теоремы и не-локальных краевых условий
(18), (19) из (27) получим снизу следующую оценку∣∣∣∣∣−2

∫
Q

e−µtF̂
(
û

(θ−1)
ε

)
Pû

(θ)
ε dxdt

∣∣∣∣∣ ≥ ε∥∥∥∂∆û
(θ)
ε

∂t

∥∥∥2

0
+
∫
Q

e−µt{B1û
2(θ)
εtt +

+µû
2(θ)
εxx + µû

2(θ)
εtx }dxdt+ b0

∥∥∥û(θ)
ε

∥∥∥2

1
− 3µ2σ−1

∥∥∥û(θ)
ε

∥∥∥2

2
,

(28)

где σ,C
(
σ−1

)
− коэффициенты неравенство Коши C

(
σ−1

)
= 3µ2σ−1, учитывая условий

теоремы 1, b0 − C(σ−1) ≥ δ > 0, where b0 = min{B1, µ, λ
2µ + b2 ≥ b2 > 0}. Тогда из

неравенство (28) получим снизу следующую оценку∣∣∣∣∣∣∣−2

∫
Q

e−µtF̂ (û(θ−1)
ε )Pû(θ)

ε dxdt

∣∣∣∣∣∣∣ ≥ ε
∥∥∥∥∥∂∆û

(θ)
ε

∂t

∥∥∥∥∥
2

0

+ δ
∥∥∥û(θ)

ε

∥∥∥2

2
. (29)

Применяя неравенство Коши с σ к тождеству (27), справа получим неравенство∣∣∣∣∣−2
∫
Q

e−µtF̂
(
û

(θ−1)
ε

)
Pû

(θ)
ε dxdt

∣∣∣∣∣ ≤
≤

∣∣∣∣∣2
(
ĝ + f̂(x,t,λ)

f0(x,t)

[
Φ0 + 1√

2π

+∞∫
−∞

λ2eiλ`0 û
(θ−1)
ε (x, t, λ)dλ

]
; e−µtPû

(θ)
ε

)
0

∣∣∣∣∣ ≤
≤ 11µ2σ−1

∥∥∥û(θ)
ε

∥∥∥2

2
+ 8σµ2

[
‖ĝ‖21 + ρ−2

∥∥∥f̂∥∥∥2

C1(Q)

(
T0 ‖ϕ‖2W 3

2 (Q) + ‖g0‖21
)]

+

+10c1σµ
2ρ−2 ‖f0‖C1(Q)

∥∥∥f̂∥∥∥
C1(Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

2
dλ.

(30)

Объединяя неравенства (29) и (30), получим

ε
∥∥∥∂∆û

(θ)
ε

∂t

∥∥∥2

0
+
(
b0 − c(σ−1)

) ∥∥∥û(θ)
ε

∥∥∥2

2
≤

≤ 8σµ2

[
‖ĝ‖21 + ρ−2

∥∥∥f̂∥∥∥2

C1(Q)

(
T0 ‖ϕ‖2W 3

2 (Q) + ‖g0‖21
)]

+

+10c1σµ
2ρ−2 ‖f0‖C1(Q)

∥∥∥f̂∥∥∥
C1(Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

2
dλ.

(31)

Применяя теоремы вложения Соболева
∥∥∥f̂∥∥∥2

C1(Q)
≤ c3

∥∥∥f̂∥∥∥2

W 3
2 (Q)

к неравенству (31), полу-
чим

ε
∥∥∥∂∆û

(θ)
ε

∂t

∥∥∥2

0
+
(
b0 − c(σ−1)

) ∥∥∥û(θ)
ε

∥∥∥2

2
≤

≤ 8σc3µ
2

[
‖ĝ‖21 + ρ−2

∥∥∥f̂∥∥∥2

W 3
2 (Q)

(
T0 ‖ϕ‖2W 3

2 (Q) + ‖g0‖21
)]

+

+10c1c3σµ
2ρ−2 ‖f0‖C1(Q)

∥∥∥f̂∥∥∥2

W 3
2 (Q)

∞∫
−∞

(
1 + |λ|2

)3 ∥∥∥û(θ−1)
ε

∥∥∥2

2
dλ.

(32)
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Разделяя неравенства (32) на b0 − C(σ−1) ≥ δ > 0 где C(σ−1) = 14µ2σ−1, умножая(
1 + |λ|2

)3
и интегрируя по λ от −∞ и до ∞, получим вторую рекуррентную формулу

ε
δ

〈
∂∆û

(θ)
ε

∂t

〉2

0
+
〈
û

(θ)
ε

〉2

2
≤ A1 + 10c1c3σµ

2ρ−2 ‖f0‖C1(Q)

〈
f̂
〉2

3

〈
û

(θ−1)
ε

〉2

2
, (33)

Введем обозначение

A1 ≡ 8µ2c3σδ
−1

[
〈ĝ〉21 + ρ−2

〈
f̂
〉2

3

(
T0 ‖ϕ‖2W 3

2 (Q) + ‖g0‖21
)]
,

учитывая условий теоремы 1, что

10c1c3σµ
2ρ−2 ‖f0‖C1(Q)

〈
f̂
〉2

3
≤ q = M

〈
f̂
〉2

3
< 1,

из рекуррентной формулы (33), получим справедливость (II) оценки. Действительно, для
этого в качестве «начального приближения» возьмем функцию

{
û

(−1)
ε

}
≡ {0}. Тогда для

«нулевого приближения» имеем

ε

δ

〈
∂∆û

(0)
ε

∂t

〉2

0

+
〈
û(0)
ε

〉2

2
≤ 8µ2c3σδ

−1

[
〈ĝ〉21 + ρ−2

〈
f̂
〉2

3

(
T0 ‖ϕ‖2W 3

2 (Q) + ‖g0‖21
)]
≡ A1.

Продолжая этот процесс, методом индукции получим вторую апри-орную оценку для любой
функции

{
û

(θ)
ε

}
, ∀θ ≥ 1,

ε

δ

〈
∂∆û

(θ)
ε

∂t

〉2

0

+
〈
û(θ)
ε

〉2

2
≤ A1

θ∑
τ=0

q(τ) ≤ 2A1.

Отсюда, как доказательстве оценки I), легко получается оценка II).
Лемма-1 доказана.
Введём новую функцию из W (Q,R) по формуле ϑ̂(θ)

ε = û
(θ)
ε − û(θ−1)

ε ; ε > 0 : θ = 1, 2, 3...,{
û

(−1)
ε

}
≡ {0} . Тогда для неё справедлива следующая лемма.

Лемма 2: Пусть выполнены все условия теоремы 1. Тогда для функции{
ϑ̂

(θ)
ε

}
∈W (Q,R) справедливы следующие оценки:

(III). εδ
〈
ϑ̂

(θ)
εtt

〉2

0
+
〈
ϑ̂

(θ)
ε

〉2

1
≤ Aq(θ),

(IV ). εδ
〈
∂∆ϑ̂

(θ)
ε

∂t

〉2

0
+
〈
ϑ̂

(θ)
ε

〉2

2
≤ A1q

(θ).

Доказательство леммы 2: Из (17)-(19) для функции ϑ̂(θ)
ε ∈ W (Q,R) получим следу-

ющую задачу.

Lεϑ̂
(θ)
ε = −ε∂∆ϑ̂

(θ)
ε

∂t + L0ϑ̂
(θ)
ε + λ2ϑ̂

(θ)
ε =

= f̂ (x,t,λ)√
2πf0(x,t)

+∞∫
−∞

λ2eiλ`0 ϑ̂
(θ−1)
ε (x, t, λ) dλ ≡ F̂

(
ϑ̂

(θ−1)
ε

) (34)

с нелокальными краевыми условиями периодического типа:

γDq
t ϑ̂

(θ)
ε

∣∣∣
t=0

= Dq
t ϑ̂

(θ)
ε

∣∣∣
t=T

; q = 0, 1, 2, (35)

Dp
xϑ̂

(θ)
ε

∣∣∣
x=0

= Dp
xϑ̂

(θ)
ε

∣∣∣
x=1

= 0; p = 0, 1, (36)

где ε > 0, θ = 1, 2, ...,
{
û

(−1)
ε

}
≡ {0} .

160



Следовательно, как и в доказательстве леммы 1, для функции
{
ϑ̂

(θ)
ε

}
=
{
û

(θ)
ε

}
−{

û
(θ−1)
ε

}
∈W (Q,R) получим третью рекуррентную формулу

ε

δ

〈
ϑ̂

(θ)
εtt

〉2

0
+
〈
ϑ̂(θ)
ε

〉2

1
≤ q

〈
ϑ̂(θ)
ε

〉2

1
(37)

то, повторяя рассуждения леммы 1, из (37) получим III) априорную оценку.
Аналогично доказывается оценка IV ).
Лемма 2 доказана.
Теорема 2: Пусть выполнены все условия теоремы 1. Тогда задача (17)-(19) однозначно

разрешима в W (Q,R).
Доказательство. Теорему 2 докажем методом сжимающих отображений [9]. Пусть

L̂ε оператор, соответствующий дифференциальному выражению (17) и условиям (18),
(19). Обозначим через L̂−1

ε is формальный обратный оператор. Определим в пространстве
W (Q,R) оператор.

û(θ)
ε = L̂−1

ε Fs

(
û(θ−1)
ε

)
≡ Pû(θ−1)

ε ,

1. Покажем, что оператор P отображает пространства W (Q,R) в себя.
Пусть

{
û

(θ−1)
ε

}
∈W (Q,R), тогда для решения задачи (17)-(19), справедлива утверждение

леммы 1, т.е. справедлива оценка II). Отсюда следует, что для любых θ = 1, 2, 3... получим{
û

(θ)
ε

}
∈W (Q,R).

Таким образом P : W (Q,R)→W (Q,R).
2. Покажем, что P сжимающий оператор. Пусть

{
û

(θ)
ε

}
,
{
û

(θ−1)
ε

}
∈W (Q,R). Рассмотрим

новую функцию
{
ϑ̂

(θ)
ε

}
=
{
û

(θ)
ε

}
−
{
û

(θ−1)
ε

}
, для нее справедливо утверждение леммы 2,

т.е. справедлива IV ) оценка, т.е.
ε

δ

〈
ϑ̂

(θ)
εttt

〉2

0
+
〈
ϑ̂(θ)
ε

〉2

2
≤ q(θ)const(θ̃).

Таким образом P сжимающий оператор, теперь по известному принципу сжимающих
отоб-ражений, задача (17)-(19) имеет единственное решение, принадлежащее пространству
W (Q,R) при ε > 0. При этом имеем û

(θ)
ε → ûε при θ →∞ [6]-[8],[11],[12].

2. Семейство нагруженных интегро-дифференциальных уравнений
сме-шанного типа второго рода, второго порядка.

Теперь докажем однозначную разрешимость задачи (6)-(8). При этом семейство нагру-
женных интегро-дифференциальных уравнений составного типа (14) с условиями (15),(16)
используем в качестве «ε- регуляризиру-ющего» уравнения для уравнения (6) с условиями
(7),(8) [3],[4] -[12].

Пусть ε > 0 при фиксированном {ûε} ∈W (Q,R) есть единственное решение задачи (14)-
(16). Тогда при ε > 0 справедливо неравенство IV ). По теореме о слабой компактности
[13, 22], из ограниченной последовательности {ûε} можно извлечь слабо сходящуюся под
последовательность функции

{
ûεj
}
, такую что ûεj → û слабо в W (Q,R). Покажем, что

предельная функция û(x, t, λ) удовлетворяет уравнению (6) почти всюду в W (Q,R). Дей-
ствительно, так как подпоследовательность

{
ûεj
}
слабо сходится в W (Q,R), а оператор L

линеен, то имеем

Lû− F (û) = Lû− F (ûεj )−
[
F (û)− F (ûεj )

]
=

= εj
∂∆ûεj
∂t + L0(û − ûεj ) + λ2(û− ûεj )−

[
F (û)− F (ûεj )

]
.

(38)

Переходя к пределу в (38) при εj → 0, получим Lû = F (û). Значит функция û(x, t, λ)
будет единственным решением задачи (6)-(8) из W (Q,R).
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Тем самым доказано теорема 2. Теперь докажем теорему 1.
Так как выполнены все условие теоремы 1 используя равенства Парсеваля – Стеклова

[13],[22] для решения задачи (6)-(8) получим решение задачи (1)-(5) из указанного класса
U .

Замечание. Аналогично изучается линейные обратные задачи для многомерного урав-
нения смешанного типа второго рода, второго порядка с нелокальными кра-евыми услови-
ями периодического типа в призматической неограниченной области.
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Аннотация. Работа посвящена исследованию дифференциального урав-
нения с дробной производной по времени. Рассматривается обратная за-
дача, состоящая в нахождении неизвестной функции а также зависящего
от времени младшего коэффициента (потенциала). Подход к решению
обратной задачи основан на сведении ее к решению нелинейного опера-
торного уравнения, получаемого из дополнительного условия. Для его
решения используется итеративный метод Левенберга-Марквардта. На
каждой итерации для решения вспомогательных прямых задач исполь-
зуются конечно-разностные схемы и метод прогонки для решения СЛАУ.
Разработанный параллельный алгоритм реализован для многоядерных
процессоров с использованием технологии OpenMP. Проведены числен-
ные эксперименты для исследования производительности разработанного
алгоритма.

Ключевые слова: Дробные производные, уравнение субдиффузии, обратные задачи,
младший коэффициент, метод Левенберга-Марквардта.

Предметная классификация AMS: 35R30; 65R32.

1. Введение

Дробные дифференциальные уравнения являются математическим аппаратом для опи-
сания многих реальных физических процессов, например, аномальной диффузии [1, 2, 3].
Поэтому разработка численных алгоритмов решения прямых и обратных задач для таких
уравнений является актуальной задачей.

Классическая начально-краевая задача для дифференциального уравнения состоит в
определении решения из уравнения и дополнительных граничных и начальных условий.
К обратным задачам относятся задачи определения неизвестных коэффициентов уравне-
ния или неизвестных краевых или начальных условий [4]. При этом для обеспечения един-
ственности решения используется априорная информация. Такие задачи часто являются
некорректными. Для достижения корректности используются методы регуляризации.

Существует широкий набор вычислительных методов для численного решения задач для
дробных уравнений диффузии [5, 6, 7, 8, 9, 10, 11, 12]. Отметим, что вычислительные за-
траты при решении задач для дробных дифференциальных уравнений значительно выше,
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чем для классических уравнений целого порядка. Поэтому актуальной проблемой является
построение эффективных параллельных алгоритмов [13, 14, 15].

Данная работа посвящена построению и реализации параллельного алгоритма решения
обратной задачи о восстановлении зависящего от времени младшего коэффициента (потен-
циала) для уравнения диффузии с дробной производной по времени. После применения
конечно-разностных схем прямая (начально-краевая) задача сводится к решению систем
линейных алгебраических уравнений (СЛАУ). Для решения систем используется метод
параллельной прогонки. Обратная задача сводится к решению нелинейного операторного
уравнения. Для его решения используется метод Левенберга-Марквардта. Параллельный
вычислительный алгоритм решения обратной задачи реализован на многоядерных процес-
сорах с использованием технологии параллельного программирования OpenMP.

Статья организована следующим образом. В разделе 2 приведены постановки прямой и
обратной задач. В разделе 3 описан метод решения начально-краевой задачи, способ дискре-
тизации и аппроксимации уравнения, разностная схема. В разделе 4 описан метод решения
обратной задачи. Раздел 5 посвящен параллельной реализации алгоритма на многоядерном
процессоре и результатам численных экспериментов.

2. Постановка задачи

Работа посвящена исследованию дифференциального уравнения с дробной производной
по времени

∂αU(x, t)

∂tα
−∆U(x, t) +m(t)n(x, t)U(x, t) = d(x, t), x ∈ Ω, 0 < t ≤ T,

U(x, 0) = 0, x ∈ Ω,

U(x, t) = 0, x ∈ δΩ, 0 < t ≤ T,

(1)

где Ω — ограниченная область в Rd, d ≤ 3 с достаточно гладкой границей δΩ, m(t), n(x, t)
— коэффициентные функции (потенциал), d(x, t) — правая часть (функция источника).

Производная ∂αU(x, t)/∂tα рассматривается в смысле Капуто:

Dαf(t) =
1

Γ(m− α)

t∫
0

f (m)(s)

(t− s)α−m+1
ds,

где m = dαe (m ≤ α ≤ m+ 1,m ∈ Z), t > 0.
Если функции m(t), n(x, t), d(x, t) заданы, то задача нахождения неизвестной функции

U(x, t) является классической начально-краевой прямой задачей.
В работе рассматривается обратная задача, состоящая в одновременном нахождении

неизвестной функции U(x, t), а также зависящего от времени младшего коэффициента (по-
тенциала) m(t) при известных функциях n(x, t), d(x, t). В качестве дополнительной инфор-
мации дается интегральное условие

R(t) =

∫
Ω

U2(x, t)dx, 0 < t ≤ T. (2)

3. Метод решения прямой задачи

Далее для простоты рассматривается случай d = 1 и Ω = [0, γ]. Для дискретизации
уравнения (1) на сетке пространственный отрезок [0, γ] разбивается равномерноM точками
с шагом h = ∆x = γ/M . Временной отрезок [0, T ] разбивается N точками с шагом τ =
∆t = T/N . Обозначим узловые точки xi = ih, i ∈ {0, 1, ...,M} и tj = jτ, j ∈ {0, 1, ..., N}.
Значения функций в узловых точках обозначим как Ui,j = U(xi, tj).
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Для аппроксимации дробной производной Капуто воспользуемся формулой первого по-
рядка [8]

Dα
t Ui,p

∼= σα,τ

p∑
j=1

w
(α)
j (Ui,p−j+1 − Ui,p−j),

σα,τ =
1

Γ(1− α)(1− α)τα
, w

(α)
j = j1−α − (j − 1)1−α.

(3)

Применяя неявную схему к уравнению (1), получим на временном шаге p для внутренних
точек i ∈ {1, ...,M − 1} разностные уравнения

σα,τ

p∑
j=1

w
(α)
j (Ui,p−j+1 − Ui,p−j) =

Ui−1,p − 2Ui,p + Ui+1,p

h2
−mpni,pUi,p + di,p . (4)

Преобразуя, получаем

σα,τ (Ui,p − Ui,p−1) + σα,τ

p∑
j=2

w
(α)
j (Ui,p−j+1 − Ui,p−j) =

=
1

h2
Ui−1,p +

(
−mpni,p −

2

h2

)
Ui,p +

1

h2
Ui+1,p + di,p ;

или

−aUi−1,p + ci,pUi,p − bUi+1,p = σα,τ

Ui,p−1 −
p∑
j=2

w
(α)
j (Ui,p−j+1 − Ui,p−j)

+ di,p , (5)

где

a = b =
1

h2
, ci,p = σα,τ +mpni,p +

2

h2
.

Запишем разностные уравнения (5) во внутренних точках i ∈ {1, 2, ...,M − 1} в виде
системы линейных алгебраических уравнений (СЛАУ)

ApUp = Fp , (6)

где

Ap =



c1,p −b

−a c2,p −b

. . . . . . . . .

−a cM−2,p −b

−a cM−1,p


,

вектор неизвестных
Un = [U1,p, U2,p, ..., UM−1,p]

ᵀ ,
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вектор правой части
Fn = [f1,p + aU0,p, f2,p, ..., fM−2,p, fM−1,p + bUM,p]

ᵀ ,

fi,p = σα,τ

Ui,p−1 −
p∑
j=2

w
(α)
j (Ui,p−j+1 − Ui,p−j)

+ di,p.
(7)

Алгоритм численного решения начально-краевой задачи (1) сводится к решению
СЛАУ (6) с трехдиагональной матрицей на каждом последовательном временном шаге p.
В работе [14] показана безусловная устойчивость применяемой разностной схемы. Для ре-
шения системы (6) используется метод прогонки.

4. Метод решения обратной задачи

В работе [7] доказана теорема о единственности решения обратной задачи.
Теорема 1. Пусть n ≡ 1 и d ∈ C1(0, T );H2(Ω)∪H1

0 (Ω). Возьмем m, m̃ ∈ C1[0, 1] такие,
что m(t), m̃(t) ≥ 0, t ∈ [0, T ] и Um(x, t), Um̃(x, t) — решения прямой задачи (1) с заданием
коэффициентной функции m(t) и m̃(t) соответственно.

Если для t ∈ [0, T ]

‖Um(·, t)‖2L2(Ω) = R(t) = ‖Um̃(·, t)‖2L2(Ω) , (8)
то

Um = Um̃, m = m̃.

Для численного решения обратной задачи нахождения пары неизвестных функций
[U(x, t),m(t)] из уравнения (1) c дополнительным условием (2) можно сформулировать опе-
раторное уравнение

Q(m) = R(t), t ∈ [0, T ], (9)

где Q — нелинейный оператор

Q : m ∈ H2(0, T ) 7→
∫
Ω

U2(x, t;m)dx ∈ L2(0, T ).

Для решения нелинейного уравнения (9) используется итеративный метод Левенберга-
Марквардта [7, 16]:

mk+1 = mk + ∆k, (10)

где mk — приближенное решение на k-й итерации. В точке mk линеаризуем оператор Q

Q(mk+1) ' Q(mk) +Q′(mk)(m−mk)

и найдем неизвестную поправку ∆k из предположения, что mk+1 минимизирует регуляри-
зованную невязку

∆k = argmin
∆k

(∥∥∥Q′(mk)∆k − [R−Q(mk)]
∥∥∥2

L2(0,T )
+ µ

∥∥∥∆k
∥∥∥2

H2(0,T )

)
,

где µ — параметр регуляризации.
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Пусть {ξl}, l = 1, 2, ... — множество базисных функций в H2(0, T ). Тогда

mk(t) ≈ mk
L(t) =

L∑
l=1

zkl ξl(t),

где L ∈ N, zkl , l = 1, 2, 3, ..., L — коэффициенты разложения. Приближенное решение mk

можно представить как вектор zk = (zk1 , z
k
2 , ..., z

k
L) размерности L.

Тогда итеративный процесс (10) примет вид

zk+1 = zk + ∆k
z , k = 1, 2, 3, ...,

где ∆k
z находится из задачи минимизации

∆k
z = arg min

∆k
z∈RL

(
τ
∥∥∥∆k

z(B
k)∗ − (RN − SkN )

∥∥∥2

2
+ µ∆k

zG(∆k
z)

ᵀ

)
, (11)

где

Bk = {bpl}N×L, bpl =
S(tp, (z

k
1 , ..., z

k
l + δ, ..., zkL))− S(tp, z

k)

δ
,

G = {(glr)}L×L, glr = (ξl, ξr)H2(0,T ),

S(t, zk) =

∫
Ω

U2(x, t;mk
L)dx, mk

L(t) =
L∑
l=1

zkl ξl(t),

SkN =
(
S(t1, z

k), S(t2, z
k), ..., S(tN , z

k)
)
,

RN = (R(t1), R(t2), ..., R(tN )) ,

δ – шаг численного дифференцирования Q.

Задача (11) сводится к системе линейных алгебраических уравнений(
µ

τ
G+

(
Bk
)∗
Bk

)
∆k
z =

(
Bk
)∗(

RN − SkN
)
. (12)

Таким образом, алгоритм решения обратной задачи (1) о восстановлении зависимого от
времени младшего коэффициента имеет следующий вид

(1) Взять начальное приближение, например m0 = 0 (z0 = 0).
(2) Инициализировать счетчик итераций k = 0.
(3) На очередной итерации k ⇐ (k+1) решить (L+1) прямых задач (1) с подстановкой:

• m(t) = mk
L ⇐= zk,

• m(t) = mk
L ⇐=

(
zk1 , ..., z

k
l + δ, ..., zkL

)
, l = 1, 2, ..., L.

При решении каждой прямой задачи нужно на каждом последовательном времен-
ном шаге p решить СЛАУ (6) методом прогонки.
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(4) Составить и решить СЛАУ (11), найдя ∆k
z . Для этого используются градиентные

методы, например, метод бисопряженных градиентов [17].
(5) Вычислить zk+1 = zk + ∆k

z .
(6) Проверить критерий останова

∥∥RN − SkN∥∥ / ‖RN‖ ≤ ε, ε < 1. Если критерий не
выполнен, перейти к следующей итерации (вернуться на шаг 3).
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Рис. 1. Точное (сплошная линия) и приближенное (точки) решения m(t)
обратной задачи для модельного примера.

5. Параллельная реализация

Для ускорения решения задачи используются параллельные вычисления на многоядер-
ном процессоре с векторной архитектурой использовалась технология OpenMP. В рабо-
те [15] предложено использовать алгоритм параллельной прогонки для распределения ра-
боты по решению СЛАУ (6) по потокам OpenMP.

В данной работе распараллеливание осуществляется другим способом. Прямые задачи
на шаге (3) алгоритма можно решать независимо друг от друга, поэтому эти задачи рас-
пределяются по потокам OpenMP и решаются в параллельной секции. СЛАУ (11) имеет
малый размер, поэтому может решаться в последовательном режиме.

Рассмотрим применение параллельного алгоритма к численному решению обратной за-
дачи для уравнения диффузии с дробной производной по времени. Приводятся результаты
экспериментов, проведенных на процессоре Intel i9-12900K (8 P-ядер).

Рассматривается обратная задача для уравнения
∂αU(x, t)

∂tα
− ∂2U(x, t)

∂x2
+ (cos(7πt) + et + 3)U(x, t) = sin(πx) sin(4πt)e−t,

0 < α < 1, 0 ≤ x ≤ 1, 0 ≤ t ≤ 1,

(13)

с краевыми условиями
U(0, t) = 0, U(1, t) = 0,
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начальным условием
U(x, 0) = 0.

Эксперименты проводились для порядка производной α = 0.3. Использовалась сетка
размером M = 1024, N = 256, шаг численного дифференцирования δ = 0.01.

Задача решена описанным выше алгоритмом. Начальное приближение m0 = 0. Число
членов в разложении решения L = 15, параллельная программа использовала 16 потоков.
Базисные функции

{ξl} = {1,
√

2 cos(πt),
√

2 cos(2πt), ...,
√

2 cos((L− 1)πt)}, l = 1, ..., L.

Условие останова ε = 0.01. Итеративный процесс Левенберга-Марквардта потребовал 15
итераций.

Время счёта однопоточной программы составило 168 с (2.8 мин.) Время счета многопо-
точной программы составило 40 с. Погрешность решения

∥∥mk
L −m

∥∥ / ‖m‖ = 0.005.
На рис. 1 показаны точное (сплошная линия) решение m(t) = cos(7πt) + et + 3 и прибли-

женное (точки) решение mj
L(t).

6. Заключение

В данной работе построен параллельный алгоритм решения обратной задачи восстанов-
ления зависимого от времени младшего коэффициента для уравнения диффузии с дробной
производной по времени. Для решения обратной задачи используется итеративный метод
Левенберга-Марквардта. На каждой итерации метода необходимо решить набор вспомога-
тельных прямых (начально-краевых) задач. Алгоритм решения начально-краевой задачи
основан на использовании неявной конечно-разностной схемы для аппроксимации диффе-
ренциального уравнения. После дискретизации и аппроксимации задачи сводятся к реше-
нию систем линейных алгебраических уравнений, решаемых методом прогонки. Реализо-
ванный параллельный алгоритм обеспечивает ускорение в 4 раза при решении модельной
задачи на 8-ядерном процессоре.

Работа поддержана Министерством науки и высшего образования Республики Казахстан
(проект №AP09258836).
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О ЛИНЕЙНОЙ ДВУХТОЧЕЧНОЙ ОБРАТНОЙ ЗАДАЧЕ ДЛЯ
МНОГОМЕРНОГО ВОЛНОВОГО УРАВНЕНИЯ С ПОЛУНЛОКАЛЬНЫМИ
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ШОХРУХ ХУДОЙКУЛОВ1, КУРБАНИЁЗ МАМБЕТСАПАЕВ2, СИРОЖИДДИН
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Аннотация. В данной работе исследуется корректность одной линей-
ной двухточечной обратной задачи для многомерного волнового урав-
нения. Методами априорных оценок, последовательности приближений
и сжимающихся отображений доказывается однозначная разрешимость
обобщённого решения линейной двухточечной обратной задачи для мно-
гомерного волнового уравнения.

Ключевые слова: многомерное волновое уравнение, линейная двухточечная обрат-
ная задача, однозначное разрешимости обобщённого решения, методы априорных оце-
нок, последовательности приближение и сжимающихся отображение.

Предметная классификация AMS: 35M10

1. Введение и постановка задачи

В связи с существенно возросшими за последние десятилетия возможностями вычисли-
тельной техники в прикладной математике начинают находить применения сложные мате-
матические модели, учитывающие значительно большее количество физических факторов
[2, 3, 4]. В этой связи следует особо отметить, что процессы вибрации тесно связаны имен-
но с многоточечными обратными задачами для гиперболических уравнений [5, 6]. С этой
целью в данной работе с использованием результатов [5, 6] исследуется однозначная раз-
решимость некоторой линейной двухточечной обратной задаче (ЛДОЗ) для многомерного
волнового уравнения.

Пусть Ω-односвязная область в пространстве Rn с достаточно гладкой границей ∂Ω. В
области G = Ω × (0, T ) × (0, l) = Q × (0, l) ⊂ Rn+2 рассмотрим многомерное волновое
уравнение

Lu = utt −∆xu− uyy + c(x, t)u = g(x, t, y) +

2∑
i=1

hi(x, t)fi(x, t, y), (1)

где ∆xu =
n∑

m=1
uxmxm-оператор Лапласа, по переменим x, здесь c(x, t), g(x, t, y) и

fi(x, t, y), i = 1, 2 – заданные функции, h1(x, t), h2(x, t)-неизвестные функции.
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2. Линейная двухточечная обратная задача (ЛДОЗ).

Найти функции u(x, t, y), h1(x, t), h2(x, t),удовлетворяющие уравнению (1) в области G,
такие, что функция u(x, t, y) удовлетворяет следующим полунелокальным краевым услови-
ям:

γDp
t u |t=0 = Dp

t u |t=T , , (2)

u |∂Ω = 0, (3)

u |y=0 = u |y=l = 0, (4)

при p = 0, 1, где Dp
t u = ∂pu

∂tp , D
0
t u = u, γ–некоторое постоянное число, отличное от нуля,

величина которого будет уточнена ниже.
Кроме того, решение задачи (1)-(4) удовлетворяет дополнительным условиям

u(x, t, `j) = ϕj (x, t), (5)

где `j ∈ (0, `), j = 1, 2 такие, что 0 < `1 < `2 < ` < +∞, а функции u(x, t, y) и hi(x, t), i = 1, 2
принадлежат классу

U = {(u, hi, i = 1, 2); u ∈W 2
2 (G), D3

y(utt, uxx, uxt) ∈ L2(G), hi ∈W 2
2 (Q)}.

где Dp
t u = ∂pu

∂tp , D
0
t u = u, γ–некоторое постоянное числа, отличное от нуля, величина которое

будут уточнено ниже.
Введем следующие обозначения

Пусть gj(x, t) = g(x, t, `j), fi j(x, t) = fi(x, t, `j), ∀i, j = 1, 2.
Тогда через F = {fi j}2i,j=1 определим квадратную матрицу второго порядка, т.е.

F =

(
f11 f21

f12 f22

)
, а через H = detF =

∣∣∣∣f11 f21

f12 f22

∣∣∣∣ обозначим её детерменант.

Определение 1. Обобщенным решением задачи (1)-(5) будем называть функцию
u(x, t, y) ∈ U , удовлетворяющую уравнению (1) почти всюду в области G, с условиями
(2)-(5).

Пусть все коэффициенты уравнения (1) достаточно гладкие функции в области Q и пусть
выполнены следующие условия относительно коэффициентов и правых частей уравнения
(1) и заданной функции ϕj(x, t), j = 1, 2.
Условие 1:
периодичность: c(x, 0) = c(x, T ), для всех x ∈ Ω̄
нелокальные условия: γg(x, 0, y) = g(x, T, y), γfj(x, 0, y) = fj(x, T, y), j = 1, 2;

гладкость: gj(x, t) = g(x, t, `j) ∈ C0,1
x,t (Q), fij(x, t) = f(x, t, `j) ∈ C0,1

x,t (Q),

H = |detF| ≥ η > 0, f ∈W 2
2 (G), g ∈W 2

2 (G).
Условие 2:
ϕj(x, t) ∈ W 2

2 (Q), γDp
tϕj |t=0 = Dp

tϕj |t=T , p = 0, 1; ϕj |∂Ω = 0, j = 1, 2. Здесь W 2
2 (Q)-

пространство Соболева с нормой ‖u‖2
W 2,1

2 (Q)
=
∫
Q

(
u2
xx + u2

tt + u2
x + u2

t + u2
)
dxdt.

3. Однозначная разрешимость задачи (1)-(5)

Теорема 1.(Основной результат) Пусть выполнены вышеуказанные условия 1 и 2 для
коэффициентов и правых частей уравнения (1), кроме того, пусть λc− ct ≥ δ1 > 0 для всех
(x, t) ∈ Q, здесь λ = 2

T ln |γ| > 0, |γ| > 1 и пусть существует малое положительное число σ
(коэффициент неравенство Коши) такое, что δ0 − 21σ−1 ≥ δ > 0,

q ≡ M ·
2∑
i=1

∥∥(1 +D3
y)fi

∥∥
W 1

2 (G)
< 1, (где δ0 = min{λ, δ1, λ

(
π
`

)2}, M−положительное по-

стоянное число, зависящееся от σ, λ, mess(G), η−2,
∞∑
k=1

µ4k

(1+µ2k)
3 , µk = kπ

` , c2− постоян-

ное число, определяется из теоремы вложения Соболева). Тогда для любых функций
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(1 + D3
y)g ∈ W 2

2 (G); (1 + D3
y)fi ∈ W 2

2 (G), ∀i = 1, 2; таких, что существует единственное
решение задачи (1)-(5) из указанного класса U .

Для доказательства разрешимости задачи (1)-(5) сначала используем метод Фурье. А
именно, решение задачи (1)-(5) ищем в виде

u(x, t, y) =
∞∑
k=1

uk(x, t)Yk(y), (A)

где функции Yk(y) = {
√

2
` sinµky}, µk = (πk` )

2
, k = 1, 2, 3, ... являются решениями спек-

тральной задачиШтурма- Лиувилля с условиями Дирихле, Известно, что система собствен-
ных функций {Yk(y)}- полна в пространстве L2(0, `) и в нем образует ортонормированный
базис [1, 7, 10].

Для того чтобы определить неизвестные функции необходимо выполнить некоторые фор-
мальности построения.

Рассмотрим следы уравнения (1) при y = `j , j = 1, 2

Lu(x, t, `j) = utt(x, t, `j)−∆xu(x, t, `j)− uyy(x, t, `j)+
+ c(x, t)u(x, t, `j) = g(x, t, `j) + h1(x, t)f1j(x, t) + h2(x, t)f1j(x, t); j = 1, 2.

(6)

Теперь, учитывая условие (5) и то, что H = |detF| ≥ η > 0, определим формально неиз-
вестные функции hj(x, t), j = 1, 2 в виде
h1(x, t) = 1

H [Φ1(x, t)f22(x, t)− Φ2(x, t)f21(x, t)],

h2(x, t) = 1
H [Φ2(x, t)f11(x, t)− Φ1(x, t)f12(x, t)], здесь

Φj(x, t) = ϕjtt(x, t)−∆xϕj(x, t) + c(x, t)ϕj(x, t)− gj(x, t) +
∞∑
k=1

µ2
kuk(x, t) sinµk`j =

= L0ϕj − gj(x, t) +
∞∑
k=1

µ2
kuk(x, t) sinµk`j , j = 1, 2.

где функция uk(x, t) определяется в области Q = Ω×(0, T ) как решение следующий системы
нагруженных волновых уравнений:

Luk = uktt −∆xuk + (c+ µ2
k)uk = gk+

+
f1k

H
[f22(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)− f21(L0ϕ2 − g2 +

∞∑
m=1

µ2
mum sinµm`2)]+

+
f2k

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mum sinµm`2)− f12(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)]

(7)

с полунелокальными краевыми условиями

γDp
t uk |t=0 = Dp

t uk |t=T , p = 0, 1; (8)

uk |∂Ω = 0, (9)

где f1(x, t, y) =
∞∑
k=1

f1k(x, t) sinµky, f1(x, t, `1) = f11(x, t) =
∞∑
k=1

f1k(x, t) sinµk`1,

f2(x, t, y) =
∞∑
k=1

f2k(x, t) sinµky, f2(x, t, `1) = f21(x, t) =
∞∑
k=1

f2k(x, t) sinµk`1,

fik =
√

2
`

∫̀
0

fi sinµkydy,∀i = 1, 2; gk =
√

2
`

∫̀
0

g sinµkydy, k = 1, 2, 3, ...

Доказательство. Докажем теорему 1 поэтапно. Сначала покажем, что, функция
u(x, t, y) при любом j = 1, 2 удовлетворяет условию (5), т.е. u|y=`j

= u(x, t, `j) = ϕj(x, t).
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Докажем выполнение этих условие, с помощью обратных предположений. Пусть суще-
ствует функция ϑj(x, t), u|y=`j

= ϑj(x, t) 6= ϕj(x, t), то есть

u|y=`j =
∞∑
k=0

uk(x, t) sinµk`j = ϑj(x, t) 6= ϕj(x, t),

Тогда для функции zj(x, t) = ϑj(x, t) − ϕj(x, t) в области Q, учитывая условия (8)-(9),
умножая уравнение (7) на sinµk`j и суммируя по k от 1 до ∞, получим следующие нагру-
женные уравнения

∞∑
k=1

Luk sinµk`j =
∞∑
k=1

uktt sinµk`j −
∞∑
k=1

∆xuk sinµk`j +
∞∑
k=1

(+µ2
k)uk sinµk`j

=
∞∑
k=1

gk sinµk`j +

∞∑
k=1

f1k sinµk`j

H
[Φ1f22 − Φ2f21] +

∞∑
k=1

f2k sinµk`j

H
[Φ2f11 − Φ1f12]

=
∞∑
k=1

gk sinµk`j +

∞∑
k=1

f1k sinµk`j

H
[f22(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)− f21(L0ϕ2 − g2

+
∞∑
m=1

µ2
mum sinµm`2)] +

∞∑
k=1

f2k sinµk`j

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mum sinµm`2)

− f12(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)] = gj +

f1j

H
[f22(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)

− f21(L0ϕ2 − g2 +
∞∑
m=1

µ2
mum sinµm`2)] +

f2j

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mum sinµm`2)

− f12(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)].

(10)

Чтобы легче было бы разобраться в формуле (10), каждые случай рассмотрим отдельно.
Сначало рассмотрим случай j = 1. Тогда из формулы (10) получим

ϑ1tt −∆xϑ1 + ϑ1 +

∞∑
k=1

µ2
kuk sinµk`1 = g1+

+
f11

H
[f22(L0ϕ1 − g1 +

∞∑
k=1

µ2
kuk sinµk`1)− f21(L0ϕ2 − g2 +

∞∑
k=1

µ2
kuk sinµk`2)]+

+
f21

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mum sinµm`2)− f12(L0ϕ1 − g1 +

∞∑
m=1

µ2
mum sinµm`1)] =

= g1 +
L0ϕ1 − g1

H
[f11f22 − f12f21] +

∞∑
k=1

µ2
kuk sinµk`1

H
[f11f22 − f12f21] +

L0ϕ2 − g2

H
[f21f11 − f21f11] +

∞∑
k=1

µ2
kuk sinµk`2

H
[f21f11 − f21f11] =

= g1 + L0ϕ1 − g1 +

∞∑
k=1

µ2
kuk sinµk`1 = L0ϕ1 +

∞∑
k=1

µ2
kuk sinµk`1.

(11)
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Тогда из формул (7)-(11) для функции z1(x, t) = ϑ1(x, t)−ϕ1(x, t)⇒ ϑ1 = z1 +ϕ1 в области
Q получим следующее тождество

L0(z1 + ϕ1) +
∞∑
k=1

µ2
kuk sinµk`1 = L0ϕ1 +

∞∑
k=1

µ2
kuk sinµk`1. (12)

Отсюда, получим следующую задачу

L0z1 = z1 tt − z1xx + z1 = 0 (13)

γDp
t z1|t=0 = Dp

t z1|t=T , p = 0, 1; (14)
z1 |∂Ω = 0, (15)

Теперь докажем единственность решения задачи (13)-(15) методом интегралов энергии
[5, 6]. Для этого рассммотрим тождество 2(L0z1, e

−λtz1 t) = 0 и интегрируя по частям тож-
дество (13), с учетам условий теоремы 1 и краевых условий (14), (15) при |γ| > 1, получим
неравенство ‖zj‖W 1

2 (Q) ≤ 0, откуда следует z1(x, t) = 0.

Значит, задача (13)-(15) имеет единственное решение т.е. ϑ1(x, t) ≡ ϕ1(x, t). Отсюда по-
лучим, что задача (1)-(4) удовлетворяет условию (5), при j = 1, т.е. u(x, t, `1) = ϕ1(x, t).
Аналогично доказывается u(x, t, `2) = ϕ2(x, t) в случай, когда j = 2.

Теперь докажем разрешимость задачи (7)-(9) методами априорных оценок и последова-
тельных приближений [4]-[6], а именно в области Q рассмотрим семейство нагруженных
волновых уравнений

Lu
(l)
k = u

(l)
k t t −∆xu

(l)
k + (c+ µ2

k)u
(l)
k = gk+

+
f1k

H
[f22(L0ϕ1 − g1 +

∞∑
m=1

µ2
mu

(l−1)
m sinµm`1)− f21(L0ϕ2 − g2 +

∞∑
m=1

µ2
mu

(l−1)
m sinµm`2)]

+
f2k

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mu

(l−1)
m sinµm`2)− f12(L0ϕ1 − g1 +

∞∑
m=1

µ2
mu

(l−1)
m um sinµm`1)]

= Fk(u
(l−1)
k )

(16)
γDp

t u
(l)
k |t=0 = Dp

t u
(l)
k |t=T , p = 0, 1; (17)

u
(l)
k |∂Ω = 0, (18)

В далнейшем для доказательства однозначной разрешимости задачи (16)-(18) нам необхо-
димы следующие обозначения и леммы. Определим пространство вектор-функцийWi(Q) =
{ϑk|ϑk ∈W i

2(Q), k = 1, 2, ...}, где i = 0, 1, 2 с конечной нормой

〈ϑk〉2i =
∞∑
k=1

(1 + µ2
k)

3 ‖ϑk‖2W i
2(Q) , i = 0, 1, 2; W 0

2 (Q) = L2(Q), (19)

Очевидно, что пространство Wi(Q) с определённой нормой (19) является гильбертовым
пространством [5]-[9]. Из определения пространств W i

2(Q), i = 0, 1, 2 следует
W2(Q) ⊂ W1(Q) ⊂ W0(Q). Через W (Q) ниже будем обозначать класс вектор-функций
{ϑk(x, t)}∞k=1 таких, что {ϑk(x, t)}∞k=1 ∈W2(Q), удовлетворяющих соответствующим услови-
ям (17), (18).

Определение 2. Решением задачи (16)-(18) будем называть вектор-функцию
{ϑk(x, t)}∞k=1 ∈W (Q), удовлетворяющую уравнению (16).

Лемма 1. Пусть выполнены все условия теоремы, тогда для решения задачи (16)-(18)
справедливы следующие оценки:

(I).
〈
u

(l)
k

〉2

1
≤ const(k̂, l̂) < +∞,

(II).
〈
u

(l)
k

〉2

2
≤ const(k̂, l̂) < +∞.
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Символом const(k̂, l̂)здесь и далее обозначим постоянную, не зависящую от параметров
k, l.

Доказательство леммы 1:
Рассмотрим тождество

2(Lu
(l)
k , e

−λtu
(l)
kt )0

= 2(Fk(u
(l−1)
k ), e−λtu

(l)
kt )0

, (20)

где постоянную λ > 0 выберем позже.
Учитывая условия теоремы 1, интегрируя по частям тождество (20) и применяя нера-

венства Коши с σ [7, 8], легко получить снизу следующее неравенство

2

∫
Q

Lu
(l)
k · e

−λt · u(l)
kt dxdt ≥

∫
Q

e−λt{λ · u2(l)
kt + λ · u2(l)

kx +(λc− ct + λµ2
k) · u

2(l)
k }dxdt−

−
∫
∂Q

e−λt{u2(l)
kt et − 2u

(l)
kt u

(l)
kxex + u

2(l)
kx et + (c+ µ2

k)u
2(l)
k et}ds,

(21)

где u2
x

=
n∑

m=1
u2
xm ; −→e = (ex = (−→e , x); et = (−→e , t))- единичный вектор внутренней нормали

к границе ∂Q. Условия теоремы 1 обеспечивают не отрицательность интеграла по области
Q. Учитывая полунелокальные краевые условия (17), (18) и условия теоремы 1, с выбором
γ2 = eλT , получим обращение граничных интегралов в нуль. Таким образом, из неравенства
(21) получаем снизу следующее неравенство

2

∫
Q

Lu
(l)
k · e

−λt · u(l)
kt dxdt ≥

∫
Q

e−λt{λ · u2(l)
kt + λ · u2(l)

kx +(δ1 + λ
(π
`

)2
) · u2(l)

k }dxdt ≥ δ0

∥∥∥u(l)
k

∥∥∥2

1
,

(22)
где δ0 = min{λ, δ1, λ

(
π
`

)2}, λc− ct ≥ δ1 > 0.
Применяя неравенство Коши с σ к тождеству (20), сверху получим∣∣∣2(F (u

(l−1)
k ), e−λtu

(l)
kt )0

∣∣∣ ≤ ∣∣∣∣∣2
(
gk +

f1k

H
[f22(L0ϕ1 − g1 +

∞∑
m=1

µ2
mu

(l−1)
m sinµm`1)−

− f21(L0ϕ2 − g2 +
∞∑
m=1

µ2
mu

(l−1)
m sinµm`2)] +

f2k

H
[f11(L0ϕ2 − g2 +

∞∑
m=1

µ2
mu

(l−1)
m sinµm`2)

−f12(L0ϕ1 − g1 +
∞∑
m=1

µ2
mu

(l−1)
m um sinµm`1)], e−λtu

(l)
kt

)
0

∣∣∣∣∣ ≤ 9σ−1
∥∥∥u(l)

k

∥∥∥2

1
+

+ σ

‖gk‖20 + 2η−2F

2∑
i,j=1

(
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
‖fik‖2C(Q)

+

+ 2c1η
−2σF

2∑
i=1

‖fik‖2C(Q)

∞∑
m=1

(
1 + µ2

m

)3 ∥∥∥u(l−1)
m

∥∥∥2

1

(23)

где, T0 = max{1, ‖c‖C(Q)}, F = max{‖f11‖2C(Q) , ‖f12‖2C(Q) , ‖f21‖2C(Q) , ‖f22‖2C(Q)}.
Объединяя неравенства (22) и (23), получим

(δ0 − 9σ−1)
∥∥∥u(l)

k

∥∥∥2

1
≤ σ

‖gk‖20 + 2η−2F

2∑
i,j=1

(
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
‖fik‖2C(Q)

+

+ 2c1η
−2σF

2∑
i=1

‖fik‖2C(Q)

∞∑
m=1

(
1 + µ2

m

)3 ∥∥∥u(l−1)
m

∥∥∥2

1

(24)
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Применяя теорему вложения Соболева ‖fik‖2C(Q) ≤ c2 ‖fik‖2W 2
2 (Q) [7, 9] из неравенства (24),

получим

(δ0 − 9σ−1)
∥∥∥u(l)

k

∥∥∥2

1
≤ σ

‖gk‖20 + 2c2η
−2F

2∑
i,j=1

(
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
‖fik‖2W 2

2 (Q)

+

+ 2c1c2η
−2σF

2∑
i=1

‖fik‖2W 2
2 (Q)

∞∑
m=1

(
1 + µ2

m

)3 ∥∥∥u(l−1)
m

∥∥∥2

1

(25)

Учитывая условие теоремы δ0 − 9σ−1 > δ0 − 21σ−1 ≥ δ > 0, разделяя неравенства (25) на
δ, умножая неравенства (25) на

(
1 + µ2

m

)3 и суммируя по k от 1 до ∞, получим первую
рекуррентную формулу

〈
u

(l)
k

〉2

1
≤ σδ−1

〈gk〉20 + 2c2η
−2F

2∑
i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

)+

+ 2c1c2η
−2σδ−1F

2∑
i=1

〈fik〉22
〈
u(l−1)
m

〉2

1

(26)

где c1 =
∞∑
k=1

µ4k

(1+µ2k)
3 , c2− коэфициент вложения Соболева.

Введем обозначение σδ−1

[
〈gk〉20 + 2c2η

−2F
2∑

i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

)]
≡ A,

учитывая условия теоремы 1, что 2c1c2η
−2σδ−1F

2∑
i=1
〈fik〉22 < q = M

2∑
i=1
〈fik〉22 < 1, из рекур-

рентной формулы (26) получим справедливость оценки I), т.е получаем первую оценку. Дей-
ствительно, для этого в качестве начального приближения возьмем функцию {u(−1)

k } ≡ {0}.
Тогда для нулевого приближения имеем

〈
u

(0)
k

〉2

1
≤ σδ−1

〈gk〉20 + 2c2η
−2F

2∑
i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

) ≡ A
Продолжая этот процесс, методом индукции получим первую априорную оценку для

любой функции u(l)
k , ∀l ≥ 1.

〈
u

(l)
k

〉2

1
≤ A ·

l∑
s=0

qs ≤ A

1− q

Теперь докажем справедливость второй оценки II). Для этого рассмотрим тождество

−2

∫
Q

e−λtLu
(l)
k · Pu

(l)
k dxdt = −2

∫
Q

e−λtFk(u
(l−1)
k ) · Pu(l)

k dxdt. (27)

где Pu(l)
k = (u

(l)
kttt + ∆xu

(l)
kt − λu

(l)
tt ).
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Рассуждая аналогично доказательству оценки I), основанному на интегрировании по ча-
стям (27), с учетом условий теоремы и полунелокальных краевых условий (17), (18), при-
ходим к оценке снизу∣∣∣∣∣∣∣−2

∫
Q

e−λtL(u
(l)
k ) · Pu(l)

k dxdt

∣∣∣∣∣∣∣ ≥
∫
Q

(
λu

2(l)
ktt + λ∆xu

2(l)
k + 2λu

2(l)
kxt

)
dQ−

− 3σ−1

∫
Q

(
u

2(l)
ktt + ∆xu

2(l)
k + u

2(l)
kxt

)
dQ+ 2λµ2

k

∫
Q

e−λtu
2(l)
kt dQ+

+ 2λµ2
k

∫
Q

e−λtu
2(l)
kx dQ− σ ‖c‖

2
C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
− σλ2 ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
+

+ 2

∫
∂Q

e−λt[u
2(l)
ktt et + u

(l)
kttu

(l)
xt ex + u

2(l)
kxtet + ∆xu

(l)
k u

(l)
kttet + u

(l)
kttu

(l)
kxtex + u

2(l)
kxtet+

+ ∆xu
2(l)
k et + cu

(l)
k ∆xu

(l)
k et − µ

2
ku

(l)
k u

(l)
kxtet]ds ≥

∫
Q

(
λu

2(l)
ktt + λ∆xu

2(l)
k + 2λu

2(l)
kxt

)
dQ−

− 3σ−1

∫
Q

(
u

2(l)
ktt + ∆xu

2(l)
k + u

2(l)
kxt

)
dQ+ 2λ

(π
`

)2
∫
Q

e−λtu
2(l)
kt dQ+

+ 2λ
(π
`

)2
∫
Q

e−λtu
2(l)
kx dQ− σ ‖c‖

2
C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
− σλ2 ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
≥ δ0

∥∥∥u(l)
k

∥∥∥2

2
−

− 3σ−1
∥∥∥u(l)

k

∥∥∥2

2
− σ ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
− σλ2 ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1

(28)

Условия теоремы 1 обеспечивают не отрицательность интеграла по области Q. Учитывая
полунелокальные краевые условия (17), (18) и условия теоремы 1, с выбором γ2 = eλT ,
получим обращение граничных интегралов в нуль. Таким образом, из неравенства (28)
получаем снизу следующее неравенство∣∣∣∣∣∣∣−2

∫
Q

e−λtF (u
(l−1)
k ) · Pu(l)

k dxdt

∣∣∣∣∣∣∣ ≥ δ0

∥∥∥u(l)
k

∥∥∥2

2
− 3σ−1

∥∥∥u(l)
k

∥∥∥2

2
−

− σ ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
− σλ2 ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
.

(29)

Теперь применяя неравенства Коши с σ к тождеству (27), получим сверху следующее нера-
венство ∣∣∣∣∣∣∣−2

∫
Q

e−λtF (u
(l−1)
k ) · Pu(l)

k dxdt

∣∣∣∣∣∣∣ ≤ 18σ−1
∥∥∥u(l)

k

∥∥∥2

2
+ σ(1 + λ2) ‖gk‖21 +

+
4σ(1 + λ2)

η2
F

2∑
i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) ‖fik‖21+

+
4σ(1 + λ2)c1

η2
F

2∑
i,j=1

‖fik‖2C(Q)

∞∑
m=1

(1 + µ2
m)

3
∥∥∥u(l−1)

m

∥∥∥2

2

(30)
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Объединяя неравенства (29) и (30), получим

(δ0 − 21σ−1)
∥∥∥u(l)

k

∥∥∥2

2
≤ σ(1 + λ2) ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
+ σ(1 + λ2) ‖gk‖21 +

+ 4ση−2(1 + λ2)F
2∑

i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) ‖fik‖21+

+ 4ση−2c1(1 + λ2)F

2∑
i,j=1

‖fik‖2C(Q)

∞∑
m=1

(1 + µ2
m)

3
∥∥∥u(l−1)

m

∥∥∥2

2

(31)

Учитывая теорему вложения Соболева ‖f‖2C(Q) ≤ c2 ‖f‖2W 2
2 (Q) из неравенства (31), получим

(δ0 − 21σ−1)
∥∥∥u(l)

k

∥∥∥2

2
≤ 2σ2δ−1(1 + λ2) ‖c‖2C1(Q)

∥∥∥u(l)
k

∥∥∥2

1
+

+ σ(1 + λ2) ‖gk‖21 + 4ση−2(1 + λ2)F
2∑

i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) ‖fik‖21+

+ 4ση−2(1 + λ2)c1c2F

2∑
i,j=1

‖fik‖22
∞∑
m=1

(1 + µ2
m)

3
∥∥∥u(l−1)

m

∥∥∥2

2

(32)

Разделяя неравенства (32) на δ0− 21σ ≥ δ > 0, умножая на (1 + µ2
m)

3 и суммируя по k от 1
до ∞, получим вторую рекуррентную формулу

〈
u

(l)
k

〉2

2
≤ 2σδ−2(1 + λ2) ‖c‖2C1(Q)

〈gk〉20 + 2c2η
−2F

2∑
i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

)+

+σδ−1(1 + λ2)

〈gk〉21 + 4η−2F

2∑
i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) 〈fik〉21

+ (33)

+4(1 + λ2)c1c2σδ
−1η−2F

2∑
i,j=1

〈fik〉22
〈
u

(l−1)
k

〉2

2

Введем обозначение

2σ2δ−2(1 + λ2) ‖c‖2C1(Q)

〈gk〉20 + 2c2η
−2F

2∑
i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

)+

+ σδ−1(1 + λ2)

〈gk〉21 + 4η−2F

2∑
i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) 〈fik〉21

 ≡ A1,

учитывая условия теорема 1, что 4(1 + λ2)c1c2σδ
−1η−2F

2∑
i,j=1
〈fik〉22

〈
u

(l−1)
k

〉2

2
≤ q < 1, из

рекуррентной формулы (33) получим справедливость оценки II), взяв для этого в качестве
начального приближения функцию {u(−1)

k } ≡ {0}. В результате, для нулевого приближения
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получим〈
u

(0)
k

〉2

2
≤ 2σ2δ−2(1 + λ2) ‖c‖2C1(Q)

〈gk〉20 + 2c2η
−2F

2∑
i,j=1

((
T0 ‖ϕj‖2W 2

2 (Q) + ‖gj‖20
)
〈fik〉22

)+

+ σδ−1(1 + λ2)

〈gk〉21 + 4η−2F

2∑
i,j=1

(T0 ‖ϕj‖2W 2
2 (Q) + ‖gj‖20) 〈fik〉21

 ≡ A1

Продолжая этот процесс, методом индукции получим вторую априорную оценку для любой
функции u(l)

k , ∀l ≥ 1 〈
u

(l)
k

〉2

2
≤ A1 ·

l∑
s=1

qs ≤ A1

1− q

Отсюда, как и при доказательстве оценки I), легко получается оценка II). Лемма 1 дока-
зана.

Введем теперь новую функцию из W (Q) по формуле ϑ(l)
k = u

(l)
k −u

(l−1)
k ; ∀l = N ∪{0}, k =

1, 2, ... {u(−1)
k } ≡ {0}. Тогда для нее справедлива следующая

Лемма 2. Пусть выполнены все условия теоремы 1 и леммы 1. Тогда для функций
{ϑ(l)

k } ∈W (Q) справедливы следущие оценки:

(III).
〈
ϑ

(l)
k

〉2

1
≤ A · q(l),

(IV ).
〈
ϑ

(l)
k

〉2

2
≤ A1 · q(l)

Доказательство леммы 2:
Из (16)-(18) для функции {ϑ(l)

k } ∈W (Q) получим следующую задачу,

Lϑ
(l)
k = ϑ

(l)
ktt −∆xϑ

(l)
k + (c+ µ2

k)ϑ
(l)
k =

=
f1k

H
[f22

∞∑
m=1

µ2
mϑ

(l−1)
m sinµm`1 − f21

∞∑
m=1

µ2
mϑ

(l−1)
m sinµm`2]+

f2k

H
[f11

∞∑
m=1

µ2
mϑ

(l−1)
m sinµm`2 − f12

∞∑
m=1

µ2
mϑ

(l−1)
m sinµm`1] = Fk(ϑ

(l−1)
k )

(34)

с полунелокальными краевыми условиями

γDp
t ϑ

(l)
k |t=0 = Dp

t ϑ
(l)
k |t=T , p = 0, 1; (35)

ϑ
(l)
k |∂Ω = 0, (36)

где l = 0, 1, 2, ...
Следовательно, как и при доказательстве леммы 1, для функции

{ϑ(l)
k } = {u(l)

k } − {u
(l−1)
k } ∈W (Q) получим третью рекуррентную формулу〈

ϑ
(l)
k

〉2

1
≤ q

〈
ϑ

(l−1)
k

〉2

1
, (37)

Повторяя рассуждения, при доказательства леммы 1, из (37) получим априорную оценку
III). Аналогично доказывается оценка IV). Лемма 2 доказана.

Теорема 2. Пусть выполнены все условия теоремы 1. Тогда задача (16)-(18) одназначно
разрешима в W (Q).

Доказательство. Определим в пространстве W (Q) отображение
u

(l)
k = L−1F (u

(l−1)
k ) = Fu(l−1)

k .
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1. Покажем, что оператор F отображает пространства W (Q) в себя. Пусть{
u

(l−1)
k

}
∈W (Q), тогда для решения задачи (16)-(18), справедлива утверждение леммы-1,

т.е. справедлива оценка II). Отсюда следует, что для любых l = 1, 2, 3... получим{
u

(l)
k

}
∈W (Q).

Таким образом F : W (Q )→W (Q).

2. Покажем, что F-сжимающий оператор. Пусть
{
u

(l)
k

}
,
{
u

(l−1)
k

}
∈ W (Q). Рассмотрим

новую функцию
{
ϑ

(l)
k

}
=
{
u

(l)
k

}
−
{
u

(l−1)
k

}
, для нее справедливо утверждение леммы-2,

т.е. справедлива оценка IV): ∥∥∥∣∣∣ϑ(l)
k

∣∣∣∥∥∥2

2
=
〈
ϑ

(l)
k

〉2

2
≤ A1 · q(l) (38)

Теперь установим фундаментальность последовательности
{
u

(l)
k

}
∈W (Q).

Из неравенства треугольника и оценок (38), получим∥∥∥∣∣∣u(l+p+1)
k − u(l)

k

∣∣∣∥∥∥2

2
≤
∥∥∥∣∣∣u(l+p+1)

k − u(l+p)
k

∣∣∣∥∥∥2

2
+
∥∥∥∣∣∣u(l+p)

k − u(l+p−1)
k

∣∣∣∥∥∥2

2
+ ...+

∥∥∥∣∣∣u(l+1)
k − u(l)

k

∣∣∣∥∥∥2

2
≤

≤ A1(q(l+p+1) + q(l+p) + ...+ q(l)) = A1q
(l)(1 + q + ...+ q(p+1)) ≤ A1q

(l)

1− q
.

Отсюда вытекает фундаментальность последовательность
{
u

(l)
k

}
.

Таким образом F-сжимающийся оператор по известному принципу сжимающих отобра-
жений, задача (16)-(18) имеет единственное решение, принадлежащее пространству W (Q),

при ε > 0. При этом имеем u
(l)
k → uk при l→∞ и uk(x, t) является единственным решением

задачи (7)-(9) при фиксированном k [6, 10].
Из принципа сжимающих отображений заключаем, что задача (7)-(9) имеет единственное

решение из W (Q). теорема 2 доказана
Применяя к функциям {uk} ∈W (Q) равенство Парсеваля – Стеклова получим утверже-

ние теоремы, то есть u(x, t, y) ∈ U [7, 10]. теорема 1 доказана
Замечание. Для уравнения (1) аналогично изучаются Л.Д.О.З. с условием Коши, то есть

в этом случае вместо условия (2) предлагается условие Коши u |t=0 = u0(x), ut |t=0 = u1(x).
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Abstract. In the present work, we discuss the l-catch problem in a nonlinear differential game
with two objects, a Pursuer and an Evader, whose movements occur in a dynamic flow field with
various influences in space Rn. Geometric constraints are imposed on controls of the objects.
In order for the problem to be solved, a convergence (approach) strategy, which is constructed
depending on Krasovskii-Pontryagin’s formalization and Pshenichnyi-Chikrii’s method of the
resolving functions, is proposed for the Pursuer, and a sufficient conditions for solvability of the
l-catch are obtained.
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1. Introduction

The history of differential games dates back to the mid-20th century and is closely tied to
the fields of mathematics, control theory, and game theory. It emerged as a branch of applied
mathematics that deals with the study of competitive interactions involving dynamic systems.
This theory was studied systematically by R.Isaacs and published in the form of monographs
in 1965 [1], in which numerous examples were examined and theoretical questions were only
touched upon. Isaacs’ work focused on studying dynamic situations where the actions of multiple
players, each controlling a dynamic system described by differential equations, interacted in a
competitive setting. The players’ objectives were usually antagonistic, and the goal was to find
strategies that would optimize each player’s position while considering the actions of the others.
The foundation of the modern theory of the Differential Game was settled mathematicians R.
Isaacs [1], L.D. Bercovitz [8], W.H Fleming [9], A. Friedman [10], Y. Ho, A. Bryson, S. Baron
[2], L.S. Pontryagin [3], N.N Krasovskii [4], L.A. Petrosjan [6], B.N. Pshenichnii [11].

According to the fundamental approaches in the theory of differential games developed by L.S.
Pontryagin [3] and N.N. Krasovskii [4], a differential game is considered as a control problem
from the point of view of either the pursuer or the evader. According to this view, the game
reduces to either pursuit (convergence) problem or to evasion (escape) problem.

The problem for the case of l-approach [14] was first studied by Indian mathematician
Ramchundra. Analogous effects in the case of geometrical constraint were considered in the
works of N.N. Krasovsky [4], B.N.Pshenichnyi, A.A.Chikrii and I.S.Rappoport [12], Chikrii [13]
L.A.Petrosjan [6], N.Yu.Satimov [18], A.Azamov and B.T.Samatov [20], B.K.Khaidarov [33],
G.I.Ibragimov and B.B.Rikhsiev [21], P.B. Gusyatnikov and E.Z. Mokhonko [28], B.N. Sokolov
[29].

This work was partially supported by B.Samatov.
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In Satimov’s works, l-capture problems for differential games with inertial and noninertial
objects under integral and geometric constraints on controls was studied. l-capture and evasion
problem for simple motion, The ”Boy and crocodile” problem and The ”Hunter and crocodile”
problem can be such examples [18]. Samatov solved the problem of group pursuit for the case
of l-catch in simple motion of the players, which integral constraints are imposed on controls,
on the basis of Chikrii’s method of resolving functions [25]. In [27], Samatov and et.al. studied
the problem of Ramchundra for a problem of l-capture with geometrical constraint. They con-
structed a strategy depending only the constraint for approaching the ship to the boat. In the
work of Petrosyan and Dutkevich [7], the l-capture problem have been considered for the players
moving at the limited velocities by the coordinates on the plane and also, a lifeline game was
solved by geometrical method. The work [30] generalizes the result of B.N.Pshenichnyi to the
case of l-capture.

Some optimal control problem formulations have taken into account the effect of an external
flow field. For example, in [5], the authors considered the problem of optimal guidance of a
Dubin’s vehicle [15] to a specified position under the influence of an external flow. The minimum-
time guidance problem for an isotropic rocket in the presence of wind has been studied in [8]. The
problem of minimizing the expected time to steer a Dubin’s vehicle to a target set in a stochastic
wind field has also been discussed in [16]. However, the same level of attention in the literature
has not been devoted to pursuit-evasion games with two (or more) competing agents under the
influence of external disturbances (e.g. winds or currents). In paper [22]–[24], a multi pursuer
and one-evader for pursuit evasion game in an external dynamic flow field is considered. Due
to the generality of the external flow, Isaacs’s approach is not readily applicable [1]. Instead, in
[23], a different approach is used and the optimal trajectories of the players through a reachable
set method is found.

In the present work, we discuss the l-catch problem in a nonlinear differential game with
two objects, a Pursuer and an Evader, whose movements occur in a dynamic flow field with
various influences in space Rn. Geometric constraints are imposed on controls of the objects.
In order for the problem to be solved, a convergence (approach) strategy, which is constructed
depending on Krasovskii-Pontryagin’s formalization and Pshenichnyi-Chikrii’s method of the
resolving functions, is proposed for the Pursuer, and a sufficient conditions for solvability of the
l-catch are obtained.

2. Statement of problems

Suppose that in Rn, a controlled object P called the Pursuer, chases another object E called
the Evader. Denote the position of the Pursuer by x and denote the position of the Evader by
y in Rn. Let the objects move in accordance with the equations

ẋ = u+ f(t, x), x(0) = x0, (1)

ẏ = v + g(t, y), y(0) = y0, (2)

respectively, where x, y, u, v ∈ Rn, n ≥ 2, t ∈ R+ := [0,+∞).
f : R+ × Rn → Rn (g : R+ ×Rn → Rn) is an effective flow field for the Pursuer (for the

Evader) and they may describe the exogenous dynamic flows; x0, y0 are the initial locations of
the players, respectively that is |x0 − y0| > l, l > 0. The functions f(t, x), g(t, y) may describe
the exogenous dynamic flows, however, they could express the endogenous drift on account of
the nonlinear dynamics of the players [19], [26], [31], [32].

In equation (1), the control parameter u serves as the control of the Pursuer and it is chosen
as a measurable function u(·) : R+ → Rn satisfying the following inequality

|u(t)| ≤ ρ for almost every t ≥ 0, (3)

where ρ is a given nonnegative number.
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Similarly, in equation (2), the control parameter v function as the control of the Evader and
it is chosen as a measurable function v(·) : R+ → Rn satisfying the following inequality

|v(t)| ≤ σ for almost every t ≥ 0, (4)

where σ is a given nonnegative number.
In the Theory of Differential Games, the inequalities (3), (4) are usually called the geometric

constraints (briefly, G-constraints) for controls. A measurable function u(·) = (u1(·), ..., un(·)) is
said to be an admissible control of P and we denote a class of all such controls, which satisfy the
constraint (3) by UG. A measurable function v(·) = (v1(·), ..., vn(·)) is called to be an admissible
control of E and we denote a class of all such controls, which satisfy the constraint (4) by VG.

Note that the pair (UG, VG) of the introduced classes defines a differential game.
Assumption 1. (Caratheodory’s conditions) Let the functions f(t, x) and g(t, y) be defined

on the domain D := R+ ×Rn and satisfy the following three conditions respectively: 1) f(t, x)
and g(t, y) are continuous in x and y for each fixed t; 2) f(t, x) and g(t, y) are measurable
functions in t for each fixed x and y; 3) for each compact set Q of D, there can be found Lebesgue-
integrable functions hP (·) : R+ → R+ and hE(·) : R+ → R+ such that |f(t, x)| ≤ hP (t) and
|g(t, y)| ≤ hE(t) for all (t, x), (t, y) ∈ Q.

In equations (1) and (2), the functions f(t, x) and g(t, y) represent the exogenous dynamic
flows, but they could also represent the endogenous drift owing to the nonlinear dynamics of the
objects. It is reasonable to assume that the magnitude of these flows (e.g. winds or currents) is
bounded from above by some functions hP (t) and hE(t) in the third condition of Assumption 1.

Assumption 2. (Lipshitz’s condition) For each compact sets QP and QE of D, there exist
Lebesgue-integrable functions kP (·) : R+ → R+ and kE(·) : R+ → R+ that

|f(t, x1)− f(t, x2)| ≤ kP (t)|x1 − x2|, (5)

|g(t, y1)− g(t, y2)| ≤ kE(t)|y1 − y2| (6)

for all (t, x1), (t, x2) ∈ QP and (t, y1), (t, y2) ∈ QE .
For admissible control functions u(·) ∈ UG, v(·) ∈ VG the Caratheodory differential equations

ẋ = u(t) + f(t, x(t)), x(0) = x0,

ẏ = v(t) + g(t, y(t)), y(0) = y0

generate unique trajectories x(t) = x(t;x0, u(·)) and y(t) = y(t; y0, v(·)) respectively. Here x(t)
is termed the trajectory of the Pursuer, and y(t) is termed that of the Evader.

The main objective of the Pursuer is to approach the Evader at a distance l > 0 (l-catch
problem [10], [13], [17]), that is, to reach the inequality

|x(τ)− y(τ)| ≤ l

for some τ > 0. While the Evader strives to guarantee the relation

|x(t)− y(t)| > l

for all t ≥ 0, and if it is impossible, to prolong the moment τ as far as possible.
Obviously, for the object P, control functions depending only on the time t ≥ 0 are not

sufficient to solve the l-catch problem and the acceptable types of controls should be strategies.
Definition 1. A map u(t, x, y, v) : Rn \ lS ×VG → UG is said to be a strategy of Pursuer P

if:
1o. u(t, x, y, v) ∈ UG for an arbitrary v(·) ∈ VG and for each t ≥ 0;
2o. If, for arbitrary v1(·), v2(·) ∈ VG and for every t, t ≥ 0, the relation v1(ε) = v2(ε) is

valid almost everywhere on [0, t], then u[ε, x(ε), y(ε), v1(ε)] = u[ε, x(ε), y(ε), v2(ε)] holds almost
everywhere on [0, t], where S = {s ∈ Rn : |s| ≤ 1}.
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3. The main result

In this section, we propose an approach strategy for the Pursuer and give a solution for the
l -catch problem.

First of all, let’s introduce the denotations

z(t) = x(t)− y(t), z(0) = z0, z0 = x0 − y0. (7)

and the functions

ω = ω(t, x, y, v) = v + g(t, y)− f(t, x). (8)

For the object P, only alone program strategies, which is admissible controls depending only on
time t, are not enough to achieve its objective. Thus, we will define an approach strategy for the
Pursuer P according to Krasovskii-Pontryagin’s formalization [3, 4] and Pshenichnyi-Chikrii’s
method of the resolving functions [11, 13]. It will turn on the form of dependence only on the
current positions of the function ω(t), t ≥ 0 and the given constants l, z0.

Definition 2. For ρ ≥ |ω|, we call the control function

u∗l (z0, ω) = ω + γ∗l (z0, ω)
(
ξ∗l (z0, ω)− z0

)
(9)

a convergence (approach) strategy of the Pursuer (for brevity, Π∗l -strategy) in the l-catch prob-

lem, where γ∗l (z0, ω) =

[
〈ω, z0〉+ ρl +

√(
〈ω, z0〉+ ρl

)2
+
(
|z0|2 − l2

)(
ρ2 − |ω|2

)]
/
(
|z0|2 − l2

)
.

ξ∗l (z0, ω) = − ω−γ∗l (z0,ω)z0
|ω−γ∗l (z0,ω)z0|

l.

〈ω, z0〉 is the scalar product of the vectors ω and z0 in Rn, and the function γ∗l (z0, ω) is
generally termed as the resolving function.

Lemma 1. If |ω| ≤ ρ, then the function γ∗l (z0, ω) is continuous, nonnegative in Rn and it is
bounded as

ρ− |ω|
|z0| − l

≤ γ∗l (z0, ω) ≤ ρ+ |ω|
|z0| − l

. (10)

Lemma 2. If |ω| ≤ ρ, then the function u∗l (z0, ω) is continuous in Rn and the equality

|u∗l (z0, ω)| = ρ

is satisfied.
Assume that v(·) ∈ VG be any control of Evader E and let Pursuer P realizes the Π∗l -strategy

(9). Then according to Assumptions 1 and 2 and from (9) it proceeds that the system of the
Caratheodory differential equations{
ẋ = v(t) + g(t, y(t)) + γ∗l (z0, ω(t, x(t), y(t), v(t)))

(
ξ∗l (z0, ω(t, x(t), y(t), v(t)))− z0

)
, x(0) = x0,

ẏ = v(t) + g(t, y(t)), y(0) = y0,

where the above equations generate the unique trajectories y(t) := y(t; y0, v(·)) of Evader E and
x(t) := x(t;x0,u

∗
l (·)) of Pursuer P.

Definition 3. In the l -catch problem, we say that the strategy u∗l (z0, ω) is winning on the
time interval [0, t∗] if for any control v(·) ∈ VG:
a) the relation |z(ε)| ≤ l yields at some instant ε ∈ [0, t∗];
b)u∗l (z0, ω(t, x(t), y(t), v(·))) ∈ UG holds on the interval [0, ε],
where we call the number t∗ a guaranteed time of the l -catch.

Lemma 3. (The Grönwall-Bellman inequality [34]) Let ϕ(t) be a real valued, continuous
function and ψ(t) ≥ 0 be an integrable function on t ≥ 0. Then if the relation

|z(t)| ≤ ϕ(t) +

t∫
0

ψ(s)|z(s)|ds
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is valid for those functions, then the inequality

|z(t)| ≤ ϕ(t) +

t∫
0

ψ(s)ϕ(s)

exp

t∫
s

ψ(τ)dτ

 ds

holds.
Conjecture 1. Assume that we can find Lebesgue-integrable functions k(·) : R+ → R+ and

h(·) : R+ → R, which k(t) ≤ k and h(t) ≤ h fullfilling

|f(t, x)− g(t, y)| ≤ k(t)|x− y|+ h(t)

for any x, y ∈ Rn, where k and h are given positive numbers.
Conjecture 2. Let

a) t∗ := min{t : Λ(t) = l, t ≥ 0, l > 0}, where

Λl(t) := |z0| −
t∫

0

exp

− s∫
0

k(η)dη

 (ρ− σ − h(s))ds

b) the condition
ρ > σ + k(t)Ωl(t) + h(t)

is satisfied for all t ∈ [0, t∗], where

Ωl(t) = Λl(t) exp

t∫
0

k(s)ds.

Theorem 1. Let Assumptions 1–2 and Conjectures 1–2 be satisfied. Then Π∗l -strategy (9)
of Pursuer P is winning on the time interval [0, t∗] in the differential game (1)–(4).

Proof. Let v(·) ∈ VG be any control of the Evader and let the Pursuer realize the Π∗l -strategy
(9). Then according to Conjecture 1, Conjecture 2 and from the strategy (9) it proceeds that
the system of the Caratheodory differential equations{

ẋ = ω(t) + γ∗l (z0, ω(t))
(
ξ∗l (z0, ω(t))− z0

)
+ f(t, x(t)), x(0) = x0,

ẏ = v(t) + g(t, y(t)), y(0) = y0,
(11)

where 0 ≤ t ≤ t∗. By virtue of the denotation (7) and function (8), we reduce system (11) to
the unique Cauchy problem

ż = γ∗l (z0, ω(t))
(
ξ∗l (z0, ω(t))− z0

)
, z(0) = z0, 0 ≤ t ≤ t∗. (12)

Integrate both sides of (12) and obtain the solution

z(t) = z0 +

t∫
0

γ∗l (z0, ω(s))
(
ξ∗l (z0, ω(s))− z0

)
ds (13)

or

z(t) = z0Λl(t, ω(·)) +

t∫
0

γ∗l (z0, ω(s))ξ∗l (z0, ω(s))ds (14)

where Λl(t, ω(·)) = 1 −
t∫
0

γ∗l (z0, ω(s))ds. Since Λl(t, ω(·)) ≥ 0 on the interval [0, t∗] and accom-

modating the form of the γ∗l (z0, ω(t)) in Definition 2, we perform the following estimations for
the absolute value of z(t) in (14):

|z(t)| ≤ |z0|Λl(t, ω(·)) + l

t∫
0

γ∗l (z0, ω(s))ds = |z0| −
(
|z0| − l

) t∫
0

γ∗l (z0, ω(s))ds =
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= |z0| −
(
|z0| − l

) t∫
0

〈ω(s), z0〉+ ρl +
√(
〈ω(s), z0〉+ ρl

)2
+
(
|z0|2 − l2

)(
ρ2 − |ω(s)|2

)
|z0|2 − l2

ds.

By virtue of Lemma 1 and the denotation (7), we will write the followings:

|z(t)| ≤ |z0| −
(
|z0| − l

) t∫
0

ρ− |ω(s)|
|z0| − l

ds = |z0| − ρt+

t∫
0

|v(s) + g(s, y(s))− f(s, x(s))|ds.

From this and by virtue of (4) and Conjecture 1 we form the inequality

|z(t)| ≤ |z0| − (ρ− σ)t+

t∫
0

|f(s, x(s))− g(s, y(s))|ds ≤

≤ |z0| − (ρ− σ)t+

t∫
0

[
k(s)|x(s)− y(s)|+ h(s)

]
ds

or the Grönwall-Bellman inequality in the form

|z(t)| ≤ |z0| − (ρ− σ)t+

t∫
0

h(s)ds+

t∫
0

k(s)|z(s)|ds. (15)

As a result of applying Lemma 3 to (15), the following is obtained:

|z(t)| ≤ |z0| − (ρ− σ)t+

t∫
0

h(s)ds+

+

t∫
0

|z0| − (ρ− σ)s+

s∫
0

h(τ)dτ

 k(s)

exp

t∫
s

k(τ)dτ

 ds. (16)

By means of the integration method by parts for the right-hand side of (16), it can be easily
calculated that

|z0| − (ρ− σ)t+

t∫
0

h(s)ds+

t∫
0

|z0| − (ρ− σ)s+

s∫
0

h(τ)dτ

 k(s)

exp

t∫
s

k(τ)dτ

 ds =

=

|z0| − t∫
0

exp

− s∫
0

k(τ)dτ

(ρ− σ − h(s)
)
ds

 exp

t∫
0

k(s)ds =

= Λl(t) exp

t∫
0

k(s)ds = Ωl(t),

and therefor, from (16) we generate the final estimation of z(t) in the form

|z(t)| ≤ Ωl(t) (17)

In accordance with Conjecture, it is known that Ωl(t
∗) = l. As a consequence, from (16) it

follows that |z(t∗)| ≤ l. Due to that, |x(t∗)− y(t∗)| ≤ l is obtained.
Now let’s confirm the admissibility of the strategy (9) for t ∈ [0, t∗]. Here we will present that

the inequality ρ ≥ |ω(t)| is true on [0, t∗]. Let Conjecture 2 be satisfied. Then by virtue of (4),
(17) and Conjecture 1, we get a range of estimations:

ρ > σ + k(t)Ωl(t) + h(t) ≥ |v(t)|+ k(t)|z(t)|+ h(t) ≥
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≥ |v(t)|+ |f(t, y(t))− g(t, x(t))| ≥ |v(t) + f(t, y(t))− g(t, x(t))| = |ω(t)|.
This completes the proof of Theorem.

4. Examples

Example 1. Consider the differential game

ẋ = u+ x+ x0 cos t, x(0) = x0, |u(t)| ≤ ρ, (18)

ẏ = v + y − y0 sin t, y(0) = y0, |v(t)| ≤ σ (19)

respectively, where x, y, u, v, x0, y0 ∈ Rn, n ≥ 2, and it is required that |x0 − y0| > l, l > 0 for
x0 and y0,

For Conjecture 1, we can take as k(t) = 1 and h(t) =
√
|x0|2 + |y0|2. Thus, Conjecture 2 will

be as follows:
(a) |z0|+

(
ρ− σ −

√
|x0|2 + |y0|2

) (
e−t − 1

)
= l, where z0 = x0 − y0;

(b) ρ > σ + |z0| − l +
√
|x0|2 + |y0|2.

As a result, we obtain the following assertion.
Theorem 2. If ρ > σ+ |z0| − l+

√
|x0|2 + |y0|2, then Π∗l -strategy (9) is winning on the time

interval
[
0, T ∗

]
in the game (18)–(19), where T ∗ = ln

(
ρ−σ−

√
|x0|2+|y0|2

ρ−σ−|z0|+l−
√
|x0|2+|y0|2

)
.

Example 2. Let the dynamics of the game be in the form

ẋ = u+ x+ z0 cosh2 t, x(0) = x0, |u(t)| ≤ ρ, (20)

ẏ = v + y + z0 sinh2 t, y(0) = y0, |v(t)| ≤ σ (21)

respectively, where x, y, u, v, x0, y0 ∈ Rn, n ≥ 2, z0 = x0 − y0, and it is required that |z0| > l,
l > 0 for z0.

For Conjecture 1, we find k(t) = 1 and h(t) = |z0|. Thus, Conjecture 2 becomes:
(a) |z0|+ (ρ− σ − |z0|)

(
e−t − 1

)
= l;

(b) ρ > σ + 2|z0| − l.
Consequently, we obtain the following assertion.
Theorem 3. If ρ > σ+ 2|z0| − l, then Π∗l -strategy (9) is winning on the time interval

[
0, T∗

]
in the game (20)–(21), where T∗ = ln

(
ρ−σ−|z0|

ρ−σ−2|z0|+l

)
.

Example 3. Let us take the linear differential game

ẋ = u+Ax+ f(t), x(0) = x0, |u(t)| ≤ ρ, (22)

ẏ = v +Ay + g(t), y(0) = y0, |v(t)| ≤ σ (23)

respectively, where x, y, u, v ∈ Rn, n ≥ 2. A is an n × n real constant matrix; f(t) and g(t)
are Lebesgue-integrable functions and it is supposed that there exists some δ > 0 such that
|f(t)− g(t)| ≤ δ for all t ≥ 0. Consequently, in Conjecture 1, it is obtained that k(t) = ||A|| and
h(t) = δ. Hence Conjecture 2 has the form:

(a) |z0|+ (ρ−σ−δ)
||A||

(
e−||A||t − 1

)
= l if ||A|| 6= 0 or |z0| − (ρ− σ − δ)t = l if ||A|| = 0;

(b) ρ > σ + ||A|| (|z0| − l) + δ.
In consequence, we get the following statement.
Theorem 4. If ρ > σ+ ||A|| (|z0| − l)+δ, then Π∗l -strategy (9) is winning on the time interval[

0, T||A||
]

in the game (22)–(23), where

T||A|| =
1
||A|| ln

(
ρ−σ−δ

ρ−σ−δ−(|z0|−l)||A||

)
if ||A|| 6= 0 or T = |z0|−l

ρ−σ−δ if ||A|| = 0.
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INVESTIGATION OF THE THEORY OF OWN AND FORCED

OSCILLATORY PROCESSES OF DIFFERENT TYPES OF FLAT

ELEMENTS

A. SEITMURATOV, Z. YERGALAUOVA, S. MENLIKHOZHAYEVA, A.IBRAYEVA, G. YENSEBAYEVA

Korkyt Ata Kyzylorda University, Kyzylorda, Kazakhstan

e-mail: angisin @mail.ru

Abstract. This paper presents the results of the study of natural and forced vibrations of flat
elements, taking into account the layering of the element material, rheological viscous properties,
environmental influences, deformable base, anisotropy, etc. Various formulations of boundary
value problems of vibrations of a rectangular flat element, both taking into account viscosity,
are considered. so, taking into account the above factors of a geometric and mechanical nature,
which are transcendental frequency equations, which reduces to algebraic ones, and the influence
of both boundary conditions along the edges of a rectangular plate and parameters of a geometric
and mechanical nature on the natural oscillation frequencies of rectangular plane elements is
considered, and the previous results for a rectangular plate, the material of which satisfies the
viscoelastic Maxwell model, are generalized [1].

When studying vibration processes in a solid deformable body, it is advisable to take the nu-
clei of viscoelastic operators as regular, since only such operators describe instantaneous elastic-
ity, and then viscous flow, which is characteristic of deformable solids. Integro-differential equa-
tions with regular kernels are known to be equivalent to partial differential equations.Depending
on the particular types of the plane element under consideration, the main unknown functions
are selected in the general solutions of the three-dimensional problem: displacement or defor-
mation at points in the fixed plane of the plane element, in particular, in the median plane of
the plate of constant thickness. Displacements and stresses at an arbitrary point of a plane ele-
ment are expressed in terms of basic unknown functions, which are determined from boundary
conditions on the surfaces of the plane element. The obtained equations for the basic unknown
functions are the general equations of oscillation of a plane element containing derivatives of
functions in coordinates and time of any arbitrarily large order. General solutions are presented
in the form of power series over the thickness of a flat element. The general solution refers
to an equation of hyperbolic type, which describes the oscillatory and wave process in a plane
element. Limiting the series of the general equation to a finite number of the first terms, we
obtain approximate equations of oscillation of a plane element.

The proposed approach allows us to strictly construct approximate theories of vibrations of
plane elements of various types.

Keywords: oscillation theories, boundary conditions, plane element, proper oscillation, dis-
placement, deformation.

AMS Subject Classification: 70K05.

1. Introduction

When solving applied problems of oscillation of rectangular flat elements, a wide class of
oscillation problems arises related to various boundary value problems: approximate oscillation
equations, various boundary conditions at the edges of a flat element and initial conditions. In
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the theory of oscillation, an important point is to determine the frequencies of natural oscilla-
tions, solve problems about forced oscillations of a plane element and study the propagation of
harmonic waves in them.

In problems of determining the frequencies of natural oscillations of plane elements pivotally
supported at the edges and based on approximate theories obtained on the basis of hypotheses
and assumptions of a mechanical and geometric nature, in particular, on the basis of approximate
equations such as the Kirchhoff equation of the parabolic type, poorly describing the wave and
oscillatory nature of the behavior of a plane element under non-stationary external influences. In
the study of harmonic waves in deformable bodies, the concept of phase velocity is introduced as
the rate of change in the state of the medium, while the phase velocity is expressed in terms of the
frequencies of natural oscillations, and therefore the study of the propagation of harmonic waves
is directly related to the problems of determining the eigenforms and frequencies of vibrations
of plane elements limited in plan.

This paper presents the results of the study of natural and forced vibrations of flat elements,
taking into account the layering of the element material, rheological viscous properties, environ-
mental influences, deformable base, anisotropy, etc.

The influence of these factors significantly complicates the study of problems about natural
and forced vibrations of a plane element, about the propagation of harmonic waves in them.

The paper is devoted to the formulation of various boundary value problems of oscillations
of a rectangular flat element, both taking into account viscosity. and taking into account the
above factors of a geometric and mechanical nature.

2. Formulation of the problem

We confine ourselves to solving the task on the basis of an approximate equation of transverse
oscillations of the fourth order [2]

P0(W ) + p
∂2W

∂t2
+
h2

6

[
p2(N−1 + 3M−1)

∂4W

∂t4
− 4p(3− 2MN−1)∆

∂2W

∂t2

+ 8M(1−MN−1)∆2W
]

= Φ(ϕz, flz)

(1)

Since the edges of (y = 0; l2) of the plate are hinged and supported, the solution of equation (1)
will be sought in the form

W (x, y, t) = exp

(
i
b

h
ξt

) ∞∑
k=1

Wk(x) sin

(
kπy

l2

)
(2)

Substituting (2) into equation (1), for Wk we obtain an ordinary differential equation

d4Wk

dx4
+B0

d2Wk

dx2
+B1Wk = 0 (3)

where the coefficients B0, B1 are equal

B0 =

[
A1

A2
ξ2
( b
h

)2
− 2
(kπ
l2

)2]

B1 =

[(
kπ

l2

)4

+
A0

A2
ξ4
( b
h

)4
− A1

A2
ξ2
( b
h

)2(kπ
l2

)2

− 1

A2
ξ2
( b
h

)2]
(4)
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The general solution of the equation (3) is written as

Wk(x) = C1

[
cos (a0x)

an0
+

cos (a1x)

an1

]
+ C2

[
cos (a0x)

an0
+

cos (a1x)

an1

]

+ C3

[
sin (a0x)

am0
+

sin (a1x)

am1

]
+ C4

[
sin (a0x)

am0
+

sin (a1x)

am1

] (5)

where Cj are the integration constants, the ai, aj roots of the characteristic equation

a4 +B0a
2 +B1 = 0 (6)

and equal

a0,1 =

√
B0

2
±
√
B0

2

2

−B1 (7)

The integers (n,m) are chosen from the condition of simplifying the solution when the bound-
ary condition on the left edge x = 0 is satisfied, and the other boundary conditions on X = l1
lead to a transcendental equation for determining the self-frequencies of the plate [3].

Let us consider some of the formulated tasks.
In this case, at the edges of the plate, we have the boundary conditions

Wk =
dWk

dx
= 0; (x = 0; l1) (8)

Under boundary conditions (8) in the general solution (5), the numbers n = 0; m = 0, from
the condition on the left end of the constant integration C1, C2 are zero, and from the conditions
on the right end we get

C2

[
cos (a0l1)− cos (a1l2)

]
+ C4

[
sin (a0l1)

a0
− sin (a1l1)

a1

]
= 0

C2

[
a0 sin (a0l1)− a1 sin (a1l1)

]
− C4

[
cos (a0l1)− cos (a1l1)

]
= 0 (9)

whence from the condition of non-triviality of the solution we get the transcendental frequency
equation

2− a20 + a21
a0a1

sin (a0l1) sin (a1l1)− 2 cos (a0l1) cos (a1l1) = 0 (10)

Firstly, let us consider the simplest transcendental equation

α0 cos (α0l1) sin (α1l1)− α1 sin (α0l1) cos (α1l1) = 0 (11)

We introduce the notation

l =
l1
h

;

α1
0,1 =

√√√√√B1
0

2
±

√√√√(B1
0

2
)2 −B1

1

B
′′
0 =

[
(2− ν)ξ2 − 2γ

]
; γ =

(
πkh

l2

)2

B;
1 =

[
γ2 +

7− 8ν

8
ξ4 − (2− ν)γξ2 − 3

2
(1− ν)ξ2

]
(12)

and we will omit the strokes in the future for simplicity.
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Since the sines and cosines of any argument are equal

sin z =

∞∑
i=0

(−1)i
z2i+1

(2i+ 1)!
cos z =

∞∑
j=0

(−1)j
z2j

(2j)!
;

That equation (11) is equivalent to the following

α0α1

∞∑
i=0

∞∑
j=0

(−1)i+j α
2i
1 α

2j
0 − α2i

o α
2j
1

(2i+ 1)!(2j)!
l2(i+j) = 0 (13)

If we accept the quantity a0 is determined from the expression (7) with a plus sign under the
root, then it follows this root does not vanish for any values of γ, ν, ξ. [4]

Therefore, at the beginning it is possible to a1 = 0 or for ξ we obtain the equation

ξ4 −
8
[
(2− ν)γ + 3

2(1− ν)
]

(7− 8ν)
ξ2 +

8γ2

(7− 8ν)
= 0; (14)

whose roots are equal

ξ1,2 =(7− 8ν)−
2
2

√√√√4

[
(2− ν)γ +

3

2
(1− ν)

]

±
√

8(1 + ν2)γ2 + 3γ(1− ν)(2− ν) +
9

4
(1− ν)2

(15)

since the series in the expressions of trigonometric functions are convergent and the series in
equation (12), equivalent to equation (11) is also convergent, in the study of the partial equation
(13) it can be limited to a finite number of first terms.

Taking the first three terms in the series (3), we write it in the form

α0α1(α
2
1 − α2

0)

{
1

3
l2 − 1

30
(α2

1 + α2
0)l

4 +

[
1

840
(α4

1 + α2
0α

2
1 + α4

0) +
1

360
α2
0α

2
1

]
l6 + ...

}
(16)

The roots of the expression α1 = 0 are equal to (15). The quantity of (a21 − a20) is non-zero
for any values of γ, ν, ξ.

If in the expression (16) we take only the first two terms, we get

(α2
1 + α2

0)− 10l−2 = 0

or

B0 − 10l−2 = 0 (17)

and frequency equation

ξ2 =
2γ + 10l−2

(2− ν)
; (18)

positive root of which is equal to

ξ =

√
2γ + 10l−2

(2− ν)
(19)

If we take all the first three terms in the expression, we get[
(α4

1 + α4
0) +

10

3
α2
0α

2
1

]
− 28(α2

1 + α2
0)l
−2 + 280l−4 = 0 (20)

or [
B2

0 +
4

3
B1

]
− 28B0l

−2 + 280l−4 = 0
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and their corresponding frequency equation[
(2− ν)2 +

7 + 8ν

6

]
ξ4 −

[
(2− ν)

(
16

3
γ + 28l−2

)
+ 2(1− ν)

]
ξ2

+

[
16

3
γ2 + 56γl−2 + 280l−4

]
= 0

(21)

which has two positive roots.
Similarly, one can take the first four or more terms in expression (13) and obtain a more

accurate frequency equation and corresponding frequencies ξ. [6]
To find the frequency equation from the series of equation (13), it is necessary to clarify the

condition of appropriate retention of a finite number of terms.
Let us apply the d’Alembert principle of series convergence to the series in equation (13). We

get [7] ∣∣∣∣∣ α2
0α

2
1l

2

(2i+ 3)(2j + 2)

∣∣∣∣∣ ≤ q2 < 1 (22)

where 0 < q < 1.
From the inequality (22) implies that∣∣∣a20a21∣∣∣ ≤ q2i,j = q2i,j = q2

(2i+ 3)(2j + 2)

l2
(23)

The analysis of inequality (23) shows that it is valid when the solving the inequality

−

(
8

7− 8ν

)
q2i,j ≤ ξ4 − 2Dξ2 + E ≤

(
8

7− 8ν

)
q2i,j = C2

i,j

where the coefficients D,E are equal

D =

4

[
(2− ν)γ + 3

2(1− ν)

]
(7− 8ν)

; E =
8γ2

(7− 8ν)

or inequality

D2 − E ≤ C2
i,j (24)

By the given parameters of a geometric and mechanical character from the inequality (24)
one can determine the necessary number of first terms in series (13) for finding the frequency
equationof relative frequencies ξ .

We consider the transcendental equation (10). Like transcendental equation (11), equation
(10) is equivalent to the following

a0a1

{
2

[
1−

∞∑
i=0

∞∑
j=0

(−1)i+j a2i0 a
2j
1

(2i)!(2j)!
J2(i+j)

]

− (a20 + a21)

∞∑
i=0

∞∑
j=0

(−1)i+j a2i0 a
2j
1

(2i+ 1)!(2j + 1)!
J2(i+j+1)

}
= 0

(25)

From the equation it follows that, at first, a1 = 0 and we get the frequencies (15). We write
equation (25) by writing the first terms{

(a20 + a21)J
2 − 1

6
(5a40 + 5a41 + a20a

2
1)J

4 +
1

90

[
a60 + a61 + 7a20a

2
1(a

2
0a

2
1)
]
J6 + ...

}
= 0 (26)

From (26) it also follows that we can assume (a20 + a21) = 0 and obtain
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B0 = 0

or

ξ2 − 2γ

(2− ν)
= 0 (27)

whose root is equal to

ξ =

√
2γ

(2− ν)
(28)

Similarly, we can suppose approximately

(a20 + a21)−
J2

6
(5a40 + 5a41 + a20a

2
1) = 0 (29)

and get the frequency equation

(5B2
0 − 9B1)−

6

J2
B0 = 0 (30)

having positive roots.
Thus, transcendental frequency equations can be reduced to algebraic and to investigate the

influence of both boundary conditions along the edges of a rectangular plate or a rectangular
flat element, as well as geometric and mechanical character on the self-oscillation frequencies of
rectangular flat elements.

Let us generalize the previous results for a rectangular plate or a flat element, the material
of which satisfies the Maxwell viscoelastic model.[8]

Suppose we have a rectangular homogeneousisotropic plate.
In this case, the solution of an approximate fourth order equation will be sought in the form

W = exp

(
b

h
ξt

) ∞∑
k=1

Wk sin

(
pky

J2

)
, (31)

where ξ is the complex frequency, the real part of which determines the law of damping of
oscillations, and the imaginary part determines the frequencies of self-oscillations.

For Wk we get an ordinary differential equation

d4Wk

dx4
−B0

d2Wk

dx2
+B1Wk = 0 (32)

where B0, B1 are equal

B0 =

[
2γ +

A1

A2

b

h

(
b

h
ξ2 +

1

τ
ξ

)]
;

B1 =

[
A0

A2

(
b

h

)4

ξ4 + 2
A0

A2τ

(
b

h

)3

ξ3 +

(
b

h

)2(
1

A2
+

1

τ2
A0

A2
+ 2γ

A1

A2

)
ξ2

+
1

A2τ

(
b

h

)(
1 + 2γ

A1

A2

)
ξ + γ2

] (33)

The coefficients Aj are given in the previous paragraphs.
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The general solution of equation (32) we write in the form

Wk = C1

[
ch(a0x)

an1
+
ch(a1x)

an1

]
+ C2

[
ch(a0x)

an0
+
ch(a1x)

an1

]

+

[
sh(a0x)

am0
+
sh(a1x)

am1

]
+ C4

[
sh(a0x)

am0
+
sh(a1x)

am1

]
,

(34)

that is instead of trigonometric functions, we have hyperbolic.
All the boundary value tasks considered above leading to transcendental equations are solved

in a similar way. Transcendental equations are obtained from the previous ones, in which values
aj must be replaced by values i, aj , where i is an imaginary unit.

For example, the transcendental equation (11) goes into the equation

a0ch(a0l1)sh(a1l1)− a1sh(a0l1)ch(a1l1) = 0 (35)

which is equivalent to the following

a0a1

∞∑
i=0

∞∑
j=0

a2i1 a
2j
1 a

2i
0

(2i+ 1)!(2j)!
l2(i+j) = 0;

a0,1 =

√
B0

2
±

√
B2

0

4
−B1 (36)

One of the frequency equations of the formula (36) follows from the condition aj = 0 and we
get

ξ4 +
2

τ0
ξ3 +

8

(7− 8ν)

[
(2− ν)γ +

(7− 8ν)

8τ20
+

3

2
(1− ν)

]
ξ2

+
12(1− ν)

(7− 8ν)τ0
[1 + 2(2− ν)γ]ξ +

8

(7− 8ν)
γ2 = 0

(37)

which coincides with the frequency equation for a rectangular hinged and supported plate on all
four sides of the plate, has two complexly conjugate roots.[9]

3. Methods

The theory of oscillation and the method of calculating the vibrations of a flat element,
taking into account the above-mentioned factors of a mechanical, rheological and geometric
nature, is based on the consideration of a flat element in a three-dimensional formulation of the
mechanics of a solid deformed body, under the same boundary and initial conditions. The three-
dimensional problem is solved using the methods of integral Fourier and Laplace transformations.
In transformations, general solutions of a three-dimensional dynamic problem are constructed.

We present the results obtained by the described method for a different type of flat element.
The general equation of plate oscillation with respect to the transverse displacement W of the
points of the median plane of the plate z = 0 has the form

∞∑
n=0

∞∑
m=0

{
λ
(n)
1

[
λ
(1)
2 −∆

]2
DQm +

[
λ
(1)
2 + ∆

]
λ
(n+m)
1 + 4λ

(1)
2 ∆DQnλ

(n)
1

}
W

h2(n+m+1)

(2n+ 1)!(2m)!

= −
∞∑
n=0

M−1

[
(λ

(1)
2 −∆)DQn + λ

(n)
1

]
fz

h2n

(2n)!

(38)
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where N and M are viscoelastic operators

N(ζ) = (λ+ 2µ)

[
ζ(t)−

∫ ∞
0

f1(t− ξ)ζ(xi)dξ

]
,

M(ζ) = µ

[
ζ(t)−

∫ ∞
0

f1(t− ξ)ζ(ξ)dξ

]
, (39)

fz(x, y, t)- external unsteady forces;

λ
(1)
1 , λ

(1)
2 , Qn - operators of the form;

λ
(1)
1 =

[
pN−1

(
∂2

∂t2

)
−∆

]
; ∆ =

∂2

∂x2
+

∂2

∂y2
;

λ
(1)
1 =

[
pM−1

(
∂2

∂t2

)
−∆

]
; Qn =

n=1∑
q=0

λ
(n−q−1)
1 λ2q2 (40)

The general equation (40) is complex in structure and of little use for solving applied problems.
Approximate oscillation equations can be obtained from the general equation. For example,
limiting the series of sums of the equation to the first two terms, we obtain an approximate
equation

P0(W ) ≡ p∂
2W

∂t2
+
h2

6

[
p2(N−1 + 3M−1)

∂4W

∂t4

− 4p(3− 2MN−1)∆
∂2W

∂t2
+ 8M(1−MN−1)∆2W

]
=

1

h
fz,

(41)

2h – where is the thickness of the plate. Equation (41) is a generalization of the equations of
Kirchhoff, S.P. Timoshenko and other authors.

If a homogeneous plate lies on a deformable base, then in equation (41) it is necessary to add
the law of rebuff, which has the form

P1(W ) =
S

2h

{
∂W

∂t
+
h2

2

∂

∂t

[
p(M−1 + 3N−1)

∂2W

∂t2
− 4∆W

]}
; (42)

S = M−11 MN
1/2
1

√
p1

M1, N1, p1-parameters of the base. As you can see, the law of rebuff is different from Winkler’s.
When solving certain problems of oscillation of, say, rectangular plates, it is necessary to

formulate boundary and initial conditions. The obtained general solutions and the dependences
of displacements and stresses on the desired functions allow us to unambiguously strictly derive
the boundary conditions. It is shown that for the hinge and rigid fastening, the boundary
conditions coincide with the classical ones, and for the stress-free edge, boundary conditions for
a homogeneous isotropic plate of the form (x = const) are obtained:

(2 + 3D)
∂2W

∂x2
+ (1 +D)

∂2W

∂y2
− p(1 +D)M−1

(
∂2W

∂t2

)
= 0;

∂3W

∂x3
= 0, (43)

where one of the conditions contains an inertial component, which corresponds to the Dalembert
principle of mechanics. If the flat edge of the plate is in rigid contact with the deformable vertical
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plate, then the boundary condition of elastic sealing has the form

h3

3
DM

∂2W

∂x
+

[
h3

3
DM − 2h21D1M1

]
∂2W

∂y2
=

(
h2

6
Dp− h21D1p1

)
∂3W

∂x∂t2
; (44)

W = h1
∂W

∂x
;

p1, D1,M1- plate parameters.

4. Conclusion

Depending on the particular types of the plane element under consideration, the main un-
known functions are selected in the general solutions of the three-dimensional problem: dis-
placement or deformation at points in the fixed plane of the plane element, in particular, in
the median plane of the plate of constant thickness. Displacements and stresses at an arbitrary
point of a plane element are expressed in terms of basic unknown functions, which are deter-
mined from boundary conditions on the surfaces of the plane element.The obtained equations
for the basic unknown functions are the general equations of oscillation of a plane element con-
taining derivatives of functions in coordinates and time of any arbitrarily large order. General
solutions are presented in the form of power series over the thickness of a flat element. The
general solution refers to an equation of hyperbolic type, which describes the oscillatory and
wave process in a plane element. Limiting the series of the general equation to a finite number
of the first terms, we obtain approximate equations of oscillation of a plane element. Thus, the
proposed approach allows us to strictly construct approximate theories of vibrations of plane
elements of various types.
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Abstract. In paper we present some comparison of distribution function estimators when
the lifetime data subjecting to right random censoring. Nonparametric estimators based on
conception of presmoothed estimation of relative-risk function. We give some numberical results
also.

Keywords: Random, censoring, product-limit, relative risk, presmoothed, proportional haz-
ards, asymptotic representation, strong consistency.
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1. Introduction

Censored data occur in survival analysis, bio-medical trials, industrial experiments. There
are several schemas of censoring (from the right, left, both sides, mixed with competing risks
and others). However, in statistical literature right random censoring is wide spread, in so far as
it was easily described from the methodological point of view. Here we consider also this kind
of censorship in order to comparing our results with others.

Let X1, X2, ... and Y1, Y2, ... be two independent sequences of independent and identically
distributed (i.i.d.) random variables (r.v.-s) with common unknown continuous distribution
functions (d.f.-s) F and G, respectively. Let the Xj be censored on the right by Yj , so that the
observations available for us at the n – th stage consist of the sample:

C(n) = {(Zj , δj) , 1 ≤ j ≤ n} ,

where Zj = min (Xj , Yj) and δj = I (Xj ≤ Yj) with I (A) meaning the indicator of the event A.
1. If Xj ≤ Yj , then Zj = min (Xj ;Yj) = Xj is equal to δj = 1 and in this case we can observe

X.
2. Otherwise if Yj ≤ Xj , then Zj = min (Xj ;Yj) = Yj is equal to δj = 0, and this can be

censoring condition.
The main problem consists a nonparametrical estimating of d.f. F with nuisance d.f. G based

on censored sample C(n), where the number of observed Xj − s, νn = δ1 + ...+ δn is a random
amount with a Binomial distribution.

Authors are supported by Uzbekistan-India Joint Research Project.
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Kaplan and Meier [1] were the first to suggest the product-limit (PL) estimator Fn
PL of F

defined as

Fn
PL (t) =


1−

∏
{j:Z(j)≤t}

(
1− δ(j)

n−j+1

)
, t ≤ Z(n),

1, t > Z(n), δ(n) = 1,
undefined, t > Z(n), δ(n) = 0,

(1)

where Z(1) ≤ ... ≤ Z(n) are the order statistics of Z- sample {Zj , 1 ≤ j ≤ n} and
{
δ(j), 1 ≤ j ≤ n

}
the sequence of indicators adjunct to the ordered Z - sample. There are a different versions of
PL - estimators. However, those do not coincide, if the largest Zj is a censoring time. There is
an enormous set of the works on investigating of several properties of PL - estimators and their
application on statistical problems, specially in case of right random censorship.

Now, in order to study the extent to which the above estimator (1) is, we draw an estimation
by creating a software that gives an option on this model using computer modeling (Figure 1).

Figure 1. FPLn − Kaplan-Meier estimator, (Weibull distribution)

However Fn
PLis not a unique estimator of d.f. F. Abdushukurov [2, 3] proposed another

estimator of F, of relative-risk power type:

Fn
RR (t) = 1− (1−Hn (t))Rn(t) =


0, t < Z(1),

1−
(
n−j
n

)Rn(t)
, Z(j) ≤ t < Z(j+1), 1 ≤ j ≤ n− 1,

1, t ≥ Z(n),
(2)

where Hn (t) = 1
n

∑n
j=1 I (Zj ≤ t) , t ∈ R1 ≡ (−∞; +∞) is an empirical estimator of d.f.

P (Zj ≤ t) = 1 − (1− F (t)) (1−G (t)) ≡ H (t) and Rn (t) = (Λn (t))−1 Λ1n (t) is an estima-

tor of relative-risk function R (t) = (Λ (t))−1 Λ1 (t) , t ∈ R1. Here cumulative hazard functions
(c.h.f.-s) Λ, Λ0 and Λ1 corresponding to d.f.-s H, G and F defined as

Λ (t) =

∫ t

−∞

dH (u)

1−H (u−)
= Λ0 (t) + Λ1 (t) ,
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Λ0 (t) =

∫ t

−∞

dG (u)

1−G (u−)
=

∫ t

−∞

dH0 (u)

1−H (u−)
, (3)

Λ1 (t) =

∫ t

−∞

dF (u)

1− F (u−)
=

∫ t

−∞

dH1 (u)

1−H (u−)
,

with subdistribution functions H0 (t) +H1 (t) = H (t) , t ∈ R1,

H0 (t) = P (Zj ≤ t, δj = 0) =

∫ t

−∞
(1− F (u−)) dG (u) ,

H1 (t) = P (Zj ≤ t, δj = 1) =

∫ t

−∞
(1−G (u−)) dF (u) .

The corresponding estimators of c.h.f.-s (3) are

Λn (t) =

∫ t

−∞

dHn (u)

1−Hn (u−)
= Λ0n (t) + Λ1n (t) ,

where

Λkn (t) =

∫ t

−∞

dHkn (u)

1−Hn (u−)
, k = 0, 1;Hkn (t) =

1

n

n∑
j=1

I (Zj ≤ t, δj = k)

are empirical counterparts of Hk (t) , k = 0, 1 with H0n (t) +H1n (t) = Hn (t) , t ∈ R1.
Now in order to study what the abovementioned (2) estimator’s degree is, we will construct

software that an option gives through computer modeling and demonstrate the estimation in
drawing (Figure 2).

Figure 2. FRRPn − Relative – Risk Power estimator

In [2-4] it was shown that both of estimators (??) and (??) have a similar asymptotic proper-
ties tending to the same limiting Gaussion process. However, the relative-risk power estimator
(??) has some small-sample advantages with respect to PL - estimator (1). For example, it
is not sensitive to censoring in last observed point Z(n), since Fn

RR
(
Z(n)

)
= 1 and it is iden-

tifiable with the model:
(
1− FnRR (t)

) (
1−GnRR (t)

)
= 1 − Hn (t) , n ≥ 1, t ∈ R1, where
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Gn
RR (t) = 1 − (1−Hn (t))1−Rn(t) is an corresponding estimator of d.f.G(t). In [4] it was pro-

posed several extended versions of estimator (2) in generalized models of incomplete observations
mixed with competing risks. These estimators were also extensively studied in some statistical
problems. It is not difficult to observe that estimator (2) is a natural extension of well-know ACL
- (Abdushukurov-Cheng-Lin) estimator of F in simple Proportional Hazards Model (PHM):

Fn
ACL (t) = 1− (1−Hn (t))pn , t ∈ R1,

where pn = νn
n is an estimator of probability p = P (δj = 1), which is value of the constant

relative-risk function R (t) ≡ p (so far as in PHM, Λ1 (t) = pΛ (t) , t ∈ R1). Note that Fn
ACL

was independently proposed and studied by Abdushukurov [5] and Chen, Lin [6] (for more
information, see also Csörgő [7]). This estimator was studied, extended and used by many
other authors up present. The main property of PHM is its characterization by independence
of subsamples {Z1, ..., Zn} and {δ1, ..., δn}. This property is equivalent to relation 1 − G (t) =

(1− F (t))β , t ∈ R1 for some positive β. In PHM, p = 1
1+β and therefore β is a censoring

parameter. Estimator Fn
ACL in PHM is asymptotically efficient with respect to Fn

PL. This
advantage of estimator is well preserved for plug-in estimators of many functionals (see, [2, 5,
7]).

Now, with the aim of studying to what extent the above ACL estimation is, we draw up a
software that gives an option on this model using computer modeling and draw the estimation
(Figure 3 and Figure 4 ).

Figure 3. FACLn − ACL estimator, (Weibull distribution (c=2))
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Figure 4. FACLn −ACL estimator’s persistency B-robustness, (Weibull distribu-
tion (c=2)) )

That is why, in this framework the conditional probability that datum is not censored given
its observed value

p (t) = P (δj = 1/Zj = t) = E [δj/Zj = t] , t ∈ R1, (4)

is a very important function, which in PHM is constant p (t) = 1
1+β , t ∈ R1. Moreover, the key

role of probability (4) takes part in expressing c.h.f. Λ1 via Λ as

Λ1 (t) =

∫ t

−∞
p (u) dΛ (u) , t ∈ R1,

and, therefore, relitive-risk function given as

R (t) = (Λ (t))−1
∫ t

−∞
p (u) dΛ (u) , t ∈ R1.

Probability (4) is a regression of δj on Zj . Hence, it can be estimated by some of regression
statistics. We have used following nonparametric regression estimator of Nadaraya [8] and
Watson [9]:

pn (t) =

 1

nh (n)

n∑
j=1

k

(
t− Zj
h (n)

)−1  1

nh (n)

n∑
j=1

δjk

(
t− Zj
h (n)

) , (5)

where the kernel k (·) is a given probability density function and {h = h (n) , n ≥ 1} is a bandwith
sequence such that: h ↓ 0, n → ∞. In case of dependence of probability (4) on unknown
parameters it may be estimated parametrically (see, Dikta [10] in this context). Cao et. al. [11]
proposed following presmoothed PL-estimator of d.f. F by replacing the censoring indicators
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δ(j) in the expression of PL-estimator (1) by the estimator (5) at the observed data points:

Fn
p (t) = 1−

∏
{j:Z(j)≤t}

(
1−

pn
(
Z(j)

)
n− j + 1

)
, t ∈ R1. (6)

Now, in order to study the extent to which the above estimator (6) is, we draw an estimation
by creating a software that gives an option on this model by computer modeling (Figure 5).

Figure 5. F pn−estimator

Some asymptotic properties of estimator (6) were investigated in [11, 12]. Taking into account
some advantages of estimator (2) with respect to (1), we propose a new presmoothed relative-risk
power (PRRP) estimator:

Fn
PR (t) = 1−(1−Hn (t))R

p
n(t) =


0, t < Z(1),

1−
(
n−j
n

)Rp
n(t)

, Z(j) ≤ t < Z(j+1), 1 ≤ j ≤ n− 1,

1, t ≥ Z(n),

(7)

were

Rpn (t) = (Λn (t))−1 Λp
1n

(t) = (Λn (t))−1
∫ t

−∞
pn (u) dΛn (u) , t ∈ R1,

is a partially presmoothed analogue of estimator Rn (t). For probability mass function (4)
smooth estimator (5) is used in formula for c.h.f. Λ1 (t) . But the estimator (7) is not smooth.
We can see that estimator (7) also well defined in whole line without any conditions on censorship.

Now, with the aim of studying to what extent the above estimator (7) is, we draw up a
software that gives an option on this model using computer modeling and draw an estimation
(Figure 6).
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Figure 6. FPRRPn − Presmoothed Relative-Risk Power estimator

2. Asymptotic properties of PRRP estimator

Let’s denote r (n) = h2 (n) + (nh (n))−1/2 (log n)1/2 . In order to investigating the properties
of estimator (7) we need the following conditions:
(C1) (F,G) ∈ K = {(F,G) : NF

⋂
NG 6= ∅, P (Xj ≤ Yj) ∈ (0, 1)} , whereNF = {t : 0 < F (t) < 1}

and NG = {t : 0 < G (t) < 1};
(C2) Numbers α, β and γ are such that min {H (α) , 1−H (β)} ≥ γ (0, 1) , α > τH = sup {t : H (t) = 0}
and β < TH = inf {t : H (t) = 1} , [α, β] 6= ∅;
(C3) For all n ≥ 1 there takes plase P (0 < νn < n) = 1;
(C4) k is a symmetric, twice continuously differentiable and bounded variation density function
with compact support;
(C5) Density q (t) = H ′ (t) exists, is four times continuously differentiable at t ∈ [α, β] and
sup
α≤t≤β

q (t) > 0;

(C6)p (t) is four times continuously differentiable at t ∈ [α, β];
(C7)n1−ε · h (n)→∞ for some ε > 0,

∑∞
n=1 h

λ (n) <∞ for some λ > 0 and h2 (n) =

o

(
(nh (n))−1/2 ·

(
log
(

1
h(n)

))1/2)
.

Consider random functions

ϕ1 (t; z) =
p (t)

1−H (t)
(I (Z ≤ t)−H (t)) ,

ϕ2 (t; z) =

∫ t

−∞

I (Z ≤ u)−H (u)

1−H (u)
p′ (u) du,

ϕ3 (t; z, δ) =

∫ t

−∞
k

(
u− Z
h

)
(δ − p (u))

1−H (u)
du.

In the next theorem, we will show that PRRP estimator can be approximated by summ of
i.i.d. random functions on t with the rate for the remainder term tending to zero at n → ∞
almost surely.
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Theorem 2.1. [13] If the conditions (C1)− (C7) are fulfilled, then there holds

Fn
PR (t)− F (t) = (1− F (t)) Ωn (t) +Qn (t) (8)

with sup
α≤t≤β

|Qn (t)| a.s.= O
(

max
{

(r (n) log n)2 , logn
n

})
, where

Ωn (t) = 1
n

∑n
i=1 [ϕ1 (t;Zi)− ϕ2 (t;Zi) + ϕ3 (t;Zi, δi)].

Theorem 2.2. [13] Let the assumptions of Theorem 1 are fulfilled. Then at n→∞ there holds

sup
α≤t≤β

∣∣FPRn (t)− F (t)
∣∣ a.s.= O

(
max

{
r (n) log n,

(
log n

n

)1/2
} )

. (9)

The approximating sequence of normalized sum of random functions Ωn (t) in Theorem 1is
the same that for presmoothed PL – estimator (6). Therefore, from theorem 3.7 in [12] follows
the asymptotic normality of PRRP estimator, under tacking into account the representation (8).

Theorem 2.3. [13] Let the assumtions of Theorem 1 are fulfilled and (C8) nh2 (n) (log n)−6 →
∞,
nh8 (n) (log n)4 → 0 and h3 (n) (log n)5 → 0 as n→∞for any t ∈ [α, β] . Then there hold

(1) If nh4 (n)→ 0, then n1/2
(
FPRn (t)− F (t)

) d−→ N
(
0, σ2 (t)

)
,

(2) If nh4 (n)→ C4, then n1/2
(
FPRn (t)− F (t)

) d−→ N
(
b (t) , σ2 (t)

)
,

where

b (t) = C2 (1− F (t))α (t) d (k) , d (k) =

∫ ∞
−∞

u2k2 (u) du,

α (t) =

∫ t

−∞

(
1
2p

′′
(u) q (u) + p

′
(u) q

′
(u)
)
du

1−H (u)
, σ2 (t) = (1− F (t))2 γ (t) ,

γ (t) =

∫ t

−∞
µ (u) du, µ (t) =

p (t) q(t)

(1−H (t))2
.

3. Numerical study of estimators

In this section we investigate the above estimates using numerical methods. By python
programming language we are preparing a high-quality sample. We select F (t, c) = 1−e−tc , c =
1.79 (t ≥ 0) and get a sample of volume n = 500. This sample is censored from the right with
r.v.-s having a d.f. G (t) = 1 − e−t (t ≥ 0). The resulting sample have a degree of censorship
47%. We will study the above estimates on the resulting sample.

Figure 7. FPLn −Kaplan-
Meier estimator

Figure 8. FRRPn − Relative –
Risk Power estimator
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The red line in the figure shows the theoretical d.f. F (t, c) and the green line shows the
Kaplan-Meier estimate (Figure 7). One disadvantage of this estimate is that it may not matter
at this endpoint.

Now we draw the evaluation graph (Figure 8) of estimator proposed by Abdushukurov (2).
In the figure, the red line shows the theoretical d.f., the blue line shows the Abdushukurov’s
estimate. It can be seen from the graphs drawn that both estimates are very good. But in
practice, it is difficult for us to see on the graph which score is better. Therefore, we study the
sum

∑n−1
i=1 (Fn (Zi)− F (Zi))

2. Let’s make the appropriate tables for it.

Sum
∑n−1

i=1

(
FPLn (Zi)− F (Zi)

)2 ∑n−1
i=1

(
FRRPn (Zi)− F (Zi)

)2
Relative

Value 0.204858 0.123901 0.604814

From the table above, it can be concluded that the estimate (2) proposed by Abdushukurov
is closer to the d.f. F (t, c).

Now we draw the estimates (6) and (7).

Figure 9. F pn−estimator
Figure 10. FPRRPn −
Presmoothed Relative-Risk
Power estimator

As can be seen from the graph, despite the high level of censorship, both estimates are very
close to the theoretical d.f.. The table below shows that the price actually depends on the
selected bandwith sequence in formula (5).

Bandwith
∑n

i=1 (F pn (Zi)− F (Zi))
2 ∑n

i=1

(
FPRRPn (Zi)− F (Zi)

)2
Relative

h (n) = 1√
n

0.294402 0.277757 0.943462

h (n) = 1
3√n 0.23152 0.210734 0.910219

h (n) = 1
5√n 0.181307 0.178650 0.985345

From the above table, we can conclude that the FPRRPn −estimator is better than F pn−estimator.
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Abstract. The article considers the issue of modeling the multi-step process of customs clear-
ance of goods in foreign trade. A mathematical model of control of the process under considera-
tion has been developed. A brief review of existing methods for solving the linear programming
problem with variable coefficients of the target function is given. The essence of customs risks
has been studied and a method for identifying customs risks of reliability using threshold ma-
trixes has been proposed. An algorithm for controlling the reliability of the customs value of
goods is developed and the results of the implementation of this algorithm are given.
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1. Introduction

International trade has long been considered the fundamental form of international economic
relations. The pace of globalization in the first quarter of the XXI century confirms the role of
international trade as the main driver of socio-economic development of countries. Analysis of
the dynamics of international trade in the period from 2000 to 2015 shows that the export of de-
veloped countries increased from $4.243212 trillion to $8.613816 trillion (+103.00%), developing
countries - from $2.059532 trillion to $7.344534 trillion (+256, 61%), countries with economies
in transition - from 149.573 billion dollars to 525.571 billion dollars (+251.38%). On average,
the volume of exports of world trade goods increased by 254.2% [1].

At the same time, the customs services of the countries participating in international trade
play an important role in the international supply chain. There is a theory in the scientific
literature, according to which any customs system successively passes several separate phases of
its activity, characterized by the specificity of its relations both with foreign trade participants
and with the state. Today, the customs systems of developed countries are in the “customs
for foreign trade participants” phase, while for most developing countries the “customs for the
government” phase is characteristic, and in a number of disadvantaged and underdeveloped
countries, the “customs for themselves” phase is observed [2].

Conversely, the faster a country’s customs service approaches the ”customs for traders” phase
of development, the faster the country approaches the level of developed countries. Today, the
development of the activities of the customs service of each country is possible only through
the use of modern information and communication technologies. Therefore, such requirements
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are imposed to the methods of customs service management as orientation of models on artifi-
cial intelligence, possibility of synthesis of adaptive control system and application to complex
analysis of multilevel system.

From this point of view, the task of optimal management of the process of organizing customs
control and customs clearance of non-trading goods is relevant.

2. The problem of optimal management of the customs clearance process

The purpose of any type of control is to change the state of the control object in accordance
with a predetermined task. Control methods should answer the question, ”how can we construct
an algorithm that can control a given object in a way that achieves a predetermined goal?”. To
do this, the developer needs to know how the control object will respond to different influences,
that is, the control object model is needed.

There are many definitions to the concept of ”model”. One of them is close to our question:
“A model is an object that allows you to study the behavior of another object, which is called
the original”. The model and the original should be similar so that the conclusions drawn from
studying the model can be applied to the original [3].

As noted above, in order to study the control object, it is necessary to know how it reacts to
various influences on it. If we denote these influences as ”input” signals for the control object,
then the changes occurring under the influence of these ”input” signals can be regarded as
”output” signals. That is, the object interacts with the external environment using ”incoming”
and ”outgoing” signals.

If the documents submitted to the customs authorities in this process are taken as ”inputs”
for modeling the multi-stage customs clearance process and denote them by X(t), then customs
clearance will be carried out in accordance with these documents. In this case, you can take as
an ”output” signal the information received as a result of customs clearance, and designate it
Y (t) (Fig. 1.).

Figure 1. The main factors of the customs clearance process

here:
c(t), r(t), v(t)- set of impacts of customs clearance results to management;
c(t) - objects of organization of customs control (goods, vehicles, persons), documents, addi-

tional information flows, etc.;
r(t) – risks that may affect the process (information, human, financial and other resources);
v(t) - obstacles to achieving the goal (refusal, etc.).
This set of influences moves the customs clearance system Z(t) towards a given goal and

generates a vector of output results Y (t). From a mathematical point of view, the function Y (t)
is the reaction of the control object - the customs clearance process - to external influences.
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Optimal management of the multi-stage customs clearance process can be carried out with
respect to a number of objectives. In particular, optimization is envisaged in relation to one of
the following goals:

– ensuring the completeness of revenues to the state budget, etc. maximization of revenues
to the state budget;

– minimize the amount of arrears that may not go to the state budget, that is, possible
damage to the budget;

– Reduction of expenses of the entrepreneur - participant of foreign trade, etc. minimiza-
tion of damage caused to him in the process of customs clearance;

– minimize time for customs clearance processes;
– other purposes.

The purpose of this study is the optimal management of the customs clearance process, as well
as minimizing the time spent on this process. Because it will ultimately lead to minimization
of time for the customs clearance process, as well as to maximize revenues to the state budget
and minimize the costs of the entrepreneur - participant of foreign trade.

It is known that in the general case the question of linear optimization can be expressed as
follows [4]:

max (min) f(x) =
n∑
k=1

ckxk (1)



n∑
k=1

ajkxk = bj , if j = 1,m1

n∑
k=1

ajkxk ≥ bj , if j = m1 + 1,m2

n∑
k=1

ajkxk ≤ bj , if j = m2 + 1,m

xk ≥ 0, k = 1, n

(2)

In this research paper, in the formation of a mathematical model of optimal control of the
process of multi-stage customs clearance in relation to the time consumed, it is proposed to use
the stages of customs clearance shown in Table 1.

The presented list of functions is grouped into four main blocks. These functions are per-
formed by customs authorities, foreign trade participants and enterprises providing services in
the customs field. The organization of customs clearance is characterized by a large number of
operations performed, the complexity of which is determined by a combination of factors: type
of goods, country of origin, declared customs, etc. [5]:

From the above table it follows that the process of multi-stage customs clearance covers 18
stages, of which stages 1-7 are performed by a foreign trade participant or a customs broker,
stage 8 - by a cargo carrier, stages 9-11 - stages are performed by owners of customs warehouses,
and for execution 12 - 18 - the stages are responsible for the employees of the customs service.
That is, in formula (1), n = 18.

f(x) =

18∑
k=1

rkxk → min (3)

where: rk = rk(X) – the level of risk of execution of the k-stage;
X = X(x1, x2, . . . , x58) – vector, xi elements which are determined depending on the value of

the graph of the cargo customs declaration. In practice, the level of risk of customs clearance is
determined depending on the documents submitted for customs clearance, including the cargo
customs declaration.
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Table 1. Stages of the process of multi-stage customs clearance

Estimated
execution Function names Implementer

time
t1 preparation of necessary primary documents for

customs clearance
t2 determination of the code of goods according to

the harmonized system Commodity nomenclature
t3 calculation of the customs value of goods Foreign trade participant
t4 calculation of customs payments or customs broker
t5 preparation of cargo customs declaration
t6 ensuring customs payments
t7 Submit a preliminary declaration to the customs

authorities prior to the arrival of the shipment
t8 cargo delivery under customs control Carrier
t9 Storage related to customs inspection procedures Customs warehouse jointly
t10 Delay of goods due to inability with a foreign trade

to release due to reasons participant and the customs
t11 Storage initiated by the owner of the goods and the customs service
t12 Request additional documents when necessary

direct the cargo to the appropriate
t13 (red, yellow or green) customs control lane based

on the analysis of submitted documents
and risk profiles

t14 implementation of procedures either according
to the principles of red road customs Customs

t15 implementation of procedures either on the
basis of the yellow road customs Service

t16 implementation of procedures either according
to the principles of green road customs

t17 control over the completeness of
receipt of customs payments

release of cargo into free
t18 circulation or for export in accordance

with the established procedure

At the same time, the estimated time of duration of the customs clearance process for respon-
sible executors is determined by normative and directive documents, in particular, documents
approved by the Cabinet of Ministers of the Republic of Uzbekistan. If we denote them as
b1, b2, b3 and b4, respectively, conditions (2) will come to the following form :

n∑
k=1

ajktk ≤ b1; ajk = 1 if j = 1,m1

n∑
k=1

ajktk ≤ b2; ajk = 1 if j = m1 + 1,m2

n∑
k=1

ajktk ≤ b3; ajk = 1 if j = m2 + 1,m3

n∑
k=1

ajktk ≤ b4; ajk = 1 if j = m3 + 1,m4

tk ≥ 0, k = 1, n

(4)
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here: n = 18, m1 = 7, m2 = 8, m3 = 11, m4 = 18.
ajk = 0 at the values of index j, which are not included in conditions (4)
The above formulas (3) and (4) give a mathematical model of the problem of optimal control

of the process of multi-stage customs clearance.

3. Analysis of existing methods for solving the linear programming problem
with variable coefficients

The obtained results (3) and (4) show that the mathematical model of the problem of optimal
control of the process of multistage customs clearance has the form of a linear programming
problem with variable coefficients of the objective function. Currently, there are a number of
effective methods available for solving the linear programming problem.

In particular, for constant values of the coefficients (rk) of the objective function (3) under
the limiting conditions (4), a number of methods are used in practice to determine its minimum
value. These include methods such as the simplex method, the deployment of a function on
algebraic polynomials, Fourier series, the use of spline functions, and others. A sufficient number
of computer programs for numerical solution of this problem have been implemented.

However, the features of the problem of optimal control of the multi-stage customs clearance
process, which is described in (3) - (4) are variable coefficients of the target function. The
functions which represent the degree of risk of the - process, is a function of the variables of the
cargo customs declaration. This requires a specific approach to solve this problem.

In particular, the 3rd and 4th stages ”calculation of the customs value of goods” and ”calcu-
lation of the amounts of customs payments” of Table 1. are important stages in the customs
clearance process in ensuring the fulfillment of fiscal tasks assigned to the customs authorities.

This fact indicates the relevance of improving mathematical modeling of the customs clearance
process and its comprehensive study.

At the same time, the study of scientific papers on the study of similar problems showed that
a sufficient number of studies have been carried out and certain methods have been developed
for solving the problem of linear programming with variable coefficients.

For example, the work of [6] is one of the relatively early studies in this area. The problem
of parametric programming of the following form is considered:


f(X) =

n∑
j=1

cjxj , X = {xj} , cj ∈ =
n∑
k=1

aijxj = bi; i = 1,m

xj ≥ 0, j = 1, n

(5)

Here cj - elements of some ordered functional prospace =, aij , bi - known, a xj - unknown
real numbers, X - plan of the problem (non-negative solution of the problem (5)) Plan X∗ is
optimal if for any plan X f(X) < f(X∗). Note that the values of the target function (5) belong
to the space =, in which the usual properties of numerical inequalities are known to hold.

The existence of a solution to problem (5) is proved in this paper by introducing the concept
of resolving combinations of problem (5), considered as elements of the space =, are comparable
with the zero of this space, etc., if x ∈ R, then one and only one of three relations holds:
x > 0, x < 0 and x = 0. Under these conditions, the following theorem is proved:

Theorem. The problem (5) with a non-empty set of plans and a target function bounded
from above, satisfying the condition: all solving combinations of coefficients of the target function
are comparable to zero, has a solution.

However, the paper does not provide a methodology for determining the existing solution.
In [7], a parametric programming problem of the following kind is considered:
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min (max) z(x) =

n∑
j=1

cj(x)xj

n∑
j=1

aij(x)xj ≥ bj(x), i = 1,m
(6)

Here aij(x), bi(x) and cj(x) – some piecewise constant argument functions x = (x1, x2, . . . , xn).
The functions aij(x), bi(x) and cj(x) are defined on the same set G = {x ∈ G ⊂ Rn}. There

exists a finite partition G =
⋃
Gk, (k = 1, l) such that the functions are constant in each subset

Gk and Gk+1 can intersect only along their boundaries.
By requiring that in problem (1)-(2) the target function z(x) and the constraint functions

fi(x) =
n∑
j=1

aij(x)xj − bi(x); i = 1,m be continuous and convex, by a simple enumeration of a

finite number of regions Gk, in each the usual linear programming problem is solved.
The work [8] is devoted to the study of the problem of parametric programming of the following

form:


f(X) = c1(t)x1 + c2(t)x2 + ...+ cn(t)xn → extr

x∈D
A(t)X ≤ b(t)
xj ≥ 0, j = 1, n

(7)

Here: X = (x1, . . . , xn)T − n-dimensional vector of unknown variables, which satisfies the
constraints (7), forming the set of admissible solutions of the proble;

b(t) = (b1(t), b2(t), . . . , bm(t))T and C(t) = (c1(t), . . . , cn(t))T – parametric vectors of free
terms of constraints and coefficients of the target function, respectively;
A(t)n×m = (aij(t)) , i = 1, . . . , n; j = 1, . . . ,m is an n×m-dimensional matrix of parametric

constraint coefficients. The functional dependence on the parameter t can be either linear or
nonlinear.

In the work on the basis of simplex method and differential transformations the methods of
solving linear programming problems with parametric coefficients of the target function and
right parts of constraints are considered, allowing to organize simple iterative calculations and
excluding the solution of systems of inequalities. In this case, it is assumed that the parametric
functions X = (x1, . . . , xn)T , b(t) = (b1(t), b2(t), . . . , bm(t))T and C(t) = (c1(t), . . . , cn(t))T are
sufficiently smooth, have smooth differentials, and have explicit expressions.

In the studies of the authors [9] and [10] the linear programming problem with variable
parameters is considered, in which not only variables included in its composition, but also
coefficients, as well as the right part and parameters (coefficients at variables) of the target
function can change.

An approach is proposed that allows solving linear programming problems with interdepen-
dent variable coefficients using the simplex method. The formulation of the problem is as follows:


maxF = max

n∑
j=1

cjxj

n∑
j=1

aijxj ≥ bj , i = 1,m

xj ≥ 0, j = 1, n

(8)

Here: m — number of restrictions, n — number of variables, and additional restrictions on
variable coefficients:
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a−ij ≤ fijaij ≤ a
+
ij

s−k ≤
m∑
i=1

dkijaij ≤ s+k ; k = 1,K

m∑
i=1

plijaij = rl; l = 1, L

c−j ≤ fijcj ≤ c
+
j

(9)

In the constraint system (8) - (9), all parameters are constants set during the problem for-
mulation process. Conditions (9) are sometimes called interval conditions and problem (8) is an
interval linear programming problem with interdependent variable coefficients.

Under these conditions, the following lemma is proved by constructive method:
Lemma. Let in the linear programming problem (8) - (9) there are variable coefficients that

depend on a parameter of the form , having a domain of definition on a certain interval and
continuously differentiable on it. Then the simplex method applied to solve such a problem
converges if the above constraints are satisfied.

The proof is constructive in the sense that it substantiates the execution of all stages of the
implementation of the simplex method, taking into account condition (9). The essence of the
proposed method is that at each step the number of the column entering the basis at the next
iteration of the simplex method algorithm is determined and calculations are performed on the
points of minimum of the function and .

In [10], the following parametric programming problem was considered:

n∑
i=1

cixi + c0 ≤ Z,
n∑
k=1

aikxk ≤ bi, i = 1,m

xj ≥ 0, j = 1, n

Zmin−?, xi(Zmin)−?

(10)

To solve the linear parametric programming problem, it is assumed that the coefficients change
insignificantly with respect to their average values, as, for example, the cost of goods depending
on the exchange rate or inflation rate. In such cases, when the relative changes in the coefficients
are of the order of 10% or less, it is proposed to use the asymptotic perturbation method. Its
essence is reduced to the search for the decomposition of the desired functions into functional
series, the rapidity of convergence of which depends on the ”smallness parameter” of the relative
change of the functions affecting the problem.

The algorithm for solving the problem is as follows. We assume solutions of the problem (10)
in the form of series consisting of corrections of the corresponding order:

Z = Z0 + Z1 + Z2 + . . . ;

xi = x0i + x1i + x2i + . . . ;

The values of Zk and xki are determined in an iterative way, assuming Z0 and x0i as the first
approximation in the iteration process. The values of Z0 and x0i are the solution of a simple
linear programming problem (1), when their average values a0ij , b

0
i and c0j are taken instead of

the variable coefficients aij(x), bi(x) and cj(x).
For example, if cj(x) is continuous in the interval [0;1], then we take as its mean value:

c0j =

1∫
0

cj(x)dx (11)
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The above brief overview shows that the problem of linear programming with variable coeffi-
cients is a well-known problem that has sufficient applications and is being studied everywhere.
A certain number of methods for solving this problem have been developed, which are success-
fully applied depending on the problem formulation and application area.

4. Trigger graph model of the process and customs risk criterion

Based on the results of the above analysis, we can say that all methods of solving the linear
programming problem with variable coefficients imply certain requirements for the ratio of the
coefficients of the target function. First, an explicit form and smoothness of the parametric
function are required. Second, when applying some methods of solving this problem, additional
conditions such as continuity and differentiability of the given function are required.

However, in the case of the problem of optimal control of the customs clearance process,
the parametric coefficients of the target function do not have an explicit expression and the
above conditions cannot be required. Consequently, there are certain difficulties in applying the
available methods to solve the problem, and it is required to explore new approaches.

Based on the latter findings, to minimize the target function (3) under conditions (4), it is
proposed to ensure minimization of the coefficients of the target function rk(X), which represent
the degree of risk of the k – process. Without violating the conditions of the stated problem
and generality, we can assume that:

rk(X) ≥ 0, k = 1, 18, c0j =

1∫
0

cj(x)dx (12)

The task of minimizing the coefficients of the target function rk(X) gives rise to the task of
investigating the essence of customs risks.

The above studies have led to the fact that customs risks from the mathematical point of
view is a function of many variables, is not presented in an explicit form, there are considerable
uncertainties in its characteristics in terms of smoothness, continuity, differentiability and other
qualities.

Before moving on to research on the specifics of the customs risk, it is important to consider
the essence of the risk as a whole, since it is inherent in various fields of activity. There are
many approaches to defining the concept of ”customs risk”. For example, the working group
of the World Customs Organization, preparing the document ”World Customs Organization
Compendium on Customs Risk Management” in 2011, gave the following definition: ”Risk: the
result of doubts arising in relation to objects” [12]. In scientific literature it is defined as follows:
”Risk is the probability of violation of customs legislation associated with evasion of payment
of customs duties and taxes due” [13].

In these or other definitions of customs risk, which are observed in previously published
scientific papers, the ”probability of violation of customs legislation” passes as the main predi-
cate. This means that the mathematical expression of customs risk must necessarily include the
”probability of violation of customs legislation” model.

Based on the above, in order to develop a mathematical approach to this definition, it is
necessary to study customs legislation both at the national level and at the international level.
At the same time, the importance of studying international conventions in the field of customs
should be emphasized, as the process of a foreign trade operation is directly related to foreign
partners.

Fig. 2. shows a simplified graph model and Fig. 3. an explanatory scheme of the process of
foreign trade operations.

An analysis of the customs legislation on the day of the present research shows the following.
By the beginning of the second half of 2023, more than 2216 normative legal documents related
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Figure 2. Simplified graph model of the process of foreign trade operations

Figure 3. Explanatory scheme of the process of foreign trade operations

to the regulation of the activities of customs authorities of the Republic of Uzbekistan were in
force (Table 2).

Table 2. Information on legal documents related to the regulation of the activ-
ities of the customs authorities of the Republic of Uzbekistan

Type of normative document Amount
Laws of the Republic of Uzbekistan 57
Codes of the Republic of Uzbekistan 12

Decrees of the President of the Republic of Uzbekistan 322
Resolutions of the President of the Republic of Uzbekistan 767

Resolutions of the Cabinet of Ministers of the Republic of Uzbekistan 1011
Orders of the Cabinet of Ministers of the Republic of Uzbekistan 11

Legal acts registered with the Ministry of Justice of the Republic of Uzbekistan 36
Total 2216

Despite the fact that there is such an extensive customs legal framework, the main task of
the customs authorities of the Republic of Uzbekistan is to protect the economic security of the
country and almost all the rules of this framework are focused on the following two main tasks
[14]:

a) fulfillment of the fiscal task - ensuring the completeness of customs payments collection;
b) prevention, detection and suppression of violations of customs legislation, including smug-

gling.
The study of customs legislation and practical experiments showed that between the above-

mentioned main tasks of managing foreign trade operations, in terms of procedure, there is an
irreconcilable contradiction. This contradiction is manifested in the following:

a) the key parameter for increasing customs payments is the time spent on customs clearance
of foreign trade goods: the less time spent on customs clearance of a particular foreign trade
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cargo, the more cargo will be cleared for a certain period of time, hence, more customs payments
will be made to the state budget during this period.

At the same time, the number of violations of customs legislation and the volume of goods of
illegal circulation are increasing, since the time for a detailed study of the consignment of goods
being processed remains minimal.

b) the key parameter for reducing customs law violations is also the time spent on customs
clearance of foreign trade goods: the more time to study a specific consignment of foreign trade
cargo, the less chance there is to commit violations of customs legislation.

At the same time, the amount of revenues to the state budget from customs payments de-
creases, as the foreign trade turnover for a certain period of time decreases.

To minimize irreconcilable contradictions between the main tasks of managing foreign trade
operations in procedural terms, in practice, a customs risk management system is used. Trigger
graph model of the main tasks of foreign trade operations management with application of risk
management system is shown in Fig. 4 and Fig. 5.

Figure 4. Trigger graph model of the main tasks of foreign trade operations management

Figure 5. Explanatory scheme of the main tasks of foreign trade operations management

It should be noted that both functions - the function y1, which reflects the volume of receipt
of customs payments, and the function y2, which reflects the volume of illegal goods (customs
law violations) are functions of time, etc. yi = yi(t). Both functions are inversely proportional
to the ratio of customs clearance time, etc.

yi = ϕi(
1/t), where ϕi − linear functions, i = 1, 2 (13)
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On the other hand, the conducted experiments showed that with an increase in the volume of
goods of illegal circulation (offenses of the customs legislation), the receipts of customs payments
decrease, etc. functions y1 and y2 are inversely proportional to each other:

y1 = ψi(
1/y2), where Ψi − linear function (14)

The mathematical contradiction reflected in (13) and (14) gives rise to the need for an opti-
mization problem about the choice of time for customs clearance of foreign trade goods. It is
required for each batch of goods to review the duration of customs clearance time and choose it
so that there would be maximum receipt of customs payments and minimum volume of goods
of illegal turnover (violations of customs legislation).

This task can be solved only if the following conditions are met:

– choose the minimum time for customs clearance, in the absence of customs risk;
– choose the time of customs clearance sufficient to ensure the minimization of the customs

risk, if it is detected.

5. Risk assessment of the reliability of customs information

We mentioned above that in the scientific literature there is a theory according to which any
customs system successively goes through several separate phases of its activity, characterized
by the specifics of its relations both with foreign trade participants and with the state. Three
phases of development are noted: the customs systems of developed countries are in the “customs
for foreign trade participants” phase, in most developing countries the phase “customs for the
government” is characteristic, and in a number of underdeveloped countries there is a “customs
for themselves” phase.

Proceeding from the fact that the Republic of Uzbekistan is carrying out large-scale works
on transferring the customs service to the phase ”customs for foreign trade participants”, the
authors of this paper study customs risks, categorizing them into three classes:

a) customs risks for business;
b) customs risks of economic security;
c) corruption risks.
a) when it comes to the customs risk for business, it means the submission of an unreliable

customs declaration by the business to the customs authorities. Analysis of the database of
violations of customs legislation for several years shows that every 4th fact about such violation
is the result of false declaration.

Despite the fact that at the present stage of development of foreign trade, favorable conditions
are created for a law-abiding participant in foreign trade, the laws react rather harshly towards
them if they have submitted an unreliable customs declaration to the customs authorities. The
consequence of such phenomena for them can sometimes be undesirable, severe and long-lasting.

Therefore, the primary task of the customs service of the Republic of Uzbekistan today is to
minimize customs risks for business.

b) the customs risk of economic security is the probability of violation of customs legislation
by a participant in foreign trade, associated with evasion of payment of due customs duties and
taxes.

c) corruption risks shall mean abuse of official powers, receiving and giving bribes, bribery,
mediation in bribery, commercial bribery or other illegal use by a customs officer of his/her
official position contrary to the legitimate interests of the state, in order to obtain benefits for
himself/herself or for third parties.

Thus, the first step in solving the problem of optimal management of the customs clearance
process (3) - (4) is to minimize the implicit function , which represent the degree of risk of
unreliable declaration of foreign trade goods, etc. minimization of customs risks for business.
To solve this problem it is necessary to assess the reliability of information about the goods on
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all its parameters, etc. it is required to conduct a multivariate analysis of information about the
goods. Information about the goods is fully reflected in the cargo customs declaration.

The research of the authors of this paper has shown that the customs cargo declaration is one
of the fundamental documents of the customs clearance process. It is formalized in the form of
a multidimensional matrix X, which is the source of state customs statistics (Fig.6.) [15].

A brief characterization of the customs cargo declaration is as follows:

– number of columns - 58;
– the level of detail of each column of the cargo customs declaration is determined depend-

ing on the complexity of the task, but not more than 40;
– L - the total number of cargo customs declaration per year.

Figure 6. Multidimensional information matrix of the cargo customs declaration

It should be noted that each layer of this matrix corresponding to l = l0 reflects a separate
cargo customs declaration. It can be labeled as follows:

X0 =


x1 1 l0 x1 2 l0 . . . x1 40 l0{
x2 1 l0

...

{
x2 2 l0
. . .

{
x2 40 l0
...

x58 1 l0 x58 2 l0 · · · x58 40 l0

 (15)

Assessing the validity of information about the goods for all its parameters requires controlling
and assessing the validity of all elements of the matrix (15). The study of existing methods for
solving this problem showed that the problem of identifying unreliable customs declarations is
a special case of the general and, as you know, ancient problem of identifying false information,
etc. how to distinguish ”truth” from ”falsehood”.

This famous problem is mentioned in many ancient writings, beginning with Aristotle (384 BC),
who is the founder of logic as a science [16]. One of the great scientists who devoted his entire
conscious life to the study of the task of distinguishing ”truth” from ”falsehood” is Imam al-
Bukhari. His book Al-Jami’as-Sahih has been tested for over 11 centuries and is considered the
most authentic book today [17].
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The concept of information reliability has different meanings in philosophy, the theory of
forensic evidence, epistemology, logic, probability theory, psychology, natural science and other
areas. There is no single definition of the term, although many famous philosophers have tried
to give their own definition of the term. In logic and philosophy, reliability often acts as a
synonym for the concept of ”truth” and characterizes indisputable, firmly substantiated and
demonstrative knowledge.

Figure 7. ”Threshold Matrix” of customs risks

A ”threshold matrix” (TM) is proposed to determine the concept of reliability of the elements
of the customs cargo declaration (Fig.7. - 15.) (4.3.). here: ηij1, ηij2 - some positive real numbers
or textual information.

Definition 1. Each element of the matrix is xijl0 ∈ X0 called reliable if the following
condition is satisfied

ηij1 ≤ xijl0 ≤ ηij2 (16)

where: 1 ≤ i ≤ 58, 1 ≤ j ≤ 40.
Definition 2. If all elements of the matrix xijl0 ∈ X0 are reliable, then the customs cargo

declaration is called reliable.
Conditions (16) are called criteria, and the elements of the ”Threshold Matrix” are called

textitindicators of the reliability of the cargo customs declaration.
From Definition 1-2, the following statement is easily proved:
Statement 1. If at least one element of the matrix xijl0 ∈ X0 does not satisfy the conditions

(16), then the corresponding cargo customs declaration is unreliable. To assess the reliability of
the cargo customs declaration, the following function is introduced:

ρij =


eηij1 −xijl0 , if ηij1 ≥ xijl0
1, if ηij1 ≤ xijl0 ≤ ηij2

exijl0−ηij2 , if xijl0 ≥ ηij2
(17)

The function can be estimated as follows: when the conditions ηij1 ≤ xijl0 ≤ ηij2 are satisfied
for all :1 ≤ i ≤ 58, 1 ≤ j ≤ 40. function value ρij = 1; otherwise, -ρij > 1. In other words,
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the function ρij reflects the quantitative assessment of the reliability of the element xijl0 ∈ X0

of the cargo customs declaration. Then the matrix ρ (18) is the matrix of the reliability of the
cargo customs declaration X0.

ρ =


ρ1 1 ρ1 2 . . . ρ1 40{
ρ2 1

...

{
ρ2 2

. . .

{
ρ2 40

...

ρ58 1 ρ58 2 · · · ρ58 40

 (18)

With the above notations, the following theorem is proved:
Theorem 1. In order for the cargo customs declaration X0 to be reliable, it is necessary and

sufficient to fulfill the following condition:

P =

58∏
i=1

∏
j=1

ρij = 1 (19)

R is the coefficient of reliability of the customs cargo declaration X0. It follows from (17) and
(19) that the coefficient R takes on the values R = 1 only if for all 1 ≤ i ≤ 58, 1 ≤ j ≤ 40. the
conditions ηij1 ≤ xijl0 ≤ ηij2 are satisfied, otherwise R > 1.

6. Algorithm of control of risks of reliability of calculation of customs
payments

To verify the above results, let’s consider the tasks of controlling the risks of reliability of the
calculation of customs payments. The amount of customs payments for the import of goods is
determined as follows:

S = D + E + V

where: D- the amount of customs duty, E- the amount of excise tax, V - the amount of value-
added tax on goods. They are determined mainly by the so-called ”ad valorem rates”. This
means that the amount of each of the above types of customs payments is determined depending
on the established rate in percentage terms. For example, the rate of value added tax in the
Republic of Uzbekistan is set at 12% of the customs value of the goods.

The formulas for calculating them are as follows:

D = d · c;

E = e · c;
V = 0.12 · (c+D + E)

where: c is the customs value of the goods, d is the rate of customs duty, e is the rate of excise
tax.

After simple arithmetic transformations, you can get:

S = D + E + V = c · (d+ e+ 0.12 (1 + d+ e)) .

Hence, it can be seen that the amount of customs duties on imports of a particular good
depends directly on the customs value of the good c. The lower the customs value of the goods,
the lower the receipt of customs payments to the state budget.

Considering this circumstance, the ”Threshold Matrices” were formed in the form of ”Price
Information Bulletins”. The table reflects the following data:
η7 – date of registration of the customs value of goods;
η33 – commodity code in accordance with the Harmonised System (HS);
η15 -– code of the country of departure of the goods;
η34 -– country of origin code;
η45 — customs value of goods.
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The other elements of the ”threshold matrix” for the considered criterion of the reliability of
the customs value of goods are of little importance.

Then conditions (16) have the following form:

|η7 − x7| ≤ 90

η15 = x15

η33 = x33

η34 = x34

η45 ≤ x45
Taking into account the above designations, an algorithm for controlling the customs value

of goods has been developed (Fig. 8).

Figure 8. Algorithm for controlling the customs value of goods

It should be noted that the “Price Information Bulletin” is a characteristic feature of the
national legislation of the Republic of Uzbekistan, and is not observed in the practice of the
customs services of other countries.
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7. Conclusion

In conclusion, we would like to note that the software that implements the above algorithm
determines the errors of the customs cargo declaration and in the automated mode informs the
foreign trade participant about it. In relation to the correcting participant in foreign trade, the
identified errors are not applied in a timely and voluntary basis.

Currently, 53 logical conditions have been established to control the customs value of goods,
which allow localizing customs risks. As a result of the introduction of these risk criteria in
2022, in 88 thousand 897 cases, the risks of “determination of the customs value of goods” and
arrears to the state budget in the equivalent of more than 9 million 968.8 thousand US dollars
were prevented.
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Abstract. In this paper, we propose to consider various models of pattern recognition. At the
same time, it is proposed to consider models in the form of two operators: a recognizing operator
and a decision rule. Algebraic operations are introduced on recognizing operators, and based
on the application of these operators, a family of recognizing algorithms is created. An upper
estimate is constructed for the model, which guarantees the completeness of the extension.
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neighborhood, disjunctive normal forms, minimization.
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1. Introduction

In recent years, the solution of applied problems of recognition classification and prediction
has received great development. In many real cases, the solution scheme remains the same, the
set of possible solutions is divided into subsets in such a way that solutions that are close in some
metric fall into one subset. In the future, solutions that fall into one subset do not differ, and
all objects corresponding to these solutions are assigned to one class. The information described
by past experience is presented in the following form: various objects are described in some
way and their descriptions are divided into a finite number of non-overlapping classes. When
a new object appears, a decision is made to enroll it in one or another class. It is proposed to
choose such a generalized algorithm so that it achieves extreme forecasting quality. Consider
algorithmic models for solving classification problems. It is possible to distinguish among these
models the most frequently encountered in solving problems of an applied nature.

2. Models built on the principle of division

In many problems where descriptions of objects are given by sets of values of numerical
features, objects belonging to different classes can be separated by surfaces of a fairly simple
form [1, 2]. An example is a hyperplane of the form:

n∑
i=f

aixi + an+1 = 0
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Models built according to this principle differ mainly in the assignment of a class of surfaces,
among which a surface or a set of surfaces is selected that separates the classified objects of
different classes [3, 4, 5].

3. Models built on the principle of potentials

The basis for constructing these models is the following principle. The force of attraction is
directly proportional to the product of the masses and inversely proportional to the square of
the distance [6]. In other words, when considering objects whose belonging to one of the classes
is known, one can set the mass of this set, the distance from the set to the recognized object
in various ways, and choose as the function of the object belonging to one or another class a
value that is a function that increases monotonically with mass and monotonically decreasing
with distance [7, 8].

4. Statistical models

These models are formed on the basis of the apparatus of mathematical statistics and are
used for cases where the probabilistic characteristics of classes can be determined. Algorithms
belonging to statistical models translate the training information and descriptions of objects
into a numerical matrix, and information vectors for the classified objects are formed from the
elements of this matrix. The elements of this numerical matrix can be the probabilities of
occurrence of objects by class.

5. Models based on the calculation of scores

In works [9] the so-called parametric recognition algorithms were considered, etc. such collec-
tions of algorithms in which each algorithm is encoded in a one-to-one way by a set of numerical
parameters. In these models, the proximity between parts of previously classified objects and
the object to be classified is analyzed. Based on a set of estimates, a general estimate for the ob-
ject is developed and, according to the introduced decision rule, the belonging of the recognized
object to one or another class is determined.

In the dissertation, as the initial model (A), a model is considered that is related to the model
for calculating estimates, supplemented by some simple type recognition algorithms: the nearest
neighbor algorithm, the average distance algorithm, etc.

A feature of the algorithms of this class is that for calculating estimates that determine the
belonging of a recognized object, there are simple analytical formulas that replace complex enu-
meration procedures that arise when calculating proximity estimates using a system of support
sets.

In these models, the division of the algorithm into recognition operators and decision rules is
carried out in a natural way [10].

We will consider only algorithms represented in the form A = B ∗ C where B is an arbitrary
recognition operator. It turns out that an essential part of the algorithm is the operator - B;
decisionrule−C can be made standard for all algorithms and programs. Any recognizing vote
operator maps task Z to a numeric matrix of votes or scores B(Z) = ‖Gij‖q·l, Gij = Gj(S

i)

moreover, the value Gij has a clear, meaningful interpretation. This value can be considered as
the degree of belonging of the examined object Si to the class expressed by a number Kj . After
the introduction of the appropriate normalizations, the quantities Gij can also be considered as
the value of the membership function 3 of the elements of the Si set Kj . In this paper, we will
adhere to the term “number of votes” or “assessment” that has been established in the domestic
literature, which, in our opinion, is more consistent with the real meaning of the introduced
values.

Before describing the evaluation model used in what follows, it should be noted that the
complete voting model is not parametric in the previously defined sense.
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Indeed, out of the 6-stages in [11]. defining the estimating model recognition operator, one
stage is not specified by specifying numerical parameters. This stage is introduced with the help
of a variable set-theoretic characteristic. However, in reality, submodels of the class of evaluation
operators are usually considered, and the algorithms of these submodels are uniquely encoded
by a set of numerical parameters.

Before introducing the submodel used in what follows, let us write how the algebra of rec-
ognizing operators is constructed. Let Z = (J, S̃2) a fixed recognition problem with classes
K1, . . . ,Ke, let also B1 and B2 recognize operators, C is a real number

Bi(Z) =
∥∥Gi

uv

∥∥
q·l i = 1, 2.

Then the sum and product of the operators B1 and B2 as well as the multiplication of the
operator by a real number is defined as follows

(B1 + B2)(Z) =
∥∥G1

uv + G2
uv

∥∥
q·l

(B1 ×B2)(Z) =
∥∥G1

uv ×G2
uv

∥∥
q·l

(cB)(Z) = ‖c ·G‖q·l i = 1, 2.

Obviously, all these operations are commutative and associative, moreover, the operation of
addition is distributive with respect to the operation of multiplication by a number. Due to
these properties, if (B) is the original set of operators, a(B) is the closure of the family (B)
with respect to the introduced operations / algebraic closure / from a(B) can be represented as
operator polynomials ∑

bi1 , . . . , bik , Bi1 · . . . ·Bik

Here bik− constants and original operators Bik− play the role of variables for ordinary polyno-
mials.

Note that if we have one algorithm for applying the original operators Biv to any problem Z,
then it is easy to construct an algorithm for applying the operator polynomial to Z.

Example: Let Z = {J, S̃3} the classes K1,K2 be given three initial operators B1, B2, B3 and

B1(Z) =

∥∥∥∥∥∥
0 1

0.5 1
1 1

∥∥∥∥∥∥ = M1

B2(Z) =

∥∥∥∥∥∥
0.5 0.5
1 1
1 0.5

∥∥∥∥∥∥ = M2

B3(Z) =

∥∥∥∥∥∥
0.1 0.2
1 1

0.5 0.5

∥∥∥∥∥∥ = M3.

Consider the operational polynomial

2B2
2 −B1 ·B3 = B∗ ∈ {B}.

According to the definition of the operation of addition, multiplication and multiplication by a
number B∗(Z) = 2M2

2 −M1 ·M3.
Note that, unlike the usual matrix multiplication, element-wise, that is, Hadamard multipli-

cation is performed here.
It is easy to see that

2M2
2 =

∥∥∥∥∥∥
0.5 0.5
2 2
2 0.2

∥∥∥∥∥∥ ,
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M1,3 =

∥∥∥∥∥∥
0 0.2

0.5 1
0.5 0.5

∥∥∥∥∥∥ ,
B∗ =

∥∥∥∥∥∥
0.5 0.3
1.5 1
1.5 0

∥∥∥∥∥∥
For any operator polynomial, the algorithm for applying to the problem is constructed in a

similar way: the original operators are applied to the problem, and then the resulting matrices
are multiplied by the corresponding scalars and finally added, as in the example just considered.
The evaluation matrix obtained by applying the algorithm a(B) from the closure algebra does not
allow such a simple interpretation as the matrix of the number of votes in voting algorithms. The
new recognizing operators are a formal extension of the original space of meaningful operators.
Such formal extensions are often used in mathematics: thus, the field of complex numbers is a
formal extension of the field of real numbers, for example, the process of formal Galois extensions
is known, etc. In the Galois extension, an algebraic equation of any degree is solved elementarily.
However, for a long time no physical interpretation of the Galois expansion was found. Only
in recent years has it been established that the elements of the Galois extension are naturally
interpreted in connection with problems of error correction in information transmission.

There is currently no meaningful interpretation for the algebraic extension of the space of
operators. However, with the help of these extensions, difficult extremal problems are relatively
easily solved, including the problem of synthesizing an error-free algorithm for a given recognition
problem.

The degree of an operator polynomial is introduced similarly to the degree of an ordinary
polynomial in many variables from the terms:

bi1 , . . . , bin ; Bi1 , Bi2 , . . . , Bik

the term with the largest K is chosen equal, for example, and the degree of the polynomial is
assumed to be equal to K. So for example, if the polynomial has a degree of – 4.

B1 ·B2 + 2B2
2 + 3B4

1

Because the term |M | with the largest K is 3B4
1 = 3B1 ·B1 ·B1 ·B1.

Based on the definition of the degree of polynomials, it is easy to distinguish in the extension
a(B) the system of nested extensions a0{B} = {B}, a1{B} = {

∑
bi {Bi}} , . . . , ak{B} = the set

of all polynomials of degree no higher than K.
Obviously, a0{B} ≤ a1{B} ≤ . . . ≤ ak{B}, . . . , a{B} set ak{B} is called the k− th power

extension of the original space of operators {B}. The set is of particular importance a1{B}, it
consists of all possible linear forms from the original operators {B}, etc. elements represented
as:

∑
biBi, Bi ∈ {B}.

When forming the elements included in the a1{B} operation, the product of operators is not
used. Therefore, this extension is an extension of the original space using the “+” operation,
“multiplication by a number”, therefore the set a1{B} is also commonly denoted as L{B}, and is
called a linear extension of the set {B}. And so, let a set of {A} algorithms be given {A} and each
A is represented as A = B×C, then the {B} initial model of operators. We take a fixed decision
threshold rule C(d1, d2). We introduce a family of algorithms L{B} · C(d1, d2), . . . , a

k{B} ·
C(d1, d2), . . . , L{B} ·C(d1, d2), . . . , a

k{B} ·C(d1, d2), . . . , a{B} ·C(d1, d2) called, respectively, a
linear extension L{A}, an algebraic extension of the K−th degree ak{A}, an algebraic extension
a{A} of a family of algorithms {A}.

We see that the constructed sets of algorithms consist, in the execution of the corresponding
operators, and a fixed threshold decision rule c is applied to the result of the operator’s action
(d1, d2).
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Let some set of recognition problems be given {Z} and the initial set of recognizing operators
be chosen in some way {B}. Let also within the framework {B} not for every problem Z there
exists an operator Bz and an algorithm Bz × Cz, which gives an error - free solution to the
problem Z. Then the scheme for constructing a correct recognition algorithm consist of the
following steps:

Stage 1. Some extension is chosen ak{A} in which the existence of an error-free solution
is guaranteed for each problem Z from {Z}. In this case, it is natural to find, if possible, the
smallest degree of expansion of K. The implementation of the first stage in the literature is
usually called the study of the completeness of the expansion. The theorems proved in this case
are usually analous to the existence theorem.

Stage 2. In the chosen extension, {ak}{A} for an admissible problem, Z either an error-
free /correct algorithm/ is constructed, or, if the former is associated with large computational
difficulties, an algorithm for solving with respect to , which is sufficiently acceptable in accuracy
Z. The exact calculation of the minimum degree of K is a laborious task, which at present can
be solved only for relatively narrow classes of problems Z, and the original family of algorithms
A. Therefore, in the studies carried out for the minimum degree of expansion, an upper estimate
is constructed that guarantees the completeness of the expansion. So for the voting model, such
an estimate is

K =

[
ln q + ln l + ln(d1 + d2) + lnd2 − ln d1

ln(1− 1
q )

]
built in [12].
Here q, is the number of recognizable objects, l is the number of classes and d1, d2 are the

parameters of the threshold decision rule.
For most real problems, this estimate is overestimated, and therefore, the algorithm built at

the second stage has computational redundancy. Of particular importance is the fact that the
above estimate is constructed for problems with intersecting classes, while the majority of real
problems are problems with non- intersecting classes [13]. Later we will see that for a wide class
of problems it is sufficient to consider the degree of 1, that is, to use only a linear closure.

Algorithms of the class for calculating estimates allow solving recognition problems of all types:
assigning an object to one of the given classes, automatic classification, choosing a system of
features to describe recognition objects and evaluating their effectiveness.

6. Conclusions

In this paper, we propose to consider various models of pattern recognition. Consideration
of models in the form of two operators is studied: a recognizing operator and a decision rule.
Algebraic operations are defined on recognizing operators, and based on the use of these oper-
ators, a family of recognizing algorithms is created. For the voting model, an upper bound is
constructed that guarantees the completeness of the extension.
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Abstract. The article analyzes the impact of environmental conditions on agricultural produc-
tion in the Aral Sea region. The development of mathematical models for solving the problems
of optimizing agricultural production, the spread of dust and salt particles from above-ground
sources of heavy and light aerosols, depending on meteorological conditions, algorithmic and
managerial decision-making methods is scientifically substantiated. It is also proposed to de-
velop methods and tools for interactive analysis of water and soil, models, methods and moni-
toring algorithms to determine the impact of environmental factors on agricultural production.

Keywords: model, method, algorithm, erosion, soil, aerosol, diffusion.

AMS Subject Classification: 93C95

1. Introduction

At present, in order to solve the problems that arise in the development of agriculture and the
rational use of natural resources, it is necessary to scientifically substantiate the development of
mathematical models for solving problems of optimizing agricultural production, algorithmic and
managerial decision-making methods. The principles and important directions of the method-
ology of a systematic approach to the analysis of the production of agricultural enterprises are
presented in Figure 1.

2. Purpose and methods of research

In Central Asia, a striking example is the exposed bottom of the Aral Sea and the salt marshes
that have arisen in its place, which are the main source of emission and dispersion of toxic salts,
pesticide residues and dust in the atmosphere of the region. To solve the problems of monitoring
and predicting the ecological state of regions and making managerial decisions, it is necessary
to develop mathematical and software that takes into account soil erosion, weather and climatic
conditions, physical and mechanical properties of aerosol particles, and other factors. In order
to predict the spread of aerosols in the environment, to find the number of aerosols in the
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Figure 1. Basic principles of system analysis of agricultural production

area under consideration D = (0 < x < a, 0 < y < b, 0 < z < H) and the amount of aerosols
deposited on the underlying surface, we use the mathematical model [1, 2, 3, 4, 5, 6]:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
+ (w − wg)

∂θ

∂z
+ σθ = µ∆θ +

∂

∂z

(
k
∂θ

∂z

)
+Qδ (x, y, z) ; (1)

θ (x, y, z, 0) = θ0 (x, y, z) ; (2)

−µ∂θ
∂x

∣∣∣∣
x=0

= γ (θ − θa) ; µ
∂θ

∂x

∣∣∣∣
x=Lx

= γ (θ − θa) ; (3)

−µ∂θ
∂y

∣∣∣∣
y=0

= γ (θ − θa) ; µ
∂θ

∂y

∣∣∣∣
y=Ly

= γ (θ − θa) ; (4)

−k∂θ
∂z

∣∣∣∣
z=0

= γ(βθ − F0); (5)

−k∂θ
∂z

∣∣∣∣
z=H

= γ (θ − θa) . (6)

At H = 0 , we have an elevated source at the level z = H (F0 = 0), and at elevated sources
F0 6= 0 (Q = 0) .

Problem (1) - (6) will be considered in the area D when the source is located in the surface
layer, where the ”crosses” indicate the above-ground sources of atmospheric pollution (Figure
2).

The value of F0 is a function of x, y, z, t ,and should be determined from experimental data
depending on meteorological conditions, properties of the underlying surface, size and density
of dust particles. For determine k consider the following models:

(1) k = const, u, v, w - const;
(2)

k =


v + k1 · z

z1
, z ≤ h,

v = |v| · zn,
v + k1 · h

z1
, z > h, .

(3) k = k (z) , v = v (z) , w = w (z) ,
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Figure 2. Location of sources on the above-ground layer in the drained part of
the Aral Sea region.

where h – is the height of the surface layer, v – is the turbulent viscosity. The static processing
of data on the influence of various weather and climatic conditions on the removal of particles
from the earth’s surface shows that the main factor causing soil erosion is the velocity of the
oncoming flow, and the main factor is soil moisture. The remaining parameters, although they
play a certain role in the development or prevention of erosion, but their influence is ambiguous.
Therefore, in mathematical modeling of the process of distribution of harmful particles and
changes in their concentration over time, these parameters must be taken into account, and the
physicochemical properties of the soil can be considered constants included in the calculation
formula.

Wind speed and soil moisture affect the process of distribution of harmful particles in the
atmosphere and the development of soil erosion in different ways. If an increase in the speed
of the oncoming wind stream enhances the erosion process, then an increase in soil moisture
suppresses it. According to [7, 8], we write the general dependence in the form

F0 = f(u,w), (7)

where F0 – is the volumetric flow rate of particles carried away by the atmospheric front m3/s.
To determine the type of function (7), we proceed to the analysis of the acting forces that cause
the destruction of the soil and resist this destruction. We denote the destructive forces by F.
They are always opposed by the resistance forces R, which include moisture and other physical
and mechanical properties of the soil [8, 9, 10, 11]. When the force F exceeds the force R , the
process of soil erosion and the removal of harmful particles from the earth’s surface begins. The
destruction force F is mainly determined by the shear stress of the oncoming air flow. At the
same time, the more solid particles in the flow, the greater the total shear stress that destroys
the soil. To obtain a theoretical dependence, we will consider an equilibrium process [12, 13, 14].
At dynamic equilibrium, the difference between the forces F and R must be equal to zero, etc.

F −R = 0. (8)

Let’s write an expression for these forces. The relationship between the volumetric flow rate
F0 of entrained particles and the flow rate is expressed as

F =
∂F0

∂u
· χ, (9)
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where χ is the shear stress, kg/m2. For the resistance force R, by analogy with F, we take the
expression

R = c0
µc
l

∂F0

∂ζ
, (10)

where µc – is the viscosity of the mixture (air + soil), kg ∗ s/m2, l is the distance between
individual particles, m, c0 – is the soil constant. Substituting (9) and (10) into (8), we have

∂F0

∂u
χ− c0

µc
l

∂F0

∂ζ
= 0 (11)

or
∂F0

∂u
− c0

µc
lχ

∂F0

∂ζ
= 0. (12)

Consider a single expression c0µ/ (lχ) in equation (12). If we approximately assume that the
shear stress is determined by the value of the external velocity u∞, etc. χ = u∞, then this
expression in equation (12) can be represented as

c0µc/ (lχ) = c0µc/ (lu∞) . (13)

In formula (13), the dynamic viscosity of the mixture µc is determined mainly by soil moisture,
which increases the adhesion force between individual particles. Based on expression (13), we
can assume that the soil constant depends on a certain moisture function:

c0µc/ (lu∞) ∼= c′0f (ζ) . (14)

In what follows, the function f (ζ) is replaced by a simple dependence

f (ζ) ∼= c0c
′
0ζ. (15)

Dependence (14) finally takes the form

c0µ0/ (lu∞) ∼= c0f (ζ) ∼= c0c
′
0ζ = kpw, (16)

where kp – is the soil constant, s/m. Returning to expression (12), we obtain

∂F0

∂u
− kpζ

∂F0

∂ζ
= 0. (17)

3. Research results

As a result, an equation was obtained that makes it possible to calculate the volume of
removal of particles from the soil surface depending on its soil moisture and the speed of the
incoming air flow. Calculating the value of the volume flow rate of particles F0, further using
the boundary condition (5), we can solve the problem of transport and diffusion of pollutants in
the atmosphere. Since problems (1) - (6) are described by multidimensional partial differential
equations with appropriate initial and boundary conditions, it is difficult to obtain their solution
in an analytical form. To solve them, we similarly used an implicit finite-difference scheme with
the second order of accuracy in time [15, 16, 17, 18, 19]. Depending on the accuracy of the
technical data, an accurate forecast can be made for the selected crop areas. The data is
compared to results every ten days and the data is stored in linked relational databases. As the
amount of data grows, it is recommended to use normalization for processing and storing them.
For this, a relational model for storing normalized data was created, a datalogical model in the
web system provided for the information system for environmental monitoring of the Aral Sea
region (Figure 3).

The water level sensor provides information in analog form, where the change in voltage
is converted into digital information by determining the mathematical relationship with the
environment. There is a converter that converts analog to digital and works by getting power
from the source. The power source is a solar panel.

The scheme of information processing processes in environmental monitoring information
system (EMIS) is shown in Figure 4.
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Figure 3. Datalogical model of the ecological monitoring information system.

Figure 4. Scheme of information processing processes in EMIS.

Let’s represent the mathematical model of information processing in EMIS in the form of a
tuple:

MPI(O,S, P ) = F, (18)

where F – is the structure of the environmental monitoring system, which is understood as a
formalized representation in the form of a tuple model of a set of environmental monitoring
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objects O, that change their state as a result of operations P by a set of subjects S.

F = O,S, P, T , (19)

where O = {o1|i = 1, n} – is a set of environmental monitoring objects, S = {Sq|q = 1,m} – is

a set of subjects, P = {pi|l = 1, k} – is a set of operations performed on objects, n,m, k – is the
total number of objects, subjects and operations, respectively, T is a set of discrete time points.

Each information corresponds to a set of states , each of which determines the content and
attributes of the object in a certain period of its life cycle

u1 → Ci, (20)

where Ci = {cij|j = 1, l(l− is the amount)} is the set of states of the environmental monitoring
object ui, l(l − is the amountCi) is the number of such states. For designate the state cij ,
information uj used in data processing in specific operations, we will take the designation uj(cij).
Each state is defined as a tuple of a set of object attributes and their values in a given time
interval Tcij

Cij = ({(ain, dijn)|ain, dijnDij ,∈ n = 1, Nl}, Tcij ), (21)

where Ai = {ain|n = 1, r (r − is the amountAi)} is a set of attributes of object uj with a

corresponding set of attribute values Di = {Dij |j = 1, l} for each state of cij .

Dij = {dijn|n = 1, v}, (22)

where r – is the number of object attributes; v – is the number of Dij , Tcij = {tm} – T is the
set of times.

Digital technologies can make a significant contribution to solving all these problems. Sensors,
drones, satellites and robots used in agriculture are examples of digital technologies that have
the potential to revolutionize agriculture, even on a small scale. The device model, connection
configuration, DBMS, quality controller that controls the level of error of data coming from the
sensor combine the capabilities of the device for processing data from the components of the
sensor system. (Figure 5).

Figure 5. Conceptual model of the process of functioning of the environmental
monitoring system.

Digital technologies can make a significant contribution to sustainable development. Due to
the methods of information protection, it is possible to improve the mechanisms for controlling
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social and environmental responsibility by ensuring the security and reliability of DBMS oper-
ations. The Internet can perform tasks such as monitoring and simplifying system processes,
generating reports, and improving data entry methods.

The environmental monitoring system should perform such activities as the collection, sys-
tematization and analysis of information:

• about the state of the observed ecological environment;
• about the causes of observed and possible changes in the situation (sources and factors

of influence);
• about possible changes in the situation in the observation well, etc.

Thus, the environmental monitoring system includes monitoring the state of environmental
elements and monitoring sources and impact factors.

At present, in many areas of the Aral Sea region, crop yields are directly proportional to the
costs allocated to it, however, the purpose of the study is to maintain environmental sustainabil-
ity in existing crop areas, as well as to monitor changes in environmental parameters to make
the necessary changes. In such cases, the problem should be handled carefully. It is necessary to
carry out the necessary work, it is necessary to measure the parameters of the environment with
the help of workers and control the implementation of actions, to determine the algorithm of
seasonal changes depending on the parameters of the environment and regions. Algorithmization
of the problem solving process is the process of finding such an algorithm, the execution of which
leads to the solution of the problem. To implement this process, it is necessary to know the
exact task, structure and functional description of the algorithmic system (automated research
system). In a broad sense, the task involves the conscious search for suitable means to achieve a
goal that is clearly visible, but not immediately achievable. It is also possible to algorithmize the
information system of environmental monitoring, solve problems in it by algorithmic methods.

Here, operations such as registration, authorization, search are performed on the basis of
information stored in database management systems (DBMS). When building information sys-
tems, the algorithm of the system is always important for the formalization of the process and
is relevant in the implementation of such processes as modification, modernization.

Figure 6. Conceptual model for using information from the environmental mon-
itoring system.

A set of IoT information resources is needed from various related data (low level sensor data
or aggregated information or functions) (computing functions). IoT data is constantly written
to the server (via API). The environmental monitoring system can be used for various tasks of
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forecasting and / or tasks of system analysis, process control (Figure 6). It is recommended to
use IoT device enrollment to prevent incorrect data entry, learning, deletion, and disconnection
through IoT devices that are not part of the IoT system. When IoT data is transmitted over
the Internet, etc. URL, HTTP methods, the first step is to use the HTTPS protocol, and to a
certain extent, the use of information security.

The Internet of Things provides unlimited opportunities in the field of generation, collection,
transmission, analysis and dissemination of information around the world, which ultimately
allows humanity not only to survive, but also to gain knowledge and wisdom for its true pros-
perity for many months, years, decades and centuries. Every year the number of Internet users is
growing, applications are being developed in the field of automation and data collection, sensor
networks and machine-to-machine communication (M2M). The work done shows that in order
for digital technologies to gain popularity among ordinary users, operators and market partici-
pants must create applications that significantly improve the quality of life of ordinary citizens,
which means that digital technologies must be valuable for each individual.

4. Conclusions

Based on the foregoing, we can conclude that the construction of an environmental monitoring
information system based on digital technologies has a significant impact on all aspects of human
life, new scientific issues arise in the algorithmic formalization of user access to the environmental
monitoring information system. Digital technologies are at the heart of the emergence of new
tools in the field of statistics and forecasting, health and medical care. Ultimately, a global
telecommunications infrastructure is formed, covering all spheres of human life and all devices
that affect his lifestyle.

It should be noted that in the research work, based on the access model, which is an impor-
tant issue of information security, unauthorized access prevention is carried out, which includes
the study of the relationship of subjects present in the information system to objects, their
classification and analysis of restrictions on this basis. A functional diagram of user access to
the environmental monitoring information system is proposed.

At the same time, the data incoming and outgoing from them when managing sensors oper-
ating via the Internet are protected by the https security protocol to increase the security of the
IoT infrastructure. The data coming from the sensors, which are one of the main components of
this system, were included in the primary and secondary databases. Here, the primary database
is a temporary database, and after it is rotated into the main database, the primary database
is dropped and recreated.
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For construction of the magic squares (hereinafter M-matrices) various methods have been
proposed [1]. One of the efficient methods of construction of M-matrices is the method of
terraces. Earlier authors have implemented algorithmic and programming of construction of
M-matrices via this method in electronic form. In particular, the method works for construction
of M-matrices of high order 151 × 151 and further. However, there is some disadvantage which
lies in the fact that the method works only for constructing M-matrices of odd order: n =
2k − 1, k ∈ N. This paper shows computer modelling of high order M-matrix by a new method
(both, odd and even order), that is the method of decomposition [2]. The main feature of the
decomposition method is the presence of a database of small M-matrices, of order three to order
eight. In addition to this, we can model M-matrices of odd order: 3; 5; 7 by the method of
terraces and enter them into the database. Then, on the basis of the selected database we can
build higher order M-matrices 3 × 3; 3 × 4; 3 × 5; 3 × 6;...; 4 × 5; 4 × 6; 4 × 7;...

Authors have already modelled M-matrix of 100x100 order constructed by decomposition
method (4 × 5)× 5 = 100;(5 × 5)× 4 = 100. The main mathematical tool for constructing the
magic squares of high-order is the arithmetic progression. It should be noted that the necessary
set of values of square constants can also be computed using a second-order differential equation
with corresponding initial conditions:

un+2 = 2un+1 − un, n ≥ 1 (1)

According to Eulerian method the general solution of the equation is as follows (1):

u(n) = c1 + c2n (2)

since the roots of the characteristic equation λ2 − 2λ + 1 = 0;λ1 = λ2 = 1 correspond to each
other. The constants of squares that form an arithmetic progression act as identifiers, or in
another word operators. Let us construct M-matrix of the 12th order in order to illustrate the
method of decomposition of 3 × 4 type. There is plenty of numbers from 1 to 144 which are
classified into 9 groups, with 16 numbers in each in ascending order: I group - 1, 2, 3, . . . , 16,
II group - 17, 18, . . . , 31, 32, etc. ,VIII group - 113,114, . . . , 127, 128, IX group - 129,130,
. . . ,143, 144. Then, we will place each group of numbers according to table 3, counting the
initial number as shifted number 1, and the last number as shifted number 16. For example, in
the II group, the number 17 will be placed instead of 1; 18 is placed instead of 2, etc.., the last
number of this group is 32 which is placed instead of 16. The following formula is proposed to
calculate the square constants of each group of numbers:

S =
n2 + 1

2
n = kn (3)
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k− quantity of shifts: for the second group is equal to k = 16, for the third group – k = 32,
etc. In our case n = 4. Consequently, the constants of the squares of the formed groups form
an arithmetic progression with the following difference: d = 16 × 4 = 64. Thus, we have the
following 9 constituents of the arithmetic progression: a1 = 34, a2 = 98, a3 = 162, ..., a9 = 546
and subsequently, they will be placed in accordance with their numbers as it is shown in Table
1:  a6 a7 a2

a1 a5 a9
a8 a3 a4

 =

 354 418 98
34 290 546
482 162 226


It should be noted, that the square constant of the last M− matrix is equal to 870.
Furthermore, we will consider these 9 square constants as order-extending operators. M−

matrix of the 12th order is considered as a nested 3 × 4, in particular, as a block matrix. Each
component of the M− matrix of the third order is considered as a block and expand it as it is
illustrated in Table 1. Accordingly, for example, constant 34 will consist from M− matrix of
the 4th order. Each block can be drawn randomly due to square constant. We can apply any of
the M− matrix of order 4 from database, for example:

13 2 12 7
16 3 9 6
1 14 8 11
4 15 5 10

For constants as 98 and 162 we can applyM− matrix of the 4th order which were modelled
on the basis of the Table 5 in our database:

29 18 28 23
32 19 25 22
17 30 24 27
20 31 21 26

45 34 44 39
48 35 41 38
33 30 40 43
36 47 37 42

We can continuously make these steps regarding each square constant illustrated in Table
3. In consequence, instead of the square constants we will draw M− matrix of our group and
get M− matrix of the 12th order. The table below illustrates the fragment of location of M−
matrix of order 4 instead of constants 34, 98, 162.

29 18 28 23
32 19 25 22
17 30 24 27
20 31 21 26

13 2 12 7
16 3 9 6
1 14 8 11
4 15 5 10

45 34 44 39
48 35 41 38
33 30 40 43
36 47 37 42

Finally, we get one type of M− matrix of the 12th order:
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93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23
93 82 92 87 109 98 108 103 29 18 28 23

It is evident that

S =
a1 + an2

2
n =

34 + 546

2
3 = 870. (4)

We have modelled a magic square of 12×12 size on the basis of the magic square of 4×4 size
built earlier. Then, due to constant square of 4×4 we can get plenty of different magic squares
of 12×12 size. If we turn the each 4×4 size block of the magic square of 12×12 size clockwise or
back wise to 900; 1800; 2700 degrees, then with each turn, we get a new magic square of 12×12
size. This option of getting a new number of manifold matrices creates favorable conditions
of application of magic matrices of high order (for instance, 100x100 matrix) in cyber security,
information safety and cryptography, in particular. This is the foremost reason of significance
of the high order M-matrix modelling. It is noteworthy to build the M− matrix of high order
due to its application in information security as well. M− matrix of high order possesses diverse
existence of various classical magic squares of size. For example, the total number of classical
magic squares of 5×5 size is equal to 68 826 306. The construction of mathematical models of
high order magic square and their computer simulation is implemented in C++. Encrypting
text with magic squares. The working folder looks like this:

(1) EncryptingUsingMagicSquare.exe - main program
(2) BuilderOfMagicSquares.exe - an additional program that can create magic squares of

any size
(3) for encrypt - the folder where the document to be encrypted should be placed
(4) encrypted - the folder where the encrypted documents will be placed
(5) for descrypt - the folder where the document to be decrypted is placed
(6) descrypted - the folder where the decrypted documents will be placed.

Folder names cannot be changed! This encryption method is perfect for both text and tabular
documents.

How magic squares are created in the program ”Encryption using magic squares”? A magic
square is a square of a certain size, consisting of numbers from 1 to n, with the sum of numbers
in each column, column, diagonal equal to the so-called magic sum.

It is necessary to take into account that there are three kinds of magic squares, each of which
is created in its own way.

(1) Magic squares of odd order (m.k. of size 3, 5, 7, 9 ...).
(2) Magic squares of even - even order (m.k. of size 4, 8, 12, 16 ...).
(3) Magic squares of even - odd order (m.k. of size 6, 10, 14, 18 ...).

The program implements all three algorithms for creating magic squares, so it can create magic
squares of any size. All data is recorded in tabular documents and saved in the ”Magic Squares”
folder.
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Abstract. The implementation of projects with structural dynamics by student teams, as
unstable professional teams, requires agile management of blended interactions in conducting
tasks timely by participants. The mechanism of communicating sequential processes (CSP)
is one of the ways to model concurrent and distributed processes. The experimental work on
student project management in software development showed that CSP model can be applied
rather effectively in the management of individual and group project tasks.

Parallelism in this model is manifested in the possibility of simultaneous execution of dis-
tributed tasks by different participants. The disadvantage of CSP model is the difficulty to
conduct global analysis and monitoring in the practical management of several projects. The
disadvantage of Petri nets for team projects, on the contrary, is the impossibility of delimiting
the tasks of the personal responsibility of the participants. The possibility of combining two
formalisms permits both to control and analyze the interaction of participants in joint project
activities. Partially, the CSP model allows synchronization with the Petri net model, which
can also be used to manage the work of student teams. Models’ matching can be achieved by
converting the project process UML activity diagrams into two selected formalisms. In addition,
software development learning with process modeling makes it possible to illustrate students’
dynamic model application in social system automation.

Keywords: communication processes model, Petri nets, communicating sequential processes,
agile project management, distributed processes, software development learning, UML diagrams.

AMS Subject Classification: 90B10, 68Q85, 97P50.

1. Introduction

Management of professional project teams is regulated by both general patterns of business
processes and specific technologies within a particular field of activity. Communicating processes
simulation is utilized to build formalized and mathematical models for post-factum analysis
and subsequent optimization or for a real-time response when team processes deviate from
predefined parameters. A wide range of mathematical formalism is employed for modeling
different communicating processes depending on research conditions, objectives, and tasks –
including classic, stochastic, probabilistic or spatial process calculi, P systems, cellular automata,
Petri nets, Grid systems [1].

The common problem lies in constructing models to reliably identify participants’ responsi-
bility for delayed joint actions and to determine individual involvement in personal and collabo-
rative project stages without direct participation from instructors or managers, especially when
dealing with many unstable teams. Such models can be applied in automation for educational or
business process management environments, serving as a basis for timely managerial interven-
tions and final personal rewards or assessments. In practice, process descriptions of the functions
of participants in business processes are most often used, such as Business Process Modelling
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Notation [2]. They are intuitive for managers who are not experts in process automation. The
description of the dynamic features is not semantically accurate and sufficient formalization
enough. Therefore, the description of business processes is also used by other methods, such as,
for example, Petri nets [3] or algebraic calculus of processes [4].

Existing virtual communication support environments are oriented either towards explicit
individual responsibility (e.g., online learning platforms, CRM) or distributing responsibility
within stable teams (e.g., virtual whiteboards). The digital trace of participants’ actions is
mainly intended for verification and possible correction of individual actions in a ”manual” or
instructional manner, without enabling analysis of the overall project state and progress. On
the other hand, reflecting the digital trace of team project results at certain stages (versions of
project artifacts) makes it challenging to react to the actions or inactions of individual team
members since they remain concealed within informal communications within teams. Therefore,
there are contradictions in the construction of formal models for the first or second task of
analysis and control.

In the design of communicating business processes, great experience has been accumulated in
applying mathematical models of both the first type – process algebras, multi-agents’ models
such as communicating sequential processes (CSP) [5], and the second type – graph and au-
tomaton models such as colored Petri nets [6]. Models of the second type predominate in the
management of working projects because of the focus on results. But they practically do not
represent cases of possible instability of structures or resources.

Distributed team projects often employ agile management methods due to the inherent in-
stability of such teams. The complexity of managing distributed teams lies in the fact that part
of the communications is hidden, so it is not always possible to recognize crises in time. Team
structures and participants’ responsibilities may change while adhering to project timelines and
other requirements. This frequently occurs in resource-constrained environments, small orga-
nizations, and startup projects. Situations of instabilities arise in student teams rather often.
Communicative activity in blended learning becomes a viable and accessible research subject
for dynamic models of agile management in distributed project teams without compromising
economic efficiency. An exemplary case for examination is the design of software systems as an
area with a wealth of accumulated theoretical and technological tools for both classic and agile
design methodologies. A powerful and versatile simulation tool of processes is Unified Model-
ing Language (UML) which is used in different software engineering methodologies as well for
business process modeling [7].

The goal of this paper is to explore the possibility of solving the identified problem of unstable
teams’ agile management by constructing a dynamic simulation of communicating processes for
student teams’ projects of software development, allowing solutions for individual formalization
tasks and joint participation in design stages, including situations of team structure changes.

2. Materials and Methods

Research question: what mathematical formalisms can be used to describe, agile manage and
analyze the individual participation of students along the digital track of project activities and
interaction processes in unstable teams?

Literature review. In most theoretical studies, the emphasis of research shifts to the ability
to describe the properties of system processes as well as the equivalence of model types describing
communicating processes or their extensions or restrictions.

Let’s consider comparing alternative ways of describing the system’s dynamics with comparing
interacting processes simulation [1]. Petri Nets (PN) and Communicating Sequential Processes
(CSP) are popular models.

Although the CSP and PN models are not identical in terms of processing power and generated
message protocol languages, it is possible to establish a correspondence between their subsets.
Olderog directly simulated CSP models with nondetermic machines and shows a better ability
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to uncover failure semantics problems [8]. Winskel built the reverse transformation rules, which
describe the semantic properties of Petri nets in terms of process algebras [9]. Yang et al.
indicate the ability of extended Petri nets to provide a practical estimate of the execution time
of processes [10].

Roscoe focuses on the CSP possibility of timed modeling and verification in various systems
[11]. Let’s note that in works using algebraic models, there is a potential possibility of including
and excluding channels. Singer and Teller describe Pi calculus as the ability to send messages
through alternative channels [4]. Therefore, we can consider both algebraic models of commu-
nicating processes and Petri nets as the appropriate formalisms of the main model components
for solving the problem of our study.

Some research is devoted to the formalization and analysis of the properties of business pro-
cesses and describes ways to transform a formalized description of processes into formal mathe-
matical models.

Trentin gives an example of modeling student communications with Petri nets, but at the
level of high abstractness of building knowledge and learning processes [12]. Kucharik and
Balogh develop similar ideas, improving the formalized description of the simulation of cognitive
processes [13]. But they remain outside the tasks of managing the direct actions of participants
in productive communication activities.

The issues of integration of several formalisms in the description of interacting processes for
solving automation problems in information systems are encountered in practical works. For
example, Katilius et al. [14] propose combining UML and Petri nets, where the use of the
network model is used as an additional means of optimizing processes and building a hybrid
model for possible changes in the functions of the information system.

Zhang et al. judicial business processes are first modeled with UML diagrams, and then
they are transferred to a formal subset of CSP models [15]. Wong and Gibbons build a strict
formal process algebra semantics for a subset of Business Process Modeling Notation (BPMN)
diagrams based on the formalization of the description of sustainable processes [2]. Mutarra et
al. describes Business Process by Petri net formalism [3]. Yang et al. choose UML diagrams to
describe the behavior of processes and transform them into extended Petri nets [10].

So, we had not found in the studies an emphasis on formalizing the properties of changing
the structure of team members and redistributing responsibility for performing subtasks.

Many researchers point out the advantages and disadvantages of both algebraic and network
models ([1], [2], [3], etc.). We assume that it is more effective to consider a multi-model which
should consist of two main dynamic components that correspond to the recorded actions of
project team members and authentic states of design stages, and include synchronization com-
ponents for building, transforming, and analyzing the final states and characteristics of the first
two components. As two main components, we propose to use protocols of sequential interacting
processes and Petri nets states to reflect the progress of project processes.

We believe that the notation of communicating sequential processes formalizing is a possible
way to simulate individual activities, and extended Petri nets are suitable tools for describing
holistic characteristics with UML activity diagrams as means for synchronization.

The novelty lies in the integration and refinement of the studied and universal mathematical
formalisms for cases of a possible violation of the sustainable execution of processes, in our case,
due to the situation of unstable work of project team members.

Our research discusses the next issues.
1. Description of the presentation of project tasks for student teams in the form of project

processes using UML behavior diagrams.
2. Extension choice of Petri nets to describe the model of common project activity.
3. Allocation of a subset of CSP to describe the model of individual and joint project activity

with the solution of the practical problem of automating the collection of digital traces of distant
communications.
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4. Case study and the model discussion on the examples of team and collective projects.

Modeling methods description. We are interested in a more formal description of project
activities from the point of view of the logic of processes at an ideal, rather than a specific level
of implementation. Therefore, we stuck with a more expressive means - UML behavior diagrams
instead of Business Process Modeling Notation. Among all UML diagrams, the most interesting
are activity and sequence diagrams, where synchronization and asynchronous communication
processes can be accurately described.

In terms of expressiveness and semantics of the elements of the business process model in
projects with distributed responsibility, the tracks of the UML activity diagram are more con-
sistent. But since we include a variable number of actors in our consideration, it will not work
to build it and use it without changes. Therefore, one can first draw an activity diagram cor-
responding to the design stages for two participants, and then construct a corresponding UML
sequence diagram for each project participant actor that interacts with the organizing actor –
leader, teacher, or tutor.

It is for this type of diagram with asynchronous interaction of a variable number of participants
that we will consider the transformation in a Petri net. To communicate the model for transitions
corresponding to the stages of the project with the joint activity of participants, we set input
of multiplicity two to describe the situation of the interaction of at least two students. If the
number of students in the team is reduced to one, then an educational meta-strategy will be
applied either to terminate the project or to include a teacher and replace him with the role of a
participant in the project. All other transitions corresponding to stages that can be performed
asynchronously are duplicated for all participants.

Thus, one of the components of our multi-model can be Petri nets synchronized with the
project stages and the number of participants. The example of Petri net model shows the
asynchronous execution of one project sub-stage with the synchronization of sub-task c3 by the
leader: receiving the task from the tutor (Fig. 1a), execution request from the leader (Fig. 1b).

a) b)

Figure 1. Petri net for processes synchronization by the leader of the students’ team

Colored Petri nets can simulate the asynchronous execution of one project sub-stage with the
synchronization of sub-task c3 by the tutor independently for each participant: receiving the
task from the tutor (Fig. 2a), waiting for execution from participant 3 (Fig. 2b).

The task of collecting a digital footprint is critical for the analysis of remote communications.
Note that the data of remote communications received in instant messengers and on social
networking platforms reflect the facts of communication, but not the effectiveness reflected in the
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a) b)

Figure 2. Colored Petri net for processes synchronization with the tutor

stages of project implementation. They can serve as additional material for semantic analysis,
which goes beyond the boundaries of our study. Cloud services for teamwork should contain a
list of tasks for each project participant and points of general or selective coordination of design
decisions. Therefore, as a basis for collecting digital data, we have chosen virtual boards of
project teams. In particular, the Trello platform (https://trello.com/) is equally accessible for
educational and business purposes. Virtual project boards are focused on the phased completion
of a list of tasks and can be used to report by stages and by performers. They are directly related
to project processes and activities.

Using an asynchronous list of user message history, we can consider the interaction of partic-
ipants on the whiteboard as CSP message channels. Writing responses to dedicated cards for
joint tasks can act as synchronizing events. Participants can complete the rest of the tasks in
any order. Therefore, the second component of the multi-model, synchronized with the project
stages and the number of participants, can be built based on the CSP formalism.

Next let’s consider, for example, a project task P (1) consisting of two successive stages R
and Q for the project team:

P = R . Q, (1)

where:
R, Q – stages (sub-tasks) of the project P;
. means sequential execution of processes (in linear notation may be replaced by ;).
Within stages described in the CSP expressions of processes interactive and asynchronous

execution, some of the sub-stages ci (2)-(3) are planned for each team participant:

R = (c1 → (c2 → (c3))), (2)

Q = (c4 → c5), (3)

where:
→ means performing the event ci before and then process after event (sometimes replaced by

->).

But there is at least one synchronization event for each stage due to interactivity educational
and management principles.

Expression (4) illustrates a process of project example (1)-(3) for the team of three students
with sync events c2 and c5.

P = ((R1‖(c2)R2)[](R2‖(c2)R3)[](R1‖(c2)R(3))) . ((Q1‖(c5)Q2)[](Q2‖(c5)Q3)[](Q1‖(c5)Q3)) (4)
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where:
‖(c) means sync of processes on event c;
[] means choice one of processes.

In general, project tasks Pj for each participant j (5) are not absolutely identical to planned
stages:

Pj 6= Rj . Qj , (5)

where:
Rj , Qj – stages (sub-tasks) of the project P participant j.

In remote communications, a manager or tutor often distributes responsibility and controls the
necessary steps for synchronizing participants, which can be described by the iterative process
T (6).

T = (((c1[]Skip) → T )‖(c2 → T )‖((c3[]Skip) → T )‖((c4[]Skip) → T )‖(c5 → T ))[]Stop (6)

where:
Skip means ”empty” process;
Stop means that process terminates.

Then, in this example, the description of the project for the first participant will look like (7):

P1 = (((R1‖(c2)R2)[](R1‖(c2)R(3)))‖T ) . (((Q1‖(c5)Q2)[](Q1‖(c5)Q3))‖T ). (7)

The possible instability of the team structure is considered in the combination of events in
which the participants communicate in CSP model component when structural instability in the
project dynamic can be considered at each stage in Petri net model component.

3. Results and Discussion

We used the case study method and examined the work of student software systems design
teams using interactive development methodology and UML diagramming for object-oriented
modeling.

As we pointed out in [16], the CSP model can be useful to manage the unstable learning
community of student teams. But we did not build mathematical formalism for testing on
specific design processes before.

Case study. Student teams can serve as a pilot model for the work of unstable remote teams
in the agile development of small projects. Studies on agile software development methodologies
suggest that they can be effectively combined with traditional processes, including the object-
oriented modeling methodology. A simplified version of the unified object-oriented modeling
process was chosen for the work.

The projects included the following initial stages.

1. Presentation of project themes.
2. Announcing common and personal project goals.
3. Discussion and preparation of a preliminary report, and reviews in the selected topics.
4. Terminological dictionary filling.
5. Construction of Use Case diagrams.
6. Mastering technology elements.
7. Algorithms choice. ...

Part of the steps must be performed strictly sequentially when ones are in random order, some
steps are optional, and part of the process is iterative. We skip illustrating behavior diagrams
design since they correspond to simple cases described in various sources ([10], [15]). Instead,
let’s describe the main components of the multi-model.

In our case, the description of the student project activity P (1) in CSP model can be repre-
sented as follows (8)-(9), with tutor activity (10).
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R = (c1 → (c2 → (c3 → c4)), (8)

Q = (c5 → ((c6|Skip) → ((c7|Skip) → Q))), (9)

T = (((c1[]Skip) → T )‖((c2[]Skip) → T )‖(c3 → T )‖((c4[]Skip) → T )‖
(c5 → T ))‖((c6[]Skip)‖((c7[]Skip).

(10)

Parallelism in the model means the ability to simultaneously perform the corresponding ac-
tions by different team members. Some of the stages have a special communicative meaning –
all students with different roles should take part in them simultaneously, in the sample above c3
and c5 events cannot be located within one of the parallel processes only, they are sync events.
Traces of the project events model can be compared with real messages from remote users for in-
dividual and collaborative work’ analysis. For the illustration let’s consider the digital footprint
data of the first stage of the project’s team of three students obtained from the Trello format.

Tutor commented on card 3. Study the project materials. @student17 Well done!
Student17 commented on card 3. Review project materials. Saved to disk.
Tutor commented on card 3. Study the project materials. @student17 You need to drop it into

our project folder.
Student17 commented on card 3. Review project materials. I haven’t done the task yet.
Student17 commented on card 3. Review project materials. @student14 I have failed task.

Ow, I’ll try.
Tutor commented on card 3. Review project materials. Well done! @student14
Student14 commented on card 3. Review project materials. (changed) Hello! I uploaded a

model to Google Drive.
Student18 marked the element We are waiting for an answer-Student18 in the checklist of

card 2. Write why you are interested in the topic of the project.
Student18 commented on card 2. Write why you are interested in the topic of the project. I

am interested in the field of modeling, and video games and work on an unusual project.
Student17 unchecked item Waiting for object-Student17 card checklist 4. Discuss and select

special properties.
Student17 marked the item Waiting for the object-Student17 in the checklist of card 4. Discuss

and select special properties.
Student17 commented on card 2. Write why you are interested in the topic of the project. It

is interesting to get into another program world where everything is different.
Student17 marked the element We are waiting for an answer - Student17 in the checklist of

card 2. Write why you are interested in the topic of the project.
Student17 commented on card 1. Introduce yourself and remember the name of your team

project. My name is ****
Student14 marked the element We are waiting for an answer - Student14 in the checklist of

card 2. Write why you are interested in the topic of the project.
Student14 commented on card 2. Write why you are interested in the topic of the project. I

am interested in game developing, both VR, or others platforms.
Student14 commented on card 1. Introduce yourself and remember the name of your team

project. My name is ****
Student18 commented on card 1. Introduce yourself and remember the name of your team

project. My name is ***

The example involves three students project work represented by channels Student14 (ci,1),
Student17 (c2), Student18 (c3), Tutor (t). Project tasks are set according to Trello cards. The
sequence S = (c1,3, c1,1, c2,1, c2,1, c1,2, c2,2, c2,2, c4,2, c4,2, c2,3, c2,3, c3,1, t3,1(@c3,1), c3,2(@c3,1),
c3,2, t3,2(@c3,2), c3,2, t3,2(@c3,2)) can be interpreted as trace protocol. So, we can check if S
belongs to a set of process protocols traces to make sure that the interaction of the participants
goes according to the planned manner. And it can influence agile project management by
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calculation different participant’s parameters such as ”iteractivity” - the proportion of returns
to the stages already completed, ”systematic” - the proportion of tasks performed in sequence
according to the project task, ”jointness” - the proportion of participation in coordinating tasks
with other participants, and so on.

The undoubted advantage is the flexibility of management and visibility since it is clear which
participant is at what stage, and who expects whom. The disadvantage of this model is that
it is difficult to conduct a global process performance analysis as well as to carry out general
monitoring of the entire community, rather than a separate project. A general assessment of
the project state for the entire team can be performed using Petri nets. This case for the
synchronous event c3 corresponds to Figure 2.

The proposed duplication for each participant of copies of the sub nets of the Petri net
representing the sub-processes makes the graphical representation unwieldy. But now there are
many analysis systems for automated processing of network models [17]. Also, there are effective
means of automated analysis of CSP model [18] as the main component of the multi-model, and
it is very important in practical applications. Unlike software design methodologies or other
specific business processes, we also consider it necessary to further study not only an individual
project but a community of student project teams. Firstly, it is close to production situations
and shows the real computational complexity of the models; secondly, the community serves
as a source for potential performers in unstable teams; thirdly, it demonstrates the variety of
project implementation options in different teams and allows you to test the correctness of the
model more reliably.

However, the focus on software development projects suggests the use of professionally oriented
modeling languages as a practical tool and learning content for students specializing in software
engineering. Used in the development of software systems, the UML modeling language is a
powerful expressive tool for automating various processes. Therefore, it can be used as a means
of organizing self-government in teams of students studying software engineering.

4. Conclusion

The implementation of projects with structural dynamics by student teams, as unstable pro-
fessional teams, requires agile management of blended interactions in conducting tasks timely
by participants. Communicative activity in blended learning is e research subject for the simu-
lation of dynamic communicating processes in activities of this kind. The goal of this paper is
to explore the possibility of solving the identified problem of unstable teams’ agile management
by constructing a dynamic simulation of communicating processes for student team’s projects
of software development, allowing solutions for individual formalization tasks and joint partici-
pation in design stages, including situations of team structure changes.

The mechanism of communicating sequential processes (CSP) is one of the ways to model
concurrent and distributed processes. The experimental work on student project management
in software development showed that CSP model can be applied rather effectively in the man-
agement of individual and group project tasks. Parallelism in this model is manifested in the
possibility of simultaneous execution of distributed tasks by different participants. The disad-
vantage of CSP model is the difficulty to conduct global analysis and monitoring in the practical
management of several projects. Petri nets as alternative formalism of process simulation allow
dynamic analysis of the state of the project in general. The disadvantage of Petri nets for team
projects, on the contrary, is the impossibility of delimiting the tasks of the personal responsibility
of the participants.

The combining of two formalisms permits both to control and analyze the interaction of par-
ticipants in joint project activities. More specifically, the CSP model allows synchronization with
the Petri net model, which can also be used to manage the work stages of student teams. Our
research discusses of the presentation of project tasks for student teams in the form of project
processes using UML behavior diagrams; extension choice of Petri nets to describe the model of

254



common project activity; allocation of a subset of CSP to describe the model of individual and
joint project activity with the solution of the practical problem of automating the collection of
digital traces of distant communications; case study and the model discussion on the examples
of team and collective projects. We studied mathematical formalisms which can be used to de-
scribe, agile manage and analyze the individual participation of students along the digital track
of project activities and interaction processes in unstable teams. We showed that the notation
of communicating sequential processes formalizing is a possible way to simulate individual ac-
tivities, and extended Petri nets are suitable tools for describing processes characteristics with
UML activity diagrams as means for synchronization. The main models’ component matching
can be achieved by converting the project process UML activity diagrams into two selected
formalisms. In addition, software development learning with process modeling makes it possible
to illustrate students’ dynamic model application in social system automation. Further studies
require detailed construction of transforming rules and model validation of different cases.
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NUMERICAL SOLUTION OF ANOMALOUS FILTRATION PROBLEM IN A

POROUS MEDIUM

JAMOL MAKHMUDOV 1, AZIZBEK USMONOV 1, JAKHONGIR KULJANOV 2

1 Samarkand State University, Samarkand, Uzbekistan
2 Samarkand Institute of Economics and Service, Samarkand, Uzbekistan

e-mail:j.makhmudov@inbox.ru; a.usmonov.91@mail.ru; j.kuljanov86@gmail.com

Abstract. The problem of anomalous filtration of disperse systems in a two-dimensional
porous medium consisting of two zones with a mobile and slow-mobility fluids is studied taking
into account the phenomena of diffusion, convection, colmatation, and suffusion. Consequently,
the anomalous filtration and solute transport is described by differential equations with frac-
tional derivatives. The corresponding problem has been solved and the fields of concentration
of suspended particles in the fluid, porosity, pressure, etc. have been determined.

Keywords: anamal Darcy’s law, fractional derivative, solute transport, anamal filtration,
porous medium.

AMS Subject Classification: 76-10

1. Introduction

Multidimensional problems, in which hydrodynamic dissipation in different directions of space
proceeds with different intensity, have been little studied. In addition, the issues of multidimen-
sional colmotation-suffusion anomalous filtration, where the colmotation-suffusion phenomena
are considered along with longitudinal and transversal diffusion, have not yet been studied . As
shown in [1, 2], the presence of zones of poor permeability in macroscopically inhomogeneous
media has a noticeable effect on the processes of fluid movement and the solute transport in
them. As a rule, in these zones the liquid is inactive or inactive, which allows them to be
considered as stagnant.

In the process of fluid filtration, the equilibrium relationship between the filtration rate and
the pressure gradient can be broken. When filtering inhomogeneous fluids, the substance (or
particles) contained in the fluid can linger in the pore space, which leads to a change in the poros-
ity and porosity characteristics of the porous medium, primarily its permeability and porosity
[3, 4].

In [5, 6, 7] the problem of anomalous filtration and solute transport in a two-dimensional
formulation is posed and numerically solved. It is considered that the medium has a fractal
structure. The fractional order piezoconductivity equation based on anomalous Darcy’s law,
porosity and fluid density equations of state and continuity equation are proposed. The initial
and boundary value problem for the system of equations consisting of the balance equation ex-
pressed in relation to the concentration of solids in suspension, fractional order piezoconductivity
equation and Darcy’s anomalous law is solved by finite difference method.

A number of works are devoted to the problem of modeling and anomalous diffusion in
media with a fractal structure, as well as to the numerical analysis of equations with fractional
derivatives [8, 9, 10, 11, 12, 13, 14].
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2. Statement and numerical solution of the problem

Thus, the study area consists of two zones, one of which is high permeable. (zone R1{0 ≤
x < ∞, 0 ≤ y ≤ l} ), and the other one is low-permeable (R2{0 ≤ x <∞, l ≤ y ≤ ∞} )(Fig.1).
Initially the area R1 and R2 filled with liquid without substance.

As R1 the suspended particles move deeper into the region, they are deposited (colmatation),
they are partially separated from the trapped (precipitated) state and further transferred to
other pores (suffusion). Convective-diffusion, colmotation-suffusion solute transport also occurs
in the region . R2 Considering the low permeability of this area, we assume that v2x < v1x, v2y <
v1y, D2x < D1x, D2y < D1y, where vrx, vry(r = 1, 2)− filtration rate components in R1 and
R2, Drx, Dry are the longitudinal and transverse diffusion coefficients in R1 and R2 (here and
below r = 1 corresponds to R1, r = 2 − R2 ). In view of the above, the process of anomalous
solute transport into R1 and R2 can be described by the equations [15]

ε0r
∂cr
∂t

= ε0r

{
Drx

∂βrxcr
∂xβrx

+Dry
∂βrycr
∂yβry

}
− ∂ (vrxcr)

∂x
− ∂ (vrycr)

∂y
+
∂εr
∂t

, r = 1, 2 (1)

∂εr
∂t

= ω1 (ε0r − εr) |∇pr| − ω2εrcr, r = 1, 2 (2)

where Cr are the volumetric concentrations of solid particles in the liquid, ε0r, εr are the initial
and current porosities, ω1 ,ω2 are the coefficients characterizing the intensity of suffusion and
colmotation of pores, |∇pr| are the modulus of the pressure gradient pr, βrx, βry and are the
indices of the derivative.

Filtration velocity components in R1 and R2 are defined as [16, 17]

vrx = −krx (εr)

µ

∂γ1pr
∂xγ1

, vry = −kry (εr)

µ

∂γ2pr
∂yγ2

, r = 1, 2 (3)

where µ is liquid viscosity, kr (εr) are the permeability coefficients of the areas R1 and, which
are functions of R2, γrx due to colmotation-suffosion effects, εr, γry are the indicators of the
derivative.

The pressure gradient modulus is determined from the following relations

|∇pr| =

√(
∂pr
∂x

)2

+

(
∂pr
∂y

)2

, r = 1, 2 (4)

The continuity equation in R1 is taken in the form

∂ (ρv1x)

∂x
+
∂ (ρv1y)

∂y
=
∂ (ρε1)

∂t
(5)

where ρ is the density of the liquid.
We use the equations of state of an elastic fluid and an elastic porous medium [17]

ρ = ρ0 (1 + βl (p1 − p0)) , (6)

ε1 = ε01 + βm1 (p1 − p0) , (7)

where βl is the coefficient of volumetric compression of the liquid, βm1 is the elasticity coefficient
of the area R1, ρ0 is the initial density of the liquid, p0 is the initial pressure.

From (6) and (7) we have

ρε1 = ρ0ε01 + (ρ0ε01βl + ρ0βm1) (p1 − p0) + ρ0βlβm1 (p1 − p0)2 .

The last term on the right side of this relation can be neglected due to its smallness in
comparison with the others. Then it turns out

ρε1 = ρ0 (ε01 + β∗1 (p1 − p0)) , (8)
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where β∗1 = ε01βl + βm1 is the coefficient of elasticity of the medium.
For the right side of (5), using the generally accepted hypotheses of the elastic filtration

regime, we obtain [18]

∂ (ρε1)

∂t
= ρ0β

∗
1

∂p1

∂t
. (9)

Using relations (3), (6) and (7) for the simplest case kr (εr) = k0rεr, (k0r = const) and, taking
into account (8), the first term on the left side of (5) is transformed as follows

∂(ρv1x)
∂x = −k1x

µ
∂
∂x

[
ρε1

∂γ1p1
∂xγ1

]
= −k1x

µ

(
ρε1

∂γ1+1p1
∂xγ1+1 + ∂(ρε1)

∂x
∂γ1p1
∂xγ1

)
=

= −k1x
µ ρ0

(
(ε01 + β∗1 (p1 − p0)) ∂

γ1+1p1
∂xγ1+1 + β∗1

(
∂γ1p1
∂xγ1

)2
)

(10)

The expression for the second term on the left side of (5) is similarly obtained.
Substituting (9), (10) into (5), we obtain the piezoconductivity equations in the form

∂p1

∂t
= χ1x (ε01 + β∗1 (p1 − p0))

∂γ1+1p1

∂xγ1+1
+ χ1y (ε01 + β∗1 (p1 − p0))

∂γ2+1p1

∂yγ2+1
+

+β∗1

((
∂γ1p1

∂xγ1

)2

+

(
∂γ2p1

∂yγ2

)2
)
,

where χ1x = k1x
µβ∗

1
, χ1y =

k1y
µβ∗

1
, is coefficients of piezoconductivity, β∗1 is elasticity coefficient of

the medium.
As in the theory of elastic regime [17], in the last equation, quadratic terms can be discarded

as the second order of smallness, which gives

∂p1

∂t
= χ∗

1x (p1)
∂γ1+1p1

∂xγ1+1
+ χ∗

1y (p1)
∂γ2+1p1

∂yγ2+1
, χ∗

1x (p1) = χ1x (ε01 + β∗1 (p1 − p0)) ,

χ∗
1y (p1) = χ1y (ε01 + β∗1 (p1 − p0)) .

To determine the pressure in the region, R2 the piezoconductivity equation is obtained in a
similar way.

Thus, we obtain a system of equations for the colmatation-suffusion solute transport in the
zones R1 and R2, consisting of balance equations (1), kinetics equations (2), Darcy laws (3) and
equations piezoconductivity

ε0r
∂cr
∂t = ε0r

{
Drx

∂βrxcr
∂xβrx

+Dry
∂βry cr
∂yβry

}
− ∂(vrxcr)

∂x − ∂(vrycr)
∂y + ∂εr

∂t ,
∂εr
∂t = ω1 (ε0r − εr) |∇pr| − ω2εrcr,

vrx = −krx(εr)
µ

∂γrxpr
∂xγrx , vry = −kry(εr)

µ
∂γry

∂yγry ,
∂pr
∂t = χ∗

rx (pr)
∂γrx+1pr
∂xγrx+1 + χ∗

ry (pr)
∂γry+1pr
∂yγry+1 , χ

∗
rx (pr) = χrx (ε0r + β∗r (pr − p0)) ,

χ∗
ry (pr) = χry (ε0r + β∗r (pr − p0)) , r = 1, 2.

(11)

It is through the common boundary of the regions R1 that R2 the mass of solute (particles) is
transferred. At R1 when x→∞ and at R2 when y →∞ we consider that there are no substance
flows. This essentially means that such an initial stage of particle propagation in the reservoir
is considered, when the concentration profiles do not yet reach the boundary x→∞ at R1 and
y → ∞ in R2. On the common border of the regions R1 and R2, i.e. on y = 0, we require
the continuity of changes in the concentration and flux of the substance. Under the formulated
conditions, the initial and boundary conditions of the problem have the form

c1(0, x, y) = 0, c2(0, x, y) = 0, (12)

c1(t, 0, y) = c0, c0 = const, y = l/2, (13)
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∂c1
∂y

(t, x, 0) = 0, 0 ≤ x <∞, (14)

∂c1
∂x

(t,∞, y) = 0, 0 ≤ y <∞, (15)

∂c2
∂x

(t, 0, y) = 0,−∞ < y < 0, (16)

∂c2
∂x

(t, x,∞) = 0, 0 ≤ x <∞, (17)

∂c2
∂x

(t,∞, y) = 0, −∞ < y < 0, (18)

c1(t, x, 0) = c2(t, x, 0), 0 ≤ x <∞, (19)(
c1v1y +D1yε01

∂β1y−1c1

∂yβ1y−1

)∣∣∣∣
y=l−0

=

(
c2v2y +D2yε02

∂β2y−1c2

∂yβ2y−1

)
y=l+0

, 0 ≤ x <∞, (20)

ε1(0, x, y) = ε01, ε2(0, x, y) = ε02, (21)

p1(0, x, y) = p0, p2(0, x, y) = p0, p0 = const , (22)

p1(t, 0, y) = pc, pc > p0, pc = const , y = l/2, (23)

∂p1

∂y
(t, x, h) = 0, 0 ≤ x <∞, (24)

∂p1

∂y
(t,∞, y) = 0, 0 < y ≤ h , (25)

∂p2

∂x
(t, 0, y) = 0,−∞ < y < 0, (26)

∂p2

∂x
(t, x,∞) = 0, 0 ≤ x <∞, (27)

∂p2

∂y
(t,∞, y) = 0, −∞ < y < 0, (28)

k1y
∂p1

∂y
(t, x, 0) = k2y

∂p2

∂y
(t, x, 0), 0 ≤ x <∞, (29)

p1(t, x, 0) = p2(t, x, 0), 0 ≤ x <∞. (30)

Problem (11)-(30) is solved by the finite difference method. To accomplish this, we construct
a grid in the R1 ∪R2 area ωh1h2τ = ω1

h1h2τ
∪ ω2

h1h2τ

where ω1
h1h2τ

={
(tk, xi, yj) , tk = τk, xi = ih1, yj = jh2, k = 0,K, i = 0, 1, . . . , j = 0, 1, . . . , J, τ = T/K,

}
ω2
h1h2τ

={
(tk, xi, yj) , tk = τk, xi = ih1, yj = h2j, k = 0,K, i = 0, 1, . . . , j = J, J + 1, . . . , τ = T/K

}
.

In this grid: h1 - grid step in direction X,h2 - grid step in direction y in R1 and R2, τ - grid
step in time, T maximum time during which the process is being studied, K - number of grid
intervals in t, J - number of grid intervals in y in R1.

Instead of the functions c(t, x, y), v(t, x, y) and p(t, x, y), we will consider network functions
whose values at the nodes (tk, xi, yj), respectively, will be denoted by ckij , v

k
ij and pkij .

Consider the 0 < γ1, γ2 ≤ 1 case 1 < β1, β2, β3 ≤ 2.
On the grid, ωh1h2τ we approximate the first equation of system (1)-(2) as follows [12]
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ck+1
(1)ij

−ck
(1)ij

τ =

= D1x

Γ(3−β1x)h
β1x
1

∑i−1
l=0

(
ck(1)i−(l−1),j − 2ck(1)i−l,j + ck(1)i−(l+1),j

) (
(l + 1)2−β1x − l2−β1x

)
+

+
D1y

Γ(3−β1y)h
β1y
2

∑j−1
l=0

(
ck(1)i,j−(l−1) − 2ck(1)i,j−l + ck(1)i,j−(l+1)

) (
(l + 1)2−β1y − l2−β1y

)
− 1
ε01

(v1x)kijc
k
(1)ij

−(v1x)ki−1,jc
k
(1)i−1,j

h1
− 1

ε01

(v1y)kijc
k
(1)ij

−(v1y)ki,j−1c
k
(1)i,j−1

h2
+

+ 1
ε01

εk+1
(1)ij

−εk
(1)ij

τ

(31)

i = 1, I − 1, j = 1, J − 1, k = 0,K − 1,

Ck+1
(2)ij

−Ck
(2)ij

τ =

= D2x

Γ(3−β2x)h
β2x
1

∑i−1
l=0

(
ck(2)i−(l−1),j − 2ck(2)i−l,j + ck(2)i−(l+1),j

) (
(l + 1)2−β2x − l2−β2x

)
+

+
D2y

Γ(3−β2y)h
β2y
2

∑j−1
l=0

(
ck(2)i,j−(l−1) − 2ck(2)i,j−l + ck(2)i,j−(l+1)

) (
(l + 1)2−β2y − l2−β2y

)
−

− 1
ε02

(v2x)kijc
k
(2)ij

−(v2x)ki−1,jc
k
(2)i−1,j

h1
− 1

ε02

(v2y)kijc
k
(2)ij

−(v2y)ki,j−1c
k
(2)i,j−1

h2
+

+ 1
ε02

εk+1
(2)ij

−εk
(2)ij

τ

(32)

i = 0, I, j = J, J1 − 1, k = 0,K − 1, ,

εk+1
(1)ij − ε

k
(1)ij

τ
= ω1

(
ε01 − εk(1)ij

)
∇p
∣∣∣k
(1)ij
− ω2ε

k
(1)ijc

k
(1)ij , (33)

i = 1, I − 1, j = 1, J − 1, k = 0,K − 1,

εk+1
(2)ij − ε

k
(2)ij

τ
= ω1

(
ε02 − εk(2)ij

)
∇p|k(2)ij − ω2ε

k
(2)ijc

k
(2)ij , (34)

i = 0, I, j = J, J1 − 1, k = 0,K − 1,

For the filtration velocity component, we use the following schemes

(v1x)k+1
ij = −k

µ

pk+1
(1)i+1j − γ1xp

k+1
(1)i,j

Γ (2− γ1x)hγ1x1

, i = 0, I − 1, j = 0, J, k = 0,K − 1, (35)

(v1y)
k+1
ij = −k

µ

pk+1
(1)ij+1 − γ1yp

k+1
(1)i,j

Γ (2− γ1y)h
γ1y
2

, i = 0, I, j = 0, J − 1, k = 0,K − 1, (36)

(v2x)k+1
ij = −k

µ

pk+1
(2)i+1j − γ2xp

k+1
(2)i,j

Γ (2− γ2x)hγ2x1

, i = 0, I, j = J, J1 − 1, k = 0,K − 1, (37)

(v2y)
k+1
ij = −k

µ

pk+1
(2)ij+1 − γ2yp

k+1
(2)i,j

Γ (2− γ2y)h
γ2y
2

, i = 0, I, j = J, J1 − 1, k = 0,K − 1. (38)

Equation (4) is approximated as

pk+1
(1)ij

−pk
(1)ij

τ =

=
χ∗
1x(p(1))

Γ(3−γ1x)h
γ1x
1

∑i−1
l=0

(
pk(1)i−(l−1),j − 2pk(1)i−l,j + pk(1)i−(l+1),j

) (
(l + 1)2−γ1x − l2−γ1x

)
+

+
χ∗
1y(p(1))

Γ(3−γ1y)h
γ1y
2

∑j−1
l=0

(
pk(1)i,j−(l−1) − 2pk(1)i,j−l + pk(1)i,j−(l+1)

) (
(l + 1)2−γ1y − l2−γ1y

)
,

(39)
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i = 1, I − 1, j = 1, J − 1, k = 0,K − 1,

pk+1
(2)ij

−pk
(2)ij

τ =

=
χ∗
2x(p(2))

Γ(3−γ2x)h
γ2x
1

∑i−1
l=0

(
pk(2)i−(l−1),j − 2pk(2)i−l,j + pk(2)i−(l+1),j

) (
(l + 1)2−γ2x − l2−γ2x

)
+

+
χ∗
2y(p(2))

Γ(3−γ2y)h
γ2y
2

∑j−1
l=0

(
pk(2)i,j−(l−1) − 2pk(2)i,j−l + pk(2)i,j−(l+1)

) (
(l + 1)2−γ2y − l2−γ2y

)
,

(40)

i = 0, I, j = J, J1 − 1, k = 0,K − 1,

The initial and boundary conditions are approximated as

ck(1)i,j = 0, i = 0, I, j = 0, J, k = 0, , (41)

ck(1)i,j = 0, i = 0, I, j = J̄1, k = 0, , (42)

ck(1)i,j = c0, i = 0, j = J/2, k = 0,K, (43)

ck(1)i,j+1 − c
k
(1)i,j

h2
= 0, i = 0, I, j = 0, k = 0,K, (44)

ck(1)i+1,j − c
k
(1)i,j

h1
= 0, i = 0, j 6= J/2, j = 0, J, k = 0,K, (45)

fracck(2)i,j − c
k
(2)i−1,jh1 = 0, i = I, j = 0, J1, k = 0,K, (46)

ck(2)i,j − c
k
(2)i,j−1

h2
= 0, i = 0, I, j = J1, k = 0,K, (47)

ck(1)i,J+0 = ck(2)i,J−0, i = 0, 1, . . . , k = 0,K, (48)

ck(1)iJv
k
(1y)iJ +D1y

cki,J−(β1y−1)cki,J−1

Γ(2−(β1y−1))h
β1y−1

2

= ck(2)iJv
k
(2y)iJ +D2y

cki,J+1−(β2y−1)cki,J

Γ(2−(β2y−1))h
β2y−1

2

,

i = 0, 1, . . . , k = 0,K,
(49)

εk(1)i,j = ε01, ε
k
(2)i,j = ε02, i = 0, j = J/2, k = 0,K, , (50)

pk(1)i,j = p0 = const, pk(2)i,j = p0 = consti = 0, I, j = 0, J, k = 0, (51)

pk(1)i,j = pc, i = 0, j = J/2, k = 0,K, (52)

pk(1)i,j+1 − p
k
(1)i,j

h2
= 0, i = 0, I, j = 0, k = 0,K, (53)

pk(1)i,j − p
k
(1)i,j−1

h2
= 0, i = 0, I, j = J, k = 0,K, , (54)

pk(2)i+1,j − p
k
(2)i,j

h1
= 0, i = 0, j 6= J/2, j = 0, J, k = 0,K, (55)

pk(2)i,j − p
k
(2)i−1,j

h1
= 0, i = I, j = 0, J, k = 0,K, , (56)

k1y

pk(1)i,j − p
k
(1)i,j−1

h2
= k2y

pk(2)i,j − p
k
(2)i,j−1

h2
, i = 0, I, j = 0, k = 0,K, , (57)

pk(1)i,J+0 = pk(2)i,J−0, i = 0, 1, . . . , k = 0,K, (58)

where I, J1 is a sufficiently large number for which the equation is approximately satisfied
ckIJ1 = 0.

The sequence of calculations is as follows: first, p are determined from the difference scheme
(39), (40) on the ( k + 1 ) - layer, then from (35)-(38) the components of the filtration rate are
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calculated, after that C is determined on the ( k+ 1 ) - layer from the difference equations (31),
(32).

The following values of the initial parameters were used in the calculations: k1x = 3 ·
10−13 m1+γ , k1y = 2 · 10−13 m1+γ , k2x = 1.5 · 10−13 m1+γ , k2y = 10−13 m1+γ , µ = 5 ·
10−3 Pa · s, β∗1 = 3 · 10−8 Pa−1, β∗2 = 10−8 Pa−1, pc = 5 · 105 Pa, p0 = 105 Pa, ε01 =
0, 2, ε02 = 0, 1, c0 = 0, 01, ω1 = 10−6 m/(Pa · s), ω2 = 0, 1 s−1, and various values of
D1x = 5 · 10−5 m1+β/s, D1y = 3 · 10−5 m1+β/s, D2x = 2 · 10−5 m1+β/s, D2y = 10−5 m1+β/s.

Based on numerical results, profiles of concentration, pressure gradient, porosity and filtration
rate were determined. On fig. 1-3. Pressure profiles and filtration velocities were determined.
The

3.5
4

4.5
5

5.5

0
1

2
3

4
5

0

2

4

6

x 10
−6

y,m

v,        m/s           a)

x,m

3.5
4

4.5
5

5.5

0
1

2
3

4
5

0

0.5

1

1.5

x 10
−5

y,m

v,        m/s             b)

x,m

3.5
4

4.5
5

5.5

0
1

2
3

4
5

0

0.5

1

1.5

x 10
−5

y,m

v,        m/s           c)

x,m

Fig.1. Surfaces of v (1-zone) at: t = 2000 s,β1x = β1y = β2x = β2y = 1;
γ1x = γ1y = γ2x = γ2y = 1(a), γ1x = γ1y = γ2x = γ2y = 0, 9(b), γ1x = γ1y = γ2x = γ2y = 0, 8(c).

262



3

4

5

0
2

4

0

0.5

1

x 10
−7

y,m

v,        m/s         a)

x,m 3

4

5

0
2

4

1

1.5

2

x 10
−7

y,m

v,       m/s            b)

x,m

3

4

5

0
2

4

2

3

4

x 10
−7

y,m

v,        m/s         c)

x,m

Fig.2. Surfaces of v (2-zone) at: t = 2000 (s) ,β1x = β1y = β2x = β2y = 1;
γ1x = γ1y = γ2x = γ2y = 1(a), γ1x = γ1y = γ2x = γ2y = 0, 9(b), γ1x = γ1y = γ2x = γ2y = 0, 8(c).

0
1

2
3

0
1

2
3

1

2

3

4

5

x 10
5

y,m

P,        Pa          a)

x,m

0
1

2
3

0
1

2
3

1

2

3

4

5

x 10
5

y,m

P,        Pa            b)

x,m

0
1

2
3

0
1

2
3

1

2

3

4

5

x 10
5

y,m

P,        Pa           c)

x,m

Fig.3. Surfaces of p at: t = 2000 (s) ,β1x = β1y = β2x = β2y = 1;
γ1x = γ1y = γ2x = γ2y = 1(a), γ1x = γ1y = γ2x = γ2y = 0, 9(b), γ1x = γ1y = γ2x = γ2y = 0, 8(c).

263



1.5
2

2.5
0

1
2

0.196

0.198

0.2

x,m

y,m

ε
1
         a)

t=10000s

t=5000s

1.5
2

2.5
012

0.0998

0.0999

0.1

x,m

ε
2
        b)

y,m

t=5000s

t=10000s

0
1

2
0

1
2

30

0.005

0.01

x,m

y,m

c              c)

t=5000s

t=10000s

Fig.4. Surfaces of ε1(a), ε2(b) and c(c) at β1x = β1y = β2x = β2y = 2; γ1x = γ1y = γ2x = γ2y = 1

1.5
2

2.5
0

1
2

0.194

0.196

0.198

0.2

x,m

y,m

ε
1
         a)

β
r
=2

β
r
=1.8

1.5
2

2.5
012

0.0998

0.0999

0.1

x,m

ε
2
      b)

y,m

β
r
=2

β
r
=1.8

0
1

2
0

1
2

0

0.005

0.01

x,m

y,m

c           c)

β
r
=2

β
r
=1.8

Fig 5. Surfaces of ε1(a), ε2(b) and c(c) at: t = 10000s, γ1x = γ1y = γ2x = γ2y = 1

264



1.5
2

2.5
0

1
2

0.194

0.196

0.198

0.2

x,m

y,m

ε
1
            a)

γ
r
=1

γ
r
=0.8

1.5
2

2.5
012

0.0998

0.0999

0.1

x,m

ε
2
     b)

y,m

γ
r
=0.8

γ
r
=1

0
1

2
3 0

1
2

3
0

0.005

0.01

x,m

y,m

c            c)

γ
r
=1

γ
r
=0.8

Fig 6. Surfaces of ε1(a), ε2(b) and c(c) at: t = 10000 s, β1x = β1y = β2x = β2y = 2

obtained results show that decreasing the value of γ from 1 leads to an increase in the pressure
influence of the filtration rate in both zones.On fig. 4 shows the porosity and concentration fields
at different times. On fig. 5 shows concentration field and porosity at various values of β. As
can be seen, if the reductions β in the order of the derivative from 2, the solid particles spread
over a wider distance in both zones. On fig. 6 shows the concentration and porosity fields for
various values of γ. When decreasing γ from unity, a wider distribution of the concentration
field in both zones is observed, which, in turn, leads to ”fast diffusion”.

3. Conclusion

The problem of colmatation-suffosion filtration in a porous medium consisting of zones with
mobile and slow-mobility (or immobile) liquid has been posed and numerically solved. It has
been found that convective-diffusion solute transport occurs at the boundary of zones with
mobile and slow-mobility liquid, which strongly affects the profiles of substance concentration,
porosity, and pressure gradient in the zone with mobile liquid.Based on the numerical results,
the concentration of suspended particles, the porosity of the medium, the filtration rate and
pressure fields are determined. The influence of orders of the fractional derivative and model
parameters on the filtration characteristics of the medium is analyzed.
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method, it is accepted to call it the generalized sum of the series.
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There are three approaches to the definition of the concept of the sum of a series of numbers
[1]: in the first case, the concept of the sum of series is equal to an infinite number, then it is
considered meaningless. Supporters of the second approach believed that any sum can be equal
to an infinite number, its property and the sum can be determined using arithmetic operations.
In the third approach, only those that can be defined the concept of the sum of numerical series
are studied, and the rest of them are not. This approach, based on the theory of limits, has
proven to be very effective. This approach is still being developed today as a result of the
expansion of the set class.

Consider the problem of summing divergent series by reducing to a repeated series. If the
sum of the series is determined otherwise than the traditional method, it is usually called the
generalized sum of the series ([3], [4]).

Definition. A series of the following form is called a double series:
∞∑

n,k=1

ank,

here ank is consists of a sequence of double real numbers.
In the application of mathematical analysis (1), a double series is often considered as a

repeated series in the following form:
∞∑
n=1

{ ∞∑
k=1

ank

}
or

∞∑
k=1

{ ∞∑
n=1

ank

}
.

In particular, it can be seen that the following repeated series with a special form are effective
in summing divergent series:

∞∑
n=1

{ ∞∑
k=n

ak

}
or

∞∑
n=1

{
n∑

k=n

ak

}
.

It is known that divergent alternating series can be conditionally divided into the following
three types:

1. Divergent series with a constant source:
∑∞

n=1 l · (−1)n+1, (l = const).
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In this case the generalized sum of divergent series is equal to l
2 ;

2. Divergent series with a bounded source:
∑∞

n=1 an · (−1)n+1, limn→∞ an = l, l = const;
3. Divergent series with an unbounded source:

∑∞
n=1 an · (−1)n+1, limn→∞ an =∞.

We consider the summation formulas for divergent series using special repeating series:

∞∑
n=1

(an2 + bn)an = a
∞∑
n=1

{
(2n− 1)

( ∞∑
k=n

ak

)}
+ b

∞∑
n=1

{ ∞∑
k=n

ak

}
. (1)

We solve the following examples using the formula (1):
Example 1. Find the sum of the following series:

∞∑
n=0

2n2 + 3n

αn
.

Solution. To find the sum of this series, we first find the sum of the following series using
the formula (1):

∞∑
n=0

2n− 1

αn
= 2

∞∑
n=0

{ ∞∑
k=n

1

αk

}
+

∞∑
n=0

1

αn
=

2α

(α− 1)2
+

α

α− 1
=
α2 + α

(α)2
.

According to the formula (1), we have:
∞∑
n=0

2n2 + 3n

αn
=

2

α− 1
· α

2 + α

(α− 1)2
+

3α

(α− 1)2
=
α(5α− 1)

(α− 1)3
.

Theorem 1. The following equality holds:

∞∑
n=1

an+1bn =

∞∑
n=1

{
∆(an)

∞∑
k=n

bk

}
+ a1

∞∑
n=1

bn, (2)

here ∆ is a difference operator: ∆(an) = an+1 − an and
∑∞

n=1 bn is a converging series.
Theorem 1 is proved in detail in [2].
Theorem 2. The following equality holds:

∞∑
n=1

(−1)n+1 · an+1 =
a1
2

+
1

2

∞∑
n=1

(−1)n+1 ·∆(an) (3)

here ∆(an) = an+1 − an.
Proof. To prove this theorem, it is enough to take bn = (−1)n+1 in the formula (2).

Using the Theorem 2, the sum of the following series can be easily find.
Example 2. Find the sum of the following series:

∞∑
n=1

(−1)n+1(an2 + bn+ c).

Solution. To find the sum of this series, we use the formula (3):
∞∑
n=1

(−1)n+1(an2 + bn+ c) = a

∞∑
n=1

(−1)n+1n2 + b

∞∑
n=1

(−1)n+1n+ c

∞∑
n=1

=
a

2

∞∑
n=1

(−1)n+1(2n− 1)+

+b
∞∑
n=1

(−1)n+1n+
c

2
=
a+ b

2

∞∑
n=1

(−1)n+1 − a

2

∞∑
n=1

(−1)n+1 +
c

2
=
a+ b

4
− a

4
+
c

2
=
b+ 2c

4
.

Thus, the sum of the series does not depend on the parameter a.
Similarly, we can find the sum of the following lines:
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Example 3.
∞∑
n=1

(−1)n+1 · αn =
α

α+ 1
, α ≥ 0.

Example 4.
∞∑
n=1

(−1)n+1 · n · αn =
α

(α+ 1)2
, α ≥ 0.
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Abstract. The article develops a mathematical model and algorithm for solving the problem
of optimizing the production of a household, considering the leased acreage and the breed of
animals kept on the household without limiting the volume of production according to the
criterion of maximum net income. The developed model and the method of their solution is
verified by a test example.
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1. Introduction

In a market economy, each business entity works independently. The goal of each business
entity is to obtain maximum income from its activities. The process of production activity of
economic entities in market conditions requires the development of new models and methods for
solving problems that consider the patterns of market relations. Specialized households have the
greatest opportunities in agriculture, among other economic entities. A household’s income is
determined by the number of productive breeds, as well as from the optimal use of the sown and
rental areas on which the fodder crop is grown. At the same time, the annual demand for one
animal in each type of agricultural crop is supposed to obtain a specific type of product. In the
papers [1]-[6], [9]-[15], economic and mathematical models have been developed for various cases
of tasks describing production processes and considering the relationship of economic entities in
market conditions. In paper [7], a mathematical model of the problem of choosing a productive
breed of animals according to the criterion of minimum costs was developed in case of the
execution of the indicative plan. In this paper, a mathematical model has been developed,
where the optimal size of the sown and leased area of various categories is determined, and
productive animal breeds and their quantity are selected according to the criterion of maximum
net income. The developed mathematical model leads to an increase in the efficiency of the
specialized households of the agricultural sector of the economy.

2. Problem statement

Let a specialized household that has acreage of various categories (irrigated, rain-fed, etc.) in
the amount of sk, k ∈ K and sufficient financial means planned to get the maximum income from
the production and sale of products from productive breeds of animals (cattle), the expansion
of acreage by renting space. The expansion of acreage is planned based on its financial capacity.

It is assumed that for each type of productive animal breed, its productivity, the yield of feed
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crops for each category of acreage and the fee εk per unit per unit of k− th leased area k ∈ K
are known.

It is required to determine the optimal size of sown and leased areas of various categories, based
on the financial capacity of the household and the corresponding number of productive animal
breeds, which allows to ensure maximum net income to the household from the production and
sale of livestock products. For the mathematical formulation of the problem, we introduce
the following descriptions:
j− is index of the type of agricultural crop production used in the daily diet of animal feeding,
j ∈ J0;
J0− is the set of types of crop production aimed at animal feed, J0 = 1, 2, ..., n;
k− is index of the type of category of acreage in the household, k ∈ K;
K− is the set of types of acreage categories, K = (1, 2, ..., p);
h− is index of the type of livestock products produced on the household, h ∈ H;
H− is the set of types of livestock products, H = (1, 2, ...,H−);
l− is index of the type of animal breed in the household, l ∈ L;
L− is the set of types of animal breeds, L = (1, 2, ..., L−);
Known parameters:
sk− is the size of the sown area of k− th categories in the household, k ∈ K;
akj− is yield of j− th of the type of crop in the k− th category of the sown area of the household,
k ∈ K, j ∈ J0;
αh
jl− is the annual demand for the j− th type of crop production per animal of the l− th breed

in the production of the h− th type of products, where

αh
jl = βhjlγ

h
jl, j ∈ J0, l ∈ L, h ∈ H; (∗)

βhjl− is the share of the j− th crop production in the daily diet per animal of the l− th breed
in the household for the production of the h− th type of products j ∈ J0, l ∈ L, h ∈ H;
γhjl− is the number of days in the diet of feeding plant products of the j− th type for the l− th
breed of animal in the production of the h−th type of products, j ∈ J0, l ∈ L, h ∈ H;
θhl − is the volume of products of the h− th type received by the farm from one animal of the
l− th breed, l ∈ L, h ∈ H;
εk− is payment per unit of the k− th leased acreage, k ∈ K;
D− is the financial ability of the household to pay for rented space;
αh− is the selling price of the h-th type of livestock products on the household, h ∈ H;
ckj− are costs per unit size of the k− th category of acreage for the j− th type of culture,
j ∈ J0, k ∈ K;
chl − is annual consumption per animal of the l− th breed in the production of the h− th type
of livestock products, h ∈ H, l ∈ L;
ch− are the costs of a household for the sale of a unit of volume of the h− th type of livestock
products h ∈ H, where ch = rh + bh, h ∈ H;
rh− are expenses related to the shipment of a unit of volume of the h− th type of livestock
products, h ∈ H;
bh− is payment to workers for services for organizational work for selling a unit of volume of
the h− th type of livestock products, h ∈ H.

3. Required variables

xkj− is the size of the k− th category of the sown area allocated for the j− th type of culture,
j ∈ J0, k ∈ K;
yhl − is the number of animals of the l− th breed in the farm for the production of the h− th
type of products, h ∈ H, l ∈ L;
νk− is the size of the k− th category of leased acreage, k ∈ K;
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zh− is the volume of livestock products sold of the h− th type, h ∈ H.
In accordance with the accepted notation, the mathematical model of the above problem will

be written in the following form.
To find the maximum;

L(x, y, z) =
∑
h∈H

(ah − ch)−

∑
k∈K

∑
j∈J0

ckjxkj +
∑
h∈H

∑
l∈L

chl y
h
l

−∑
k∈K

εkνk (1)

under the conditions

sk + vk =
∑
j∈J0

xkj , k ∈ K (2)

∑
h∈H

∑
l∈L

αh
jly

h
l =

∑
k∈K

akjxkj , j ∈ J0, (3)

zh =
∑
l∈L

θhl y
h
l , h ∈ H, (4)

D ≥
∑

k∈K−

εkνk, (5)

xkj ≥ 0, k ∈ K, j ∈ J0, zh ≥ 0, h ∈ H, yhl ≥ 0, h ∈ H, l ∈ L− is integer (6)

where

z =
[
zh : h ∈ H

}
, x = {xkj : k ∈ K, j ∈ J0} , y =

{
yhl : h ∈ H, l ∈ L− is integer

}
, ν = {νk : k ∈ K} .

Target function (1) defines maximum net farm income from production;
Limitation (2) indicates that the sown and leased areas should be fully cleared;
Limitation (3) requires that the volume of the j -th kind of feed crop grown in all categories;
Limitation (4) requires that each type of animal production;
Inequality (5) shows that the involvment of leased cultivated land is limited by the financial

capacity; Limitation (6) requires no negative variables;

4. An algorithm for solving the problem

The algorithm for solving the problem (1)-(6) differs from the algorithm described in [7] with
minor changes. As in [7], calculations begin with the calculation of the parameter values αh

jl, j ∈
J0, l ∈ L, h ∈ H according to the formula (*). By using values of parameters akj , ckj , sk, εk, k ∈
K, j ∈ J0, θhl , chl , ah, ch, h ∈ H, l ∈ L, a numeric model of the problem according to (1) to (6) is
formulated.

From the solution of the problem the quantitative composition of the cattle in the household
y =

{
yhl :, h ∈ H, l ∈ L

}
and the appropriate size of the forage area x = {xkj : k ∈ K, j ∈ J0}

and the size of leased cultivated land ν = {νk : k ∈ K} , as well as sales of livestock products z ={
zh : h ∈ H

}
, maximizing net income for the household. The solution algorithm is completed.

Let’s test the performance of the mathematical model and algorithm of problem solution on
a numerical example.
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5. Example

Let a household engaged in the production of livestock products (milk and meat) has irrigated
acreage in the amount of s1 = 400 hectares, rainfed s2 = 100 hectares and planned to get
maximum income from production by updating its household with more productive animal
breeds and increasing the acreage by renting acreage. In order to increase the area planted, a
financial contribution of 1,500,000 soms is available. The fee per k− th renting acreage is known,
k = 1, 2, εk = {ε1, ε2} = 2000, 1500.

The household has the opportunity to choose a productive animal breed for the production
of milk and meat. This article uses data on daily diets of dairy and meat feeding, as well as the
number of productive breeds of animals published in [7].

Known: - the selling price of a unit of milk volume is a1 = 85 soms, of meat is a2 = 440
soms, as well as transport and service costs for the trade organization’s employees c1 = 15 som,
c2 = 100 soms;
-Crop yields of irrigated (I) and rain-fed (II) crops included in the feeding ration akj , k = 1, 2,
j = 1, 2, ..., 6, where

|akj |2,6 =

∣∣∣∣ 2070 1962 2380 6281 5730 12340
1500 0 1700 0 0 0

∣∣∣∣
- expenses for cultivating agricultural crops per unit size of (I) and (II) fields, |ckj |2,6 where

|ckj |2,6 =

∣∣∣∣ 2279 1096 2618 5071 9225 13574
2000 1000 2000 5000 9000 13000

∣∣∣∣
The cost of keeping one animal of each breed in the production of milk and meat, respectively,

is also known ch=1
l=1 = 50040.0 soms, ch=1

l=2 = 55080.0 soms, ch=2
l=1 = 18030.0 soms, ch=2

l=2 = 25020.0
soms.

It is required to determine the optimal size of the acreage of various categories, the size of the
leased acreage, based on the financial capacity of the household, and the appropriate number of
productive animal breeds, allowing the maximum net income to the farm from the production
and sale of livestock products.

For mathematical formalization of the task, let’s determine the annual feed demand using
αh
jl, j ∈ J0, l ∈ L, h ∈ H in [7]
Let’s formulate a numerical model of the problem.
To find the maximum

L(x, y, z, ν) = 70z1 + 340z2 − (2279.0x11 + 1096.0x12 + 2618.0x13 + 5071.0x14 + 9225.0x15+

+13574.0x16 + 2000.0x21 + 1000.0x22 + 2000.0x23 + 5000.0x24 + 9000.0x25 + 13000.0x26+

+500040.0y11 + 55080.0y12 + 18030.0y21 + 25020.0y22)− (2000v1 + 15000v2) (7)

Under the conditions

400 + ν1 =
6∑

j=1

x1j , 100 + ν2 =
6∑

j=1

x2j , (8)

2070, 0x11 + 1500, 0x21 = 289, 5y11 + 362, 5y12 + 272, 5y21 + 365, 0y22,

1962, 0x12 + 0x22 = 907, 5y11 + 1090, 0y12 + 452, 5y21 + 730, 0y22,

2380, 0x13 + 1700, 0x23 = 720, 0y11 + 1800, 0y12 + 540, 0y21 + 1825, 0y22,

6281, 0x14 + 0x24 = 1080, 0y11 + 1440, 0y12 + 1080, 0y21 + 1800, 0y22,
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5730, 0x15 + 0x25 = 7200, 0y11 + 9000, 0y12 + 5400, 0y21 + 5400, 0y22,

12340, 0x16 + 0x26 = 1800, 0y11 + 2160, 0y12 + 900, 0y21 + 1800, 0y22, (9)

3600y11 + 4500y12 = z1, 300y21 + 450y22 = z2, (10)

2000v1 + 1500v2 ≤ 1500000, (11)

xkj ≥ 0, k = 1, 2, j = 1, 2, ..., 6, (12)

zh ≥ 0, h = 1, 2, (13)

νk ≥ 0, k = 1, 2, (14)

yhl ≥ 0, h = 1, 2, l = 1, 2 (15)

is integer.
Having solved the problem (7) - (15), we will have an optimal plan for the distribution of

sown areas under the stern

x = {x11 = 0;x12 = 234, 5;x13 = 137, 5;x14 = 87, 2;x15 = 637, 0;x16 = 73, 9} ;

{x21 = 97, 8;x22 = 0;x23 = 22, 2;x24 = 0, x25 = 0, x26 = 0} ,
the composition of the content of cattle breeds in the dairy and meat sector
y =

{
y11 = 506, 9; y12 = 0; y21 = 0; y22 = 0

}
, the volume of products sold by the household

z =
{
z1 = 1824, 8

}
and the volume of leased acreage v = {v1 = 750, v2 = 0} , as well as the size

of the net income of the farm L(x, y, z, v) = 92693865, 0 soms.
Summary: The use of the developed model in the production activities of the household will
allow you to choose the best option from among the possible ones. The implementation of the
result of the developed model into economic practice will contribute to improving the efficiency
of innovative activities of the economy and obtaining maximum profit.
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Abstract. In this article, the values of the temperature at the nodal points of the body of a
complex shape are determined by the method of minimization based on the law of conservation of
energy. In the process of determining their values, a calculation algorithm is created using a new
mathematical model, and numerical studies are conducted based on temperature distribution.
One part of this complex body is isolated from heat, one part receives heat flow, and another
part has heat exchange with the external environment. The body is affected by several heat
sources at the same time. The sources of heat here are heat flow and heat exchange (convective),
temperature and heat insulation (insulation), heat conduction. Due to the size and configuration
of the main structural elements, the distribution of temperature fields in its different parts is
not uniform. Therefore, it is important to determine the value of the temperature in each
part of the structural element (nodal points). This is because the body may be physically
unusable (destroyed) due to the temperature in some part of the structural element. In order to
understand the consequences of this and to save the main structural elements of the installations
from damage, it is necessary to perform preliminary mathematical calculations and calculate
the value of the temperature at each node point. In the article, the patterns of temperature
distribution at the node points of the channel-like body (beam) taken as a structural element
are determined and it is determined that the temperature distribution is symmetrical depending
on the shape of the body.

Keywords: complex shaped body (beam), nodal point, temperature distribution laws, numer-
ical study, heat flow, heat exchange (convective).

1. Introduction

Experimental: This article discusses a technique for constructing a mathematical model and
the corresponding computational algorithm that allow solving problems of studying the pat-
terns of the temperature distribution field in a structural element of a complex shape with the
simultaneous presence of heat flow, heat transfer and partial thermal insulation on their local
surfaces.

Literature review and problem statement: At present, in our country and abroad, there are
many works devoted to the problem of the influence of a thermomechanical process on a change
in the structure and composition of the material of any technical installation or design. This
article takes into account the simultaneous influence of the heat flow on the body, partial thermal
insulation and local heat transfer. A computational algorithm is presented for solving a problem
obtained by discretizing bodies of complex shape made of heat-resistant alloys using quadratic
finite elements [2, 5].

The aim and objectives of the study: The purpose of this article is to show the regularity of the
distribution of the temperature field using a numerical study of heat transfer in the presence of
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heat flow, thermal insulation and heat transfer. The objectives of the study are to determine the
temperature value at each nodal point of a multidimensional body to develop a computational
algorithm based on minimizing the total thermal energy functional.

In order to produce products ready for export, production facilities work with modern aggre-
gate devices for processing raw materials. Most of the main elements of the devices work under
the influence of temperature, heat flow, isolated heat, heat exchange, temperature changes of
internal nodes. Aggregate devices are made of high-quality materials, i.e., heat-resistant cast-
ings, for high-quality, heat-resistant, long-term operation. Temperature distribution along such
heat-resistant mixtures in multidimensional bodies, heat insulation and heat exchange proper-
ties, thermal conductivity, etc. In addition to thermal physics for the study of the laws, creating
special mathematical models, functions, equations, universal digital algorithms and methods for
studying the thermomechanical state is one of the most important issues. To solve the problem
under consideration, we consider a problem solved by the method of minimization based on the
law of conservation of energy for a two-dimensional quadratic finite element. The numerical
method and the corresponding calculation algorithm are presented in the report. The structural
element considered here is thermally insulated along the entire length of the upper and inner
parts, and heat exchange with the external environment occurs along the side surfaces. The
heat flow falls on both ends of the lower surface.

The problem presents a channel-like body of infinite length. The structural element under
consideration is heat insulated along the entire length of the top y = h, and along the internal
parts l ≤ x ≤ l+ r, −∞ ≤ z ≤ ∞, and heat exchange with the external environment takes place
on the side surfaces . q− heat flux of constant intensity y = 0, [(0 ≤ x ≤ l)&(r+l) ≤ x ≤ (r+2l)],
−∞ ≤ z ≤ ∞ falls on the lower surface along its entire length. In this case, the heat exchange
coefficient is he and the ambient temperature is T e. It is necessary to determine the distribution
field of constant temperature in the volume of the considered structural element. For this
purpose, we discretize the cross section with rectangular finite elements 1.

Figure 1. Discretization of the computational domain in the context of a struc-
tural element

The coordinates of the node points: 1(−a;−b); 2(a;−b); 3(a; b); 4(−a; b).
Within each finite element, we approximate the temperature distribution field with the fol-

lowing quadratic polynomial [1, 2]:

T (x, y) = α1 +α2x+α3y+α4xy = ϕ1(x, y) · T1 +ϕ2(x, y) · T2 +ϕ3(x, y) · T3 +ϕ4(x, y) · T4 (1)
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Figure 2. Cross section of a rectangular finite element

Here ϕi(x, y) is the shape function of the finite element of a quadrilateral with four nodes [2,3]:

ϕ1(x, y) =
(a− x)(b− y)

4ab
;ϕ2(x, y) =

(a+ x)(b− y)

4ab
;ϕ3(x, y) =

(a+ x)(b+ y)

4ab
;ϕ4(x, y) =

(a− x)(b+ y)

4ab
.

(2)

The size of the limit element in the direction of the coordinate axes Ox and Ox is (2a× 2b).
We discretize the section of the given body into 6 elements. Numbering of elements and nodes is
shown (Figure 1). In order to quantitatively study the temperature distribution at the nodes of
the body of complex shape under study, taking into account all the given quantities, i.e. thermal
insulation, heat sources, heat exchange with the external environment, we write a functional (J)
describing its total thermal energy for all finite elements [1–3]:

J =

∫
V

1

2
[Kxx(

∂T

∂x
)2 +Kyy(

∂T

∂y
)2] dV +

∫
S(y=0)

qT dS +

∫
S(x=0,B)

h

2
(T − TE)2 dS (3)

where V is the volume of the timber in question; S(x = 0) - the surface area of the beam
(x = 0), where the heat flow q( W

cm2 ); S(x = A) - the surface area (x = A) of the beam through

which heat is exchanged with the environment h( W
cm2·◦C );Kxx;Kyy,

W
cm·◦C - the coefficient of

thermal conductivity of the timber under consideration, respectively, in the directions of the
coordinate axes Ox and Oy.

The temperature distribution field in each finite element is determined according to the for-
mula (1) as follows:

For the I element:

TIe(x, y) = ϕ1(x, y) · T1 + ϕ2(x, y) · T2 + ϕ3(x, y) · T6 + ϕ4(x, y) · T5.
For the II element:

TIIe(x, y) = ϕ1(x, y) · T3 + ϕ2(x, y) · T4 + ϕ3(x, y) · T9 + ϕ4(x, y) · T8.
For the III element:

TIIIe(x, y) = ϕ1(x, y) · T5 + ϕ2(x, y) · T6 + ϕ3(x, y) · T11 + ϕ4(x, y) · T10.
For the IV element:

TIV e(x, y) = ϕ1(x, y) · T6 + ϕ2(x, y) · T7 + ϕ3(x, y) · T12 + ϕ4(x, y) · T11.
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For the V element:

TV e(x, y) = ϕ1(x, y) · T7 + ϕ2(x, y) · T8 + ϕ3(x, y) · T13 + ϕ4(x, y) · T12.

For the VI element:

TV Ie(x, y) = ϕ1(x, y) · T8 + ϕ2(x, y) · T9 + ϕ3(x, y) · T14 + ϕ4(x, y) · T13.

For all discrete elements, the integrated form of the function 3 is as follows [1–5]:

J = (
alKxx

6b
)IE(T1

2 − 2T1T2 − T1T6 + T1T5 + T2
2 + T2T6 − T2T5 + T6

2 − 2T6T5 + T5
2)+

+ (
blKyy

6a
)IE(T1

2 + T1T2 − T1T6 − 2T1T5 + T2
2 − 2T2T6 − T2T5 + T6

2 + T6T5 + T5
2) + (alq)IE(T1 + T2)

+ (
alh

3
)IE(T1

2 + T1T5 − 3T1TE + T5
2 − 3T5TE + 3TE

2)+

+ (
alKxx

6b
)IIE(T3

2 − 2T3T4 − T3T9 + T3T8 + T4
2 + T4T9 − T4T8 + T9

2 − 2T9T8 + T8
2)+

+ (
blKyy

6a
)IIE(T3

2 + T3T4 − T3T9 − 2T3T8 + T4
2 − 2T4T9 − T4T8 + T9

2 + T9T8 + T8
2)+

+ (alq)IIE(T3 + T4) + (
alh

3
)IIE(T4

2 + T4T9 − 3T4TE + T9
2 − 3T9TE + 3TE

2)+

+ (
alKxx

6b
)IIIE(T5

2 − 2T5T6 − T5T11 + T5T10 + T6
2 + T6T11 − T6T10 + T11

2 − 2T11T10 + T10
2)+

+ (
blKyy

6a
)IIIE(T5

2 + T5T6 − T5T11 − 2T5T10 + T6
2 − 2T6T11 − T6T10 + T11

2 + T11T10 + T10
2)+

+ (
alh

3
)IIIE(T5

2 + T5T10− 3T5TE + T10
2 − 3T10TE + 3TE

2)+

+ (
alKxx

6b
)IV E(T6

2 − 2T6T7 − T6T12 + T6T11 + T7
2 + T7T12 − T7T11 + T12

2 − 2T12T11 + T11
2)+

+ (
blKyy

6a
)IV E(T6

2 + T6T7 − T6T12 − 2T6T11 + T7
2 − 2T7T12 − T7T11 + T12

2 + T12T11 + T11
2)+

+ (
alKxx

6b
)V E(T7

2 − 2T7T8 − T7T13 + T7T12 + T8
2 + T8T13 − T8T12 + T13

2 − 2T13T12 + T12
2)+

+ (
blKyy

6a
)V E(T7

2 + T7T8 − T7T13 − 2T7T12 + T8
2 − 2T8T13 − T8T12 + T13

2 + T13T12 + T12
2)+

+ (
alKxx

6b
)V IE(T8

2 − 2T8T9 − T8T14 + T8T13 + T9
2 + T9T14 − T9T13 + T14

2 − 2T14T13 + T13
2)+

+ (
blKyy

6a
)V IE(T8

2 + T8T9 − T8T14 − 2T8T13 + T9
2 − 2T9T14 − T9T13 + T14

2 + T14T13 + T13
2)+

+ (
alh

3
)V IE(T9

2 + T9T14 − 3T9TE + T14
2 − 3T14TE + 3TE

2)

(4)

We minimize the functional (4) through the nodes. It will be a system of linear algebraic
equations as follows [2–8]:

∂J

∂Ti
= 0, (i = 1÷ 14) (5)

If we open the (5) system and write:
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∂J

∂T1
= 0⇒ aLKxx

6b
(2T1 − 2T2 + T5 − T6) +

bLKyy

6a
(2T1 + T2 − 2T5 − T6) + alq +

aLh

3
(2T1 + T5 − 3TE) = 0

∂J

∂T2
= 0⇒ aLKxx

6b
(−2T1 + 2T2 − T5 + T6) +

bLKyy

6a
(T1 + 2T2 − T5 − 2T6) + alq = 0

∂J

∂T3
= 0⇒ aLKxx

6b
(2T3 − 2T4 + T8 − T9) +

bLKyy

6a
(2T3 + T4 − 2T8 − T9) + alq = 0

∂J

∂T4
= 0⇒ aLKxx

6b
(−2T3 + 2T4 − T8 + T9) +

bLKyy

6a
(T3 + 2T4 − T8 − 2T9) + alq +

aLh

3
(2T4 + T9 − 3TE) = 0

∂J

∂T5
= 0⇒ aLKxx

6b
(T1 − T2 + 4T5 − 4T6 + T10 − T11) +

bLKyy

6a
(−2T1 − T2 + 4T5 + 2T6 − 2T10 − T11)+

+
aLh

3
(T1 + 4T5 + T10 − 6TE) = 0

∂J

∂T6
= 0⇒ aLKxx

6b
(−T1 + T2 − 4T5 + +6T6 − 2T7 − T10 + 2T11 − T12) +

bLKyy

6a
(−T1 − 2T2 + 2T5 + 6T6 + T7 − T10−

− 4T11 − T12) = 0

∂J

∂T7
= 0⇒ aLKxx

6b
(−2T6 + 4T7 − 2T8 − T11 + 2T12 − T13) +

bLKyy

6a
(T6 + 4T7 + T8 − T11 − 4T12 − T13) = 0

∂J

∂T8
= 0⇒ aLKxx

6b
(T3 − T4 − 2T7 + 6T8 − 4T9 − T12 + 2T13 − T14) +

bLKyy

6a
(−2T3 − T4 + T7 + 6T8 + 2T9 − T12−

− 4T13 − T14) = 0

∂J

∂T9
= 0⇒ aLKxx

6b
(−T3 + T4 − 4T8 + 4T9 − T13 + T14) +

bLKyy

6a
(−T3 − 2T4 + 2T8 + 4T9 − T13 − 2T14)+

+
aLh

3
(T4 + 4T9 + T14 − 6TE) = 0

∂J

∂T10
= 0⇒ aLKxx

6b
(T5 − T6 − 2T10 − 2T11) +

bLKyy

6a
(−2T5 − T6 + 2T10 + T11)+

+
aLh

3
(T5 + 2T10 − 3TE) = 0

∂J

∂T11
= 0⇒ aLKxx

6b
(−T5 + 2T6 − T7 − 2T10 + 4T11 − 2T12) +

bLKyy

6a
(−T5 − 4T6 − T7 + T10 + 4T11 + T12) = 0

∂J

∂T12
= 0⇒ aLKxx

6b
(−T6 + 2T7 − T8 − 2T11 + 4T12 − 2T13) +

bLKyy

6a
(−T6 − 4T7 − T8 + T11 + 4T12 + T13) = 0

∂J

∂T13
= 0⇒ aLKxx

6b
(−T7 + 2T8 − T9 − 2T12 + 4T13 − 2T14) +

bLKyy

6a
(−T7 − 4T8 − T9 + T12 + 4T13 + T14) = 0

∂J

∂T14
= 0⇒ aLKxx

6b
(−T8 + T9 − 2T13 + 2T14) +

bLKyy

6a
(−T8 − 2T9 + T13 + 2T14) +

aLh

3
(T9 + 2T14 − 3TE) = 0

(6)

Solving the system (6) by the Gaussian method, we can determine the values of temperatures
at the node points and calculate the temperature value of each limit element according to the
formula (1). If we take the following numerical values for the EI-617 heat-resistant ingot and
make a calculation [1, 2]:

Kxx = Kyy = 72[
Bm

cm ·◦ C
]; a = b = 1cm; q = −100[

Bm

cm2
];hE = 6[

Bm

cm2 ·◦ C
];TE = 40◦C; r = 2cm; l = 1cm,

we get the following temperature values:
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T1 = T4 = 49, 9◦C;T2 = T3 = 50, 71◦C;T5 = T9 = 48, 01◦C;T6 = T8 = 48, 59◦C;

T7 = 48, 37◦C;T10 = T14 = 47, 4◦C;T11 = T13 = 48, 22◦C;T12 = 48, 44◦C.

2. Conclusion

What we learned from this numerical experiment is that for any multi-dimensional structural
elements of different configurations, the laws of the heat distribution field can be solved using
the minimization method based on the energy conservation law for a two-dimensional quadratic
finite element. In the report, the value of the temperature at the node points of the cross-section
of the body given by the processes of heat flow and heat insulation and heat exchange with the
external environment was determined. It is also ensured that the temperature distribution field
of numerical values of all discrete limit elements is symmetrical. Therefore, the given method
solves the thermal resistance of structural elements operating under the influence of various
heat sources and external mechanical forces. Determining the temperature value at each node
ensures that the heat-resistant mixture does not exceed the strength limit and the structural
element does not collapse.
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Abstract. The paper considers the process of filtration of water and oil phases, taking into
account the deformation of the medium. A suitable mathematical model of the process is
proposed. Using the proposed model, the influence of medium deformation on hydrodynamic
parameters was analyzed. The problem was solved numerically by the large particle method.
Based on the obtained results, the influence of environmental deformation on reservoir pressure,
porosity, permeability, oil saturation and oil production was studied.
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1. Introduction

The simulation of the fluid flow taking into account the deformation of the medium is actual.
In particular, the determination of the deformation state of fluid filtration into wells in an
inhomogeneous medium [1]. Joint consideration of fluid flow and deformation of porous media is
very important for biomedicine [2], the oil industry [3], the oil refining industry [4], geotechnology
[5], water treatment [2, 4], and new energy technologies [2] that depend on large-scale geological
and biological processes. In addition, there are environmental problems, including pollution
of groundwater as a result of the development of the oil industry. This contamination is very
difficult to detect and can take a long time. To determine it, it is necessary to simulate the
filtration of multiphase fluids in porous media together with the deformation of the medium [3].

Despite intensive attempts at multiphase modeling taking into account the deformation of the
medium, many fundamental physical, mathematical, and computational problems still remain
unresolved [6]. Problems of this type are modeled using a system of differential equations,
including the force balance equation and mass conservation laws. Due to the complexity of
these systems of equations, there are no analytical solutions; therefore, in most cases, numerical
methods are used [7, 8, 9].

The process of three-phase flow of two compressible fluids in a deformable porous medium
is modeled using a symmetric hyperbolic thermodynamically compatible (HTCS) system [10].
The model of the two-phase flow process was considered in hybrid systems containing regions
free from the solid phase and a deformable porous matrix [11].

In [12], a nonlinear model of the flow of a mixture of compressible fluids in porous media with
finite deformations and thermal effects was proposed. In [1], the process of fluid filtration in
a transversely isotropic deformable medium is modeled by the finite element method. At the
same time, the influence of reservoir pressure on the change in the permeability of the medium
was analyzed. In [13], a new method for estimating the change in the permeability of the pore
medium as a result of changes in reservoir pressure was proposed using analytical and numerical
modeling. In the work, the analytical method was used to study the effect of pressure changes on
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the permeability of the medium, then numerical methods were used to determine the diagnostic
signs of changes in permeability as a result of changes in the pressure of the formation zone and
to verify the estimates obtained as a result of solving the inverse problem.

Inverse problems for the equations of elastoplastic filtration of fluids in the modes of pressure
reduction and recovery in a porous medium were solved by the method of identifying parameters
and deterministic moments [14]. In [15], the process of multiphase flow was modeled taking into
account the deformation of the medium.

In this work, the process of filtration of the oil and water phases in a deformable porous
medium was modeled, taking into account the oil debit. For the solution, the method of large
particles was used. The dependence of the properties of the pore medium on reservoir pressure,
the effect of medium deformation on the process of two-phase filtration, the effect of medium
deformation and changes in reservoir pressure on oil production are studied.

Consider the filtration of oil and water in a homogeneous deformable oil reservoir penetrated
by a system of producing wells. The wells are grouped into rows. We assume that oil and water
are incompressible. A quasi-one-dimensional mathematical model of the filtration process in
this system can be represented as follows.

Mass conservation law for phases

2. Formulation of the problem

Consider the filtration of oil and water in a homogeneous deformable oil reservoir penetrated
by a system of production wells. The wells are grouped into rows. We assume that oil and
water are incompressible. A quasi-one-dimensional mathematical model of the filtration process
in this system can be represented as follows.

A
∂

∂t
(mso) +

∂ (Auo)

∂x
= A

n∑
k=1

Qokδk, (1)

A
∂

∂t
(msw) +

∂ (Auw)

∂x
= A

n∑
k=1

Qwkδk (2)

where so is the saturation of the pore space with oil, m is the porosity, uo is the velocity of the oil
phase, sw is saturation of the pore space with water, uw is water phase velocity, A = b(x) ·H(x)
is element cross-section, b(x) is element width, H(x) is reservoir thickness, δk = δ (x− xk) -
Dirac delta function, Qok and Qwk oil and water debits reduced to standard conditions at row
k, k = 1, 2 is well row number, n is the number of rows.

The filtration rate is determined according to the Darcy law [16].

uo = −Kko
µo

∂p

∂x
, (3)

uw = −Kkw
µw

∂p

∂x
. (4)

Porosity changes according to the following expression [17]

m = m0 + βm (p− p0) , (5)

-absolute permeability [18]

K = K0

(
m

m0

)d
, (6)

-relative permeability for oil and water phases [15]

ko =

{(
1−sw

1−swE

)
, sw > swE ,

1 sw ≤ swE
(7)
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kw =

{(
sw−swE
1−swE

)
, sw > swE ,

0 sw ≤ swE
(8)

-obvious equality for saturations [15]
so + sw = 1 (9)

where p is reservoir pressure,K is absolute permeability, ko, kw are phase relative permeability,
µo, µw are oil and water viscosities, m0 is initial porosity at p = p0, βm is reservoir elasticity
coefficient, p0 is fixed pressure, d is a constant, K0 is initial absolute permeability, swE is residual
water saturation .

Phase debits are determined according to the following formulas

Qok = qkϕok, (10)

Qwk = qkϕwk (11)

where qk is oil well debet of the kth row

qk =
2π∆zk
ln rcκ

rkκ

[
k̄w

∫ pcκ

pκκ

Kk(p)

µw
dp+ k̄o

∫ pcκ

pκκ

Kk(p)

µo
dp

]
, (12)

ϕok =
ko
µo

[
ko
µo

+
kw
µw

]−1

, (13)

ϕwk = 1 − ϕok

are the shares of phases, Kk,∆zk are permeability and thickness of the inner region of the k th
row. Functions k̄o and k̄w are averaged relative permeabilities, pkk is pressure on the contour,
pck is pressure on the well, rck and rkk are oil well and boundary radiuses.

In order to solve (1)-(13) problem we introduce initial and boundary conditions
-inital conditions

p(x, 0) = p̄(x), so(x, 0) = s̄o, sw(x, 0) = s̄w, (14)

-boundary conditions at production wells

p (xk, t) = p̄k(t) (15)

-boundary conditions at the boundary

∂p(0, t)

∂x
= 0,

∂p(L, t)

∂x
= 0 (16)

Calculate qk from the expression (12)

k̄α
∫ pck
pkk

Kk(p)
µα

dp = k̄α
µα

∫ pck
pkk

(Kk)0

(
m
m0

)d
dp =

(Kk)0k̄α

µα(m0)d

∫ pck
pkk

(m0 + βm (p− p0))d dp =

= − (Kk)0k̄α

µα(m0)d

∫ pkk
pck

(m0 + βm (p− p0))d dp =

= − (Kk)0k̄α

(d+1)·βmµα(m0)d

[
(m0 + βm (p− p0))d+1

∣∣∣p=pkk
p=pck

=

− (Kk)0k̄α

(d+1)·βmµα(m0)d

[
(m0 + βm (pkk − p0))d+1 − (m0 + βm (pck − p0))d+1

]
from here

qk = −2π∆zk
ln rcκ
rkκ

[
k̄w(Kk)0

(d+1)·βmµw(m0)d

[
(m0 + βm (pkk − p0))d+1 − (m0 + βm (pck − p0))d+1

]
+

+
k̄o(Kk)0

(d+1)·βmµo(m0)d

[
(m0 + βm (pkk − p0))d+1 − (m0 + βm (pck − p0))d+1

]]
(17)

Adding equations (1) and (2), we obtain the following
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A
∂

∂t
(mso +msw) +

∂

∂x
[A (uo + uw)] = A

n∑
k=1

Qkδk (18)

where Qk = Qok +Qwk
In accordance with equality (9), we write (18) in the following form

A
∂m

∂t
+

∂

∂x
(uo + uw) = A

n∑
k=1

(Qk) δk (19)

According to (4) and (5), we write (19) in the following form

AβM
∂p

∂t
− ∂

∂x

[
AK

(
ko
µo

+
kw
µw

)
∂p

∂x

]
= A

n∑
k=1

(Qk) δk (20)

We consider A = const and write (20) in the following form

βM
∂p

∂t
− ∂

∂x

[
K

(
ko
µo

+
kw
µw

)
∂p

∂x

]
=

n∑
k=1

(Qk) δk (21)

To solve equation (21), we write the initial conditions (14) and boundary conditions (15)-(16)
in the following form.

p(x, 0) = p0, so(x, 0) = s∗o, sw(x, 0) = s∗w, (22)

∂p(0, t)

∂x
= 0,

∂p(L, t)

∂x
= 0, (23)

p (xk, t) = p∗k(t) (24)

3. Solution method

To solve the problem (1)-(16), we use the method of large particles [19]. To accomplish this,
we first introduce the Euler grid.

Ωτh =
{
tj+1 = tj + τ, j = 0, T − 1; xi+1 = xi + h, i = 0, N + 1

}
.

where h is the grid step in space, respectively, τ is the grid step in time, N is number of nodes
in spaces, K is number of nodes in time, X is distance in space, T is maximum considered time.

The algorithm of the method is divided into three stages.
Stage 1. We approximate equation (21).

βm
p∼i −pji
τ = 1

h2

{[
K
(
k0
µ0

+ kw
µw

)]j
i+ 1

2

· ˜pi+1−

−
{[
K
(
k0
µ0

+ kw
µw

)]
i+ 1

2

+
[
K
(
k0
µ0

+ kw
µw

)]
i− 1

2

}j
· ˜pi+

+
[
K
(
k0
µ0

+ kw
µw

)]j
i− 1

2

· ˜pi−1

}
+
∑n

k=1 (Qk)
j δk

(25)

Let us write the system of linear algebraic equations (25) in the following form.

Bi · ˜pi−1 − Ci · p̃i +Di · ˜pi+1 = −Fi (26)
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where

Bi = τ
βmh2

[
K
(
k0
µ0

+ kw
µw

)]j
i− 1

2

Ci = 1 + τ
βmh2

{[
K
(
k0
µ0

+ kw
µw

)]j
i− 1

2

+
[
K
(
k0
µ0

+ kw
µw

)]j
i+ 1

2

}
Di = τ

βmh2

[
K
(
k0
µ0

+ kw
µw

)]k
i+ 1

2

Fi = pji − (
∑n

k=1 (Qk) δk)
j
i

We solve the system of tridiagonal linear equations (26) by the Thomas’ algorithm [20]. We
calculate the coefficients of Thomas’ algorithm according to the following formula{

αi+1 = Ci
Bi−Aiαi , i = 1, N

βi+1 = Fi+Ai·βi
Bi−Aiαi , i = 1, N

(27)

We calculate the pressure using the found coefficients as follows

p̃i = αi+1 · ˜pi+1 + βi+1. (28)

From the boundary conditions we find

α1 = 1, β1 = 0,

p∼N = βN
1−αN ,

pjLk = p∗k
Approximation of expressions for filtration velocities

(uo)
∼
i+ 1

2
= −

(
Kko
µo

)∼

i

p̃i − p̃∼i+1

h
, (uw)∼i+ 1

2
= −

(
Kkw
µw

)∼

i

p∼i − p∼i+1

h
(29)

Stage 2. Find the values of porosity and phase saturations on the current time layer

mj+1
i = m0 + βm (p̃i − p0) (30)

(so)
j+1
i =

1

mj+1
i

[
mj+1
i (so)

j
i +

(uo)
∼
i−1/2 − (uo)

∼
i+1/2

h
τ

]
(31)

(sw)j+1
i = 1 − (so)

j+1
i (32)

(ko)
j+1
i =


(

1−(sw)j+1
i

1−swE

)
, sw > swE

1 sw ≤ swE

(33)

(kw)j+1
i =


(

(sw)j+1
i −swE

1−swE

)
, sw > swE

0 sw ≤ swE

(34)

Stage 3. At this stage, we calculate the reservoir permeability and debits
-permeability

Kj+1
i = K0

(
mj+1
i

m0

)d
(35)

We approximate relations (10)-(13).
-oil phase debit

(Qo)
j
k = qjk (ϕo)

j
k
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Figure 1. Influence of medium compressibility on pressure distribution

-water phase debet

(Qw)jk = qjk (ϕw)jk
-oil well debet of the kth row

qjk = −2π∆zk
ln rck

rkκ

[
k̄wK0

(d+ 1) · βmµw (m0)d

[(
m0 + βm

(
pjkk − p0

))d+1
−
(
m0 + βm

(
pjck − p0

))d+1
]

+

+
k̄oK0

(d+ 1) · βmµo (m0)d

[(
m0 + βm

(
pjkk − p0

))d+1
−
(
m0 + βm

(
pjck − p0

))d+1
]]

k = 1, 2

-share of oil phase

(ϕo)
j
k =

(ko)
j
k

µo

[
(ko)

j
k

µo
+

(kw)jk
µw

]−1

-share of water phase

(ϕw)jk = 1 − (ϕo)
j
k

After obtaining the values of the required parameters, we move on to the next time layer and
so on.

Results and Discussion. To study the stress-strain state of a saturated porous medium,
computational experiments were carried out for the following values of parameters: m0 = 0.3,
K0 = 4.8·10−15m2, (so)0 = 0.6, (sw)0 = 0.4, p0 = 106Pa, p0 = 106Pa, p∗k = 9·105Pa,
µo = 1.3 · 10−3Pa · c, µw = 1.768 · 10−3Pa · c, βm = 10−8Pa−1, , xk = 90(2k − 1),
∆zk = 10m, rck = 0.1m, rkk = 90m, n = 2, k = 1, 2
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Figure 2. Influence of the compressibility coefficient on the porosity of the medium

On Fig 1 the pressure distribution profiles are presented for various values of the medium
compressibility coefficient. It can be seen from the graphs that with a decrease in the value of
βm , the reservoir pressure decreases faster.

On Fig 2 the influence of changes in the compressibility coefficient of the medium on the
porosity of the reservoir are presented. According to the results, it was noticed that the increase
in the values of βm leads to a sharp decrease in porosity in the bottomhole zone.

From Fig 3, it can be seen that a change in the compressibility coefficient of the medium has
a significant effect on the absolute permeability of the formation, and in the bottomhole zone,
the permeability decreases sharply at greater values of βm.

Fig. 4 shows oil saturation for various values of the medium compressibility coefficient. It
was observed that an increase in the value of the compressibility coefficient leads to a significant
increase in oil saturation in the bottomhole zone.

On Fig. 5, the dynamics of the oil well debit, oil and water debits, as well as the share of
oil phase are presented at various values of βm. From the obtained results, it can be concluded
that with a decrease in the compressibility coefficient, it was observed that the oil well debit,
water and oil debit first increased and then decreased. As the value of βm increases the share
of oil in the medium increases.

On Fig 6, in contrast to Fig.5, the dynamics of the oil well debit, oil and water debit, the
share of oil phase in the environment is presented at different values of βm. As a result, the oil
well debit will increase slightly during the 30 days under consideration. Since the share of oil
first increased sharply, and then this growth slowed down, we can observe the same process for
the oil debit. On the contrary, the water debit first sharply decreases, and then this decrease
slows down. Unlike the results on Fig. 5, the amount of produced fluid increases as the value of
βm of at decreases the share of oil.

On Figs 7-9 show profiles of porosity, permeability and oil saturation at various bottom
hole pressures. With a decrease in bottomhole pressure, a significant decrease in porosity and
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Figure 3. The effect of change in the compressibility coefficient on the permeability
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Figure 4. Effect of medium compressibility on oil saturation
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Figure 5. Influence of medium compressibility on phase debits and oil phase share
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Figure 6. Influence of medium compressibility on phase debits and oil phase share
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Figure 7. The effect of changes in bottomhole pressure on porosity
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Figure 8. Influence of changes in bottomhole pressure on the permeability of the medium
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Figure 9. Effect of changes in bottomhole pressure on oil saturation

permeability was observed, while oil saturation increased significantly. It was noticed that these
changes were especially noticeable in the bottomhole zone.

Fig 10 shows the dynamics of the effect of changes in bottomhole pressure on the oil well,
oil and water debits and the share of oil. According to the results obtained, with a decrease in
bottomhole pressure, all considered indicators increase significantly.

4. Conclusion

In this paper the process of two-phase filtration in a deformable porous medium mathemat-
ically modeled. A suitable problem was posed for the model, which was solved numerically
by the large particle method. Based on the results obtained, the influence of compressibility
of medium on reservoir pressure, porosity, permeability, oil saturation and oil production was
studied. According to obtained results, an increase in the compressibility of the medium leads
to a sharp decrease in the porosity and permeability of the medium in the bottomhole zone. As
a result, the process of reservoir pressure decrease slows down. The oil saturation increases with
the increase in the compressibility of the medium. At relatively low values of the compressibility
coefficient of the medium, with its decrease, it was observed that the oil well and oil production
first slightly increased, and then sharply decreased, and at relatively large values they increased
evenly. It was observed that the proportion of oil decreased with increasing medium compress-
ibility and increased with time. At the same time, the effect of changing bottomhole pressure
on the filtration process. With a decrease in bottomhole pressure, the permeability and porosity
of the medium decreased, while oil saturation and the share of oil increased.

(1) system of equations is solved on the initial and boundary conditions using large particles
method and obtained results are analyzed.
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D-ОПТИМАЛЬНЫЕ ПЛАНЫ В СЛУЧАЕ ФУНКЦИЙ ХААРА

АБИЛМАЖИН АДАМОВ1, МАРС ГАББАСОВ1, АЗАМАТ КУСЕБАЙ1

1Евразийский национальный университет им.Л.Н. Гумилева, Казахстан
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В статье рассматривается проблема проверки заданного дискретного плана на D-
оптимальность. При этом в качестве базисных функций рассматриваются кусочно-
постоянные функции – функции Хаара и формулируется теоремы о распределения точек
оптимального плана для D-критериев оптимальности.

Линейные по параметрам регрессионные модели широко используются на практике для
описания различного рода зависимостей [2, 3, 6]. При этом целью эксперимента является
нахождения оценок неизвестных параметров модели и проверка оптимальности выбранных
точек распределения плана по некоторым критериям [2, 4].

Известно,что большое число алгоритмов метода Монте-Карло и планирования экспери-
мента основано на выборе некоторого вероятностного распределения ρ, заданного на изме-
римом пространстве Х [1,5].

Рассмотрим линейную по параметрам регрессионную модель, в которой предполагается,
что результат измерения y(xj) в точке xj ∈ X представляется в виде [1, 3]:

yj = y(xj , ωj) =
n∑

i=1

θiφi(xj) + ε(xj , ωj), j = 1, 2, ..., N, (1)

где φ(x) = {φ1(x), φ2(x), ..., φn(x)}T - вектор базисных функций на Х, в нашем случае функ-
ции Хаара, θi - неизвестные параметры, ε(xj , ωj) - случайные ошибки, Х - множество пла-
нирования. Об ошибках предполагаются стандартные допущения [3]:

Eε(x) = 0, Eε2(x) = σ2(x) = const <∞, Eε(xi)ε(xj) = 0, i 6= j

где Е обозначает математическое ожидание.
Регрессионную модель (1) также можно написать в виде Y = Fθ + ε, где

Y =


y1
y2
...
yN

 , F =


φ1(x1), . . . φn(x1)
φ1(x2), . . . φn(x2)
. . . , . . . . . .

φ1(xN ), . . . φn(xN )

 =


φr(x1)
φr(x2)

...
φr(xN )

 , θ =


θ1
θ2
...
θn

 .

Требуется оценить неизвестные параметры θ и их дисперсии. Проверить на D-
оптимальность найденный план, т.е. найти оптимальную плотность

ρ∗ = argmin(det[D(ρ)])
ρ ∈ P (2)

Систему функций Хаара на множестве X с заданной (вероятностной) мерой µ опреде-
лим следующим образом [4]. Разобьем множество X с мерой µ(X) = 1 на 2m непересека-
ющихся подмножеств d(m, s), (1 ≤ s ≤ 2m−1,m = 1, 2, ..., ) равной меры µ. Подмножества
d(m, s), (s = 1, 2, ..., 2s−1), определим равенством

d(m, s) =

[
s− 1

2m−1
,
s

2s−1

)
,
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где s меняется от 1 до 2m−1, а m = 1, 2, ... (конечно, при s = 2m−1 будем считать d(m, s)
замкнутым также и справа).

Легко видеть, что при каждом m

d(m, 1) ∪ d(m, 2) ∪ ... ∪ d(m, 2m−1) = [0, 1].

Систему функций Хаара χms(x) удобно определять группами: группа с номером m со-
держит 2m−1 функций χms(x), s = 1, 2, ..., 2m−1, определяемые равенствами

χms(x) =


2

m−1
2 , при x ∈ d(m+ 1, 2s− 1),

−2
m−1

2 , при x ∈ d(m+ 1, 2s),

0, при x /∈ d(m, s).
(3)

Пусть kj(j = 1, 2, ..., n) - количество точек, принадлежащих подмножеству d(m, j) мно-
жества χ и

∑n
j=1 kj = N .

Как известно [3], если матрица системы нормальных уравнений F TF невырождена, то
оценка метода наименьших квадратов имеет вид

θ̂ = (F TF )−1F TY (4)

а дисперсия
Dθ̂ = σ2(F TF )−1

где

F TF =


(φ1, φ1) (φ1, φ2) . . . (φ1, φn)
(φ2, φ1) (φ2, φ2) . . . (φ2, φn)
. . . . . . . . . . . .

(φn, φ1) (φn, φ2] . . . (φn, φn)


,

(φ, ψ) =
N∑
j=1

φ(xj)ψ(xj), xj ∈ X.

Матрица M = F TF называется информационной матрицей для модели (1). Матрица
Dθ = σ2M−1 - дисперсионной.

Сначала для простоты исследования рассмотрим случаи m = 1, 2, то есть интервал [0, 1]
разбивается соответственно на 1 и 2 подмножества и регрессионная модель содержит 2 и 4
неизвестных параметра.

В случае m = 1 функции Хаара имеют вид

φ1(x) = 1, φ2(x) =

{
+1, при x ∈ [0, 12),

−1, при x ∈ [12 , 1].
(5)

Пусть k1 и k2 - количества точек, выбранных соответственно из подмножеств [0, 12) и [12 , 1]
и k1 + k2 = N . Информационная матрица имеет вид

F TF =

(
(φ1, φ1) (φ1, φ2)
(φ2, φ1) (φ2, φ2)

)
=

(
k1 + k2 k1 − k2
k1 − k2 k1 + k2

)
.

Определитель этой матрицы равен 4k1k2, следовательно, для ее невырожденности необхо-
димо и достаточно выполнение условий k1 ≥ 1, k2 ≥ 1.

(F TF )−1 =
1

4

( 1
k1

+ 1
k2

1
k1
− 1

k2
1
k1
− 1

k2
1
k1

+ 1
k2

)
, F TY =

( ∑k1
i=1 yi +

∑k1+k2
i=k1+1 yi∑k1

i=1 yi −
∑k1+k2

i=k1+1 yi

)
.

Следовательно, оценка неизвестных параметров θ = (θ1, θ2) имеет вид

θ̂ = (F TF )−1F TY =

(
1

2k1

∑k1
i=1 yi +

1
2k2

∑k1+k2
i=k1+1 yi

1
2k1

∑k1
i=1 yi −

1
2k2

∑k1+k2
i=k1+1 yi

)
,
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а дисперсия этих оценок

Dθ̂ =
σ2

4

( 1
k1

+ 1
k2

1
k1
− 1

k2
1
k1
− 1

k2
1
k1

+ 1
k2

)
.

В случае m = 2 имеем четыре функций Хаара: φ1(x), φ2(x) из (5) и

φ3(x) =


+
√
2, при x ∈ [0, 14),

−
√
2, при x ∈ [14 ,

1
2),

0, при x ∈ [12 , 1],

φ4(x) =


+
√
2, при x ∈ [12 ,

3
4),

−
√
2, при x ∈ [34 , 1],

0, при x ∈ [0, 12),

Пусть k1, k2, k3 и k4 - количества точек, выбранных соответственно из подмножеств
[0, 14), [

1
4 ,

1
2), [

1
2 ,

3
4) и [34 , 1] и k1 + k2 + k3 + k4 = N . Информационная матрица F TF имеет

вид 
k1 + k2 + k3 + k4 k1 + k2 − k3 − k4

√
2(k1 − k2)

√
2(k3 − k4)

k1 + k2 − k3 − k4 k1 + k2 + k3 + k4
√
2(k1 − k2) −

√
2(k3 − k4)√

2(k1 − k2)
√
2(k1 − k2) 2(k1 + k2) 0√

2(k3 − k4) −
√
2(k3 − k4) 0 2(k3 + k4)

 .

Определитель этой матрицы равен −256k1k2k3k4, следовательно, для ее невырожденности
необходимо и достаточно выполнение условий k1 ≥ 1, k2 ≥ 1, k3 ≥ 1, k4 ≥ 1. Обратная
матрица к информационной матрице (F TF )−1 имеет вид

1

16


∑4

i=1
1
ki

1
k1

+ 1
k2
− 1

k3
− 1

k4

√
2( 1

k1
− 1

k2
)
√
2( 1

k3
− 1

k4
)

1
k1

+ 1
k2
− 1

k3
− 1

k4

∑4
i=1

1
ki

√
2( 1

k1
− 1

k2
) −

√
2( 1

k3
− 1

k4
)√

2( 1
k1
− 1

k2
)

√
2( 1

k1
− 1

k2
) 2( 1

k1
+ 1

k2
) 0√

2( 1
k3
− 1

k4
) −

√
2( 1

k3
− 1

k4
) 0 2( 1

k3
+ 1

k4
)

 .

F TY =


∑k1

i=1 yi +
∑k1+k2

i=k1+1 yi +
∑k1+k2+k3

i=k1+k2+1 yi +
∑k1+k2+k3+k4

i=k1+k2+k3+1 yi∑k1
i=1 yi +

∑k1+k2
i=k1+1 yi −

∑k1+k2+k3
i=k1+k2+1 yi −

∑k1+k2+k3+k4
i=k1+k2+k3+1 yi√

2(
∑k1

i=1 yi −
∑k1+k2

i=k1+1 yi)√
2(
∑k1+k2+k3

i=k1+k2+1 yi −
∑k1+k2+k3+k4

i=k1+k2+k3+1 yi)

 .

Тогда МНК-оценки неизвестных параметров θ = (θ1, θ2, θ3, θ4) определяемые формулой
θ̂ = (F TF )−1F TY имеют вид

1
4k1

∑k1
i=1 yi +

1
4k2

∑k1+k2
i=k1+1 yi +

1
4k3

∑k1+k2+k3
i=k1+k2+1 yi +

1
4k4

∑N
i=k1+k2+k3+1 yi

1
4k1

∑k1
i=1 yi +

1
4k2

∑k1+k2
i=k1+1 yi −

1
4k3

∑k1+k2+k3
i=k1+k2+1 yi −

1
4k4

∑N
i=k1+k2+k3+1 yi√

2
4k1

∑k1
i=1 yi −

√
2

4k2

∑k1+k2
i=k1+1 yi√

2
4k3

∑k1+k2+k3
i=k1+k2+1 yi −

√
2

4k4

∑N
i=k1+k2+k3+1 yi

 ,

а дисперсия этих оценок Dθ̂ = σ2(F TF )−1.
Этот же результат получим другим способом. Для этого введем в рассмотрение систе-

му характеристических функций f1(x), f2(x), f3(x), f4(x) отрезков d(2, 1) = [0, 14), d(2, 2) =

[14 ,
1
2), d(2, 3) = [12 ,

3
4), d(2, 4) = [34 , 1] следующим образом:

fi(x) =

{
1, если x ∈ d(2, i),
0, если x /∈ d(2, i).

(6)

Тогда очевидно, что функции Хаара выражаются через характеристические функции
fi(x), i = 1, 2, 3, 4, в следующем виде:

φ1(x) = f1(x) + f2(x) + f3(x) + f4(x),

φ2(x) = f1(x) + f2(x)− f3(x)− f4(x),
φ3(x) =

√
2(f1(x)− f2(x)),
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φ4(x) =
√
2(f3(x)− f4(x)),

или
φ(x) = Lf(x), (7)

где

L =


1 1 1 1
1 1 −1 −1√
2 −

√
2 0 0

0 0
√
2 −

√
2

 , (8)

φ(x) = (φ1(x), φ2(x), φ3(x), φ4(x))
T , f(x) = (f1(x), f2(x), f3(x), f4(x))

T .

Подставляя (7) в (1) получим

Y = θTF + ε = θTLG+ ε = θT(!)G+ ε, (9)

где

G =


f1(x1), f2(x1) f3(x1) f4(x1)
f1(x2), f2(x2) f3(x2) f4(x2)
. . . , . . . . . .

f1(xN ), f2(xN ) f3(xN ) f4(xN )

 ,

θ = (θ1, θ2, θ3, θ4)
T - неизвестные параметры в случае системы Хаара, θ(1) =

(θ
(1)
1 , θ

(1)
2 , θ

(1)
3 , θ

(1)
4 )T - в случае системы характеристических функций.

Отсюда имеем
θTL = θT(1), θ

T = θ(1)TL−1, θ = (L−1)T θ(1).

Если теперь θ̂(1) - МНК-оценка неизвестных параметров при любом плане ξ с дисперсионной
матрицей Dθ̂(1), тогда согласно теореме 1.4 [3] имеем, что оценка θ̂ = (L−1)T θ(1) также
является МНК-оценкой и дисперсия вычисляется по формуле

Dθ̂ = (L−1)Tdθ̂(1)L
−1. (10)

Отсюда

detDθ̂ = det(F TF )−1 = (detL)−2detDθ̂(1), (11)

что совпадает с ранее полученным результатом, так как detL = −16.
Последний способ получения МНК-оценок для системы функций Хаара позволяет рас-

пространить получение МНК-оценок в случае функций Хаара на общий случай. Учиты-
вая тот факт, что функции Хаара являются линейными комбинациями ступенчатых (ха-
рактеристических) функций типа (6), то более общий случай, когда количество базисных
функций больше четырех, можно изучить с помощью полученных ранее результатов для
ступенчатых функций [5].

В общем случае произвольного m мы имеем n = 2m функций Хаара, заданных на интер-
вале [0, 1], который разбит на 2m подинтервалов d(m, s), s = 1, 2, ..., 2m, одинаковой длины.
Рассмотрим систему характеристических функций fs(x), определенную равенствами

fi(x) =

{
1, если x ∈ d(m, i),
0, если x /∈ d(m, i).

(12)

Тогда базисные функции Хаара можно выразить в виде (7), где

φ(x) = (φ1(x), φ2(x), . . . , φn(x))
T , f(x) = (f1(x), f2(x), . . . , fn(x))

T .
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а матрица L имеет вид

L =



1 1 1 1 . . . 1 1
1 1 1 1 . . . −1 −1√
2
√
2
√
2
√
2 . . . 0 0

0 0 0 0 . . . 0 0
2 2 2 2 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . −2
m−1

2 0

0 0 0 0 . . . 2
m−1

2 −2
m−1

2


. (13)

и обладает свойством L−1 = 1
2mL

T .
Подставляя (7) в (1) получим

Y = θTF + ε = θTLG+ ε = θT(!)G+ ε, (14)

где

G =


f1(x1), f2(x1) . . . fn(x1)
f1(x2), f2(x2) . . . fn(x2)
. . . , . . . . . .

f1(xN ), f2(xN ) . . . fn(xN )

 ,

θ = (θ1, θ2, . . . , θn)
T - неизвестные параметры в случае системы Хаара, θ(1) =

(θ
(1)
1 , θ

(1)
2 , . . . , θ

(1)
n )T - в случае системы характеристических функций.

Отсюда имеем
θTL = θT(1), θ

T = θ(1)TL−1, θ = (L−1)T θ(1).

Если теперь θ̂(1) - МНК-оценка неизвестных параметров при любом плане ξ с дисперсионной
матрицей Dθ̂(1), тогда согласно теореме 1.4 [3] имеем, что оценка θ̂ = (L−1)T θ(1) также явля-
ется МНК-оценкой и дисперсия вычисляется по формуле (10), а определитель по формуле
(11).

Так как определитель информационной матрицыM(θ̂(1)) в случае ступенчатых функций
лекго вычисляется и равен [5]

detM(θ̂(1)) = nnk1k2...kn, (15)

то данный определитель достигает своего максимального значения при k1 = k2 = ... = kn.
Таким образом, если число точек N кратно числу неизвестных параметров n = 2m, то

для решения задачи справедлива следующая теорема.
Теорема 1. Пусть X = [0, 1], n = 2m, {φi(x)}(i = 1, 2, ..., n) - система функций Хаара. Рас-

смотрим линейную регрессионную модель (1) Y = Fθ+ε. Если количество точек измерения
N кратно n, то есть N = ln, то определитель (15) достигает своего максимального значения
при k1 = k2 = ... = kn = l.

Теорема 2. Пусть X = [0, 1], n = 2m, {φi(x)}(i = 1, 2, ..., n) - система функций Хаара.
Рассмотрим линейную регрессионную модель (1) Y = Fθ + ε. Пусть теперь число точек
измерения N не является кратным числу разбиения n, то есть N = ln + r, где 0 < r < n.
Тогда в оптимальном плане все ki отличаются друг от друга не более, чем на единицу т.е.

k1 = k2 = ... = kr = l + 1, kr+1 = kr+2 = ... = kn = l.

Число таких планов равно Cr
n.

Доказательство. Действительно, для этого упорядочим значения k1, k2, ..., kn и получим
вариационный ряд

k1 ≤ k2 ≤ ... ≤ kn,
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где
k1k2...kn =

1

nn
detM(ξ).

Пусть kn−k1 > 1. Выберем новый план, в котором все ki, за исключением k1 и kn остаются
прежними, а kn заменяем на kn− 1, k1 заменяем на k1 +1. Для нового плана определитель
равен (k1 + 1)k2...kn−1(kn − 1) > k1k2...kn т.е. исходный план неоптимален, поэтому наше
предположение неверно. Таким образом, в оптимальном плане все ki отличаются друг от
друга не более, чем на единицу. Число таких планов равно Cr

n. Одним из таких планов
является

ξ =

(
x1 x2 . . . xr xr+1 . . . xn
l+1
N

l+1
N . . . l+1

N
l
N . . . l

N

)
.

Теорема 2 доказана.
Таким образом, построен D-оптимальный план для системы функций Хаара для линей-

ной по параметрам регрессионной модели.
Авторы выражают благодарность за финансовую поддержку фундаментальных иссле-

дований Министерству науки и высшего образования Республики Казахстан (номер гранта
20280990).

Список литературы

[1] Федоров В.В. Теория оптимального эксперимента.М., 1972.
[2] Ермаков С.М. Метод Монте-Карло и смежные вопросы. М. Наука, 1975 г.
[3] Ермаков С.М., Жиглявский А.А. Математическая теория оптимального эксперимента. М. Наука, 1987

г.
[4] Соболь И.М., Многомерные квадратурные формулы и функции Хаара. М.: Наука, 1969 г.
[5] Adamov A.A.,Kozybaev D.K., Kussebay A.D – optimal plans in the case of a piecewise constant function.

International Scientific Jornal Mathematical Modeling, YEAR YI, ISSUE 4/2022, Sofia, Bulgaria, 103-105

300



ПРИМЕНЕНИЕ МЕТОДОВ МАШИННОГО ОБУЧЕНИЯ ДЛЯ АНАЛИЗА
ДАННЫХ СОЦИАЛЬНО-ЭКОНОМИЧЕСКИХ ОПРОСОВ

ГУЛЬБАНУ РЫСМЕНДЕЕВА1

1Казахский национальный исследовательский технический университет имени К.И. Сатпаева, Алматы, Казахстан

e-mail: g.rysmendeyeva@satbayev.university

1. Введение

Для обеспечения содержания информационных систем принятия решений в процессе
управления активами физических лиц требуется разработка математических моделей слож-
ных социальных систем. Изучение ожиданий молодежи в социально-экономических вопро-
сах имеет большое значение для понимания будущего развития государства, для выработки
стратегии в области социальной политики. Важным приоритетом на протяжении жизнен-
ного цикла личности является брак, для устойчивости которого важно материальное бла-
гополучие. Взросление тесно связано с решением жилищной проблемы. Стратегической
целью университета является подготовка высокооплачиваемых специалистов, способных
развивать страну и поддерживать благополучие своей семьи.

Цель данной работы изучение факторов, важных для взросления и благополучия. В ра-
боте с помощью методов машинного обучения исследуются социально-экономические про-
блемы с точки зрения студентов первого курса университета. Изучается влияние различных
факторов на принятие решения относительно ожидаемого возраста вступления в брак и ре-
шения жилищной проблемы, ожидаемого дохода от трудовой деятельности. Планирование
ожидаемого дохода является одним из шагов алгоритма планирования семейного благосо-
стояния [1-3].

2. Методология

2.1. Сбор и подготовка данных. В данной работе используются модели обучения с учи-
телем для размеченных данных и модель без учителя для кластеризации студентов. Они
помогают выделить факторы, разделяющие студентов на кластеры и классы. Необходимые
для моделей обучения данные собираются путем анонимного опроса студентов с помощью
онлайн анкетирования через Google формы.

Одной из основных задач является систематизация и обработка данных опроса. Данные
анкетных форм требуют предварительной подготовки для проведения анализа данных, вы-
бора признаков для обучения моделей, оценки эффективности прогнозирования. Предва-
рительная обработка данных опроса осуществляется методами интеллектуального анализа
данных с помощью языка программирования Python и таблиц Excel. Объем данных – 90 ан-
кет студентов начальных курсов разных специальностей, добровольно заполнивших анкеты.
Получены разноообразные данные: структуированные, полуструктуированные, неструкту-
ированные. Традиционно прогнозирование базируется на цифрах, показателях, коэффици-
ентах с использованием статистики и математического моделирования. В последнее время,
как правило, используют методы машинного обучения (ММО), поскольку использование
неструктуированных данных позволяет делать прогнозы быстрее и глубже [4-7].
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Подготовка и ранжирование данных включает очистку и организацию исходных дан-
ных в консолидированный формат, чтобы результирующий набор данных подходил для
дальнейшего анализа и обучения модели. Качество данных влияет на обучение выбранной
модели МО. Поскольку данных немного, то удаление неправильно заполненных анкет не
производилось. Пропущенные, пустые ответы заменялись минимальными, максимальны-
ми или средними значениями. Данные, выходящие за три стандартных отклонения можно
было удалить из набора данных, как например ожидаемый доход в 25 млн. тенге в ме-
сяц, однако по утверждению студентов такой ежемесячный доход существует. Поскольку
размер данных относительно небольшой, то выходящие за три стандартных отклонения
данные остались в наборе данных.

Чтобы данные были пригодны для анализа, проводится их оцифровка. Агрегирование
схожих данных в одну переменную не производилось, хотя часть вопросов были на оценку
ценностных факторов семейного благополучия, а остальные относились к материальным и
временным факторам. Например, возраст женитьбы, возраст приобретения своего жилья,
отношение к работе, супругу, доходу. Для агрегирования либо выделения факторов, кото-
рые не оказывают влияния и не связаны с выходными данными требуются дополнительные
экспертные знания. Внешнюю экспертизу не привлекали, поэтому все собранные ответы
оставили без агрегирования или удаления. Полученные переменные относятся к разным
типам: упорядоченные, непрерывные, категориальные. Например, доход – непрерывный,
выбор жить или нет с родителями – категориальный, оценка степени важности недвижи-
мости – дискретный и упорядоченный. В результате преобразования текстовых данных в
цифровые данные получили 90 наблюдений и 56 признаков.

Полученные данные не только разного типа, но и лежат в разных диапазонах значе-
ний. Нормализация чувствительна к выбросам и используется, когда распределение данных
неизвестно. Стандартизация менее чувствительна выбросам, так как зависит от среднего
значения и стандартного отклонения. В данной работе данные были стандартизированы по
формуле

xnorm = (x− µ)/σ

2.2. Предварительный анализ данных. Визуализация данных в виде гистограмм поз-
воляет сделать предварительный анализ отношения студентов к интересующим вопросам.
На рис. 1 видно, что большинство современных молодых людей предпочитают вступать
в брак после того, как купят дом, машину и обустроятся. Они предпочитают заключить
брак в 23 года либо 28 лет. Меньшинство хотели бы заключить брак в возрасте до 21 года
либо после 33. На рис. 2 показано, что большинство студентов хотят зарабатывать не ниже
400 тыс. тенге в месяц. Немногие поддерживают доход в размере 150-300 тыс. тенге. Среди
студентов есть те, кто хотят зарабатывать более 1 млн. тенге. На рис. 3 видно, что подав-
ляющее большинство считают, что квартира есть самое важное имущество, которое может
быть нажито супругами во время брака. На рис. 4 представлен опрос студентов о том,
на что тратит семья большую часть своего дохода. По результатам опроса подавляющее
большинство студентов считают, что это покупка недвижимости.

3. Результаты расчетов

3.1. Метод ближайших соседей. Диаграмма рассеяния и метод ближайших соседей ис-
пользуются для понимания связей между двумя признаками. На рис. 5-8 показаны резуль-
таты, полученные по выборочным признакам, указанным в таблице 1. На рис. 5 четких
связей между признаками x52 и x53 не видно. На рис. 6 разделение проходит по ожидаемо-
му возрасту вступления в брак 27 лет. На рис. 7 деление происходит относительно мнения,
что накопление на депозите неэффективны и затраты на покупку недвижимости – не самые
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Рис. 1. Распределение количества студентов по
возрасту заключения брака

Рис. 2. Распределение количества студентов по
ожидаемому доходу

Рис. 3. Распределение количества студентов в
отношении совместного имущества супругов

Рис. 4. Распределение количества студентов в
отношении крупных затрат семьи

крупные семейные затраты. На рис. 8 разделение мнений происходит относительно пунк-
та, что самое важное – это передать наследникам здоровые гены. На рис. 9-10 видно, что
границы разделения принимают сложные формы.

Таблица 1. Список отдельных признаков

Вопрос анкеты Признак Интервалы значений

Оцените долгосрочные обязательства
семьи

x1 =покупка недви-
жимости

{1, 2, 3, 4, 5}
1-незначительные,
5-самые крупные

Оцените долгосрочные обязательства
семьи

x2 =финансирование
образование детей

{1, 2, 3, 4, 5}
1-незначительные,
5-самые крупные

Оцените способ выполнения долго-
срочных финансовых обязательств
семьи

x6 =регулярные
взносы на депозит

{1, 2, 3, 4, 5}
1-малоэффективный,
5-самый эффективный
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Оцените по степени важности, что бы
вы хотели получить/передать в на-
следство?

x29 =здоровые гены {1, 2, 3, 4, 5}
1-самые незна-
чительные,
5-самые крупные

Инфляция делает непрактичными
любые планы семьи на 30-40 лет в
тенге. Оцените единицу измерения
стоимости.

x37 =Продукты пита-
ния (хлеб, вода)

1-самая нестабильная,
5-самая стабильная

Планируете ли вы обращаться за ма-
териальной помощью?

x49 {0, 1}
0-нет,
1-да

Готовы ли вы делиться с супру-
гом/супругой доходами?

x50 {1, 2, 3}
0-нет,
1-да,
3-не знаю

В каком возрасте планируете заклю-
чить брак?

x51 [20, 50]

Сколько родители тратят в среднем в
месяц на содержание студента?

x52 Выше 20 тыс. тг.

В каком возрасте планируете решить
жилищный вопрос своей семьи?

x53 [20, 50]

Если считаете, что помощь матери-
альная будет необходима, то к кому
обратитесь?

x54 {1, 2, 3, 4}

Какой доход в тенге от трудо-
вой/предпринимательской деятель-
ности планируете получать в месяц?

x55 Выше 100 тыс. тг.

3.2. Кластеризация. Кластеризация методом k-средних используется для определения
k−групп студентов со схожими ответами на вопросы анкеты. В этом случае заранее неиз-
вестна структура разделения в отличие от классификации по заранее размеченному призна-
ку. Был использован метод локтя, помогающий выбрать оптимальное количество кластеров
для задачи кластеризации. На рис. 11 показан график динамики метрики расстояния меж-
ду кластерами, из которого следует, что оптимально разбить студентов на три кластера с
учетом всех 56 признаков. На рис. 12 приводится двумерная визуализация трех кластеров
по двум первым признакам, так как невозможно отобразить на графике 56 признаков. На
рис. 12 показаны центройды трех кластеров по координатам x = признак x1 и y = признак
x2 (см. Таблица 1). Можно заключить, что студенты, которые считают финансирование об-
разование детей как незначительные затраты попадают в первый кластер. Остальные, кто
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Рис. 5. Карта рассеяния двух признаков x52 и
x53

Рис. 6. Карта рассеяния двух признаков x50 и
x51.

Рис. 7. Деление на два класса по признакам x1
и x6

Рис. 8. Деление на два класса по признакам x29
и x37

Рис. 9. Деление на два класса по признакам x49
и x50

Рис. 10. Карта рассеяния двух признаков x54 и
x55

с этим не согласен, делятся на две группы по другому признаку. Так второй кластер оце-
нивает затраты на покупку недвижимости по шкале 3 и ниже, третий кластер – по шкале
4-5.
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Рис. 11. Метод локтя Рис. 12. Диаграмма рассеяния трех кластеров по
признакам x1 и x2

3.3. Классификация. Выбор метода обучения зависит от задачи классификации, типа
данных и размера данных. Большинство методов машинного обучения предполагают обу-
чение на структурированных данных, поэтому неструктурированные данные на подготови-
тельном этапе были обработаны и организованы в структурированный формат. В нашем
наборе данных 90 наблюдений и 56 признаков, поэтому было решено использовать несколь-
ко методов, а результаты сравнить для изучения преимуществ каждого метода. В данной
работе важнейшим фактором семейного благополучия считается ожидаемый доход сту-
дента. Поэтому в качестве выходных данных модели классификации был принят прогноз
ожидаемого дохода студента. Модель прогнозирования дохода студента может быть исполь-
зована в процессе обучения и подготовки высокооплачиваемых специалистов. Собранные
из анкет данные ожидаемого дохода были размечены и разбиты на два класса: метка 1,
если ожидаемый доход не менее 500 тыс. тг. и метка 0, если ниже 500 тыс. тг. Как видно
на рис. 13 такое разбиение делит студентов на два почти равных класса.

Рис. 13. Выходные данные

В работе использовали три метода классификации: логистическая регрессия, нейронные
сети (NN) и метод SVM. Для применения методов классификации 80% данных использо-
вались в качестве обучающих данных, 20% – тестовых данных. Результаты прогнозов на
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Рис. 14. Матрица ошибок логистической регрес-
сии

Рис. 15. Матрица ошибок нейросетевого метода

Рис. 16. Матрица ошибок, метода SVM

тестовых данных представлены в матрице ошибок (рис. 14-16). Для тестовых данных ана-
лиз ошибок показал, что логистическая регрессия лучше работает на уменьшение ошибки
I-рода, а метод SVM лучше в уменьшении ошибки II-го рода. Метод NN является опти-
мальным.

В таблице 2 даны показатели эффективности классификации каждого метода, из которой
видно, что с учетом размера выборки, разнородных типов данных, соотношения количе-
ства наблюдений и признаков методы NN и SVM дают лучшие результаты, чем логистиче-
ская регрессия. Более того, метод NN дает сбалансированные показатели эффективности в
смысле ошибок I-рода и II-го рода, что можно объяснить, тем, что в наборе данных количе-
ство наблюдений превышало количество признаков. В дополнение большинство признаков
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имело низкую вариативность, так как принимало значения из ограниченного множества
{1, 2, 3, 4, 5}. Таким образом, точность прогноза модели обучения прогнозу ожидаемого до-
хода по данным опроса составил 67%. Это выше, чем просто угадывание 50%, но недоста-
точно высокий результат.

Таблица 2. Показатели эффективности методов классификации

Показатели точно-
сти

Логистическая
регрессия

Нейросетевой метод Метод SVM

Precision 0.67 0.67 0.62

Recall 0.44 0.67 0.89

F1 score 0.53 0.67 0.73

Accuracy 0.61 0.67 0.67

Таким образом, что в работе проводится сравнительный анализ эффективности мето-
дов классификации: логистической регрессии, нейронных сетей, опорных векторов – для
конкретной задачи классификации студентов, где выходной признак – ожидаемый доход,
а входные признаки – ответы на социально-экономические вопросы анкеты. Полученные
модели позволяют изучать паттерны поведения и проводить классификацию и кластериза-
цию студентов по ожидаемому доходу в зависимости от ожидаемого возраста вступления
во взрослую жизнь, финансовых возможностей родителей студентов и других факторов.

Ключевые слова: машинное обучение, социальные системы, жизненный цикл, принятие решения, модель
прогнозирования, кластеризация, классификация.

AMS Subject Classification: Computer science.
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ЭТАПЫ РЕШЕНИЯ ЗАДАЧ МЕТОДОМ АНАЛИЗА ИЕРАРХИЙ В
ПРОГРАММЕ MPRIORITY 1.0

ДИЛФУЗА АКАБИРХОДЖАЕВА1

1Университет мировой экономики и дипломатии, Ташкент, Узбекистан
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Аннотация. Процессы принятия решений лежат в основе любой целе-
направленной деятельности. Необходимость принимать решения в усло-
виях неопределенности возникает во всех областях техники, экономики
и социальной жизни. Поэтому необходимо стремиться к оптимальному
использованию имеющейся информации и, взвесив все возможные вари-
анты решений, постараться найти среди них лучший.
Метод анализа иерархий (МАИ) разработан американским ученым Т. Са-
ати [1]. Он обеспечивает с помощью простых и обоснованных правил ре-
шение многокритериальных задач, которые содержат качественные и ко-
личественные факторы, при этом количественные факторы могут иметь
разную размерность. МАИ используется для решения слабоструктуриро-
ванных и неструктурированных проблем.
Метод анализа иерархий (МАИ) — математический инструмент систем-
ного подхода к сложным проблемам принятия решений. МАИ не пред-
писывает лицу, принимающему решение, какого-либо «правильного» ре-
шения, а позволяет ему в интерактивном режиме найти такой вариант
(альтернативу), который наилучшим образом согласуется с его понима-
нием сути проблемы и требованиями к её решению.
МАИ широко используется на практике и активно развивается учеными
всего мира. МАИ позволяет понятным и рациональным образом струк-
турировать сложную проблему принятия решений в виде иерархии, срав-
нить и выполнить количественную оценку альтернативных вариантов ре-
шения. Метод Анализа Иерархий используется во всем мире для приня-
тия решений в разнообразных ситуациях: от управления на межгосудар-
ственном уровне до решения отраслевых и частных проблем в бизнесе,
промышленности, здравоохранении и образовании. Метод основан на де-
композиции задачи и представлении ее в виде иерархической структуры.
Это позволяет включить в иерархию все знания по решаемой проблеме.
В результате решения определяется численно выраженная относительная
степень взаимодействия элементов в иерархии. Решение задачи с помо-
щью МАИ выполняется поэтапно.

Ключевые слова: многокритериальные задачи, иерархическая структура, критерии,
матрицы парных сравнений, альтернативы, глобальные приоритеты.
Предметная классификация AMS: 93

309



1. Первый этап

Предусматривает представление проблемы в виде иерархии [2]. В простейшем случае
иерархия строится начиная с цели, которая помещается в вершину иерархии, через проме-
жуточные уровни, на которых размещаются критерии и от которых зависят последующие
уровни, к самому низшему уровню, который содержит перечень альтернатив. Так, первый
шаг МАИ— построение иерархической структуры, объединяющей цель выбора, критерии,
альтернативы и другие факторы, влияющие на выбор решения.
Иерархическая структура — это графическое представление проблемы в виде переверну-
того дерева, где каждый элемент, за исключением самого верхнего, зависит от одного или
более выше расположенных элементов. Иерархические структуры используются для лучше-
го понимания сложной реальности: мы раскладываем исследуемую проблему на составные
части; затем разбиваем на составные части получившиеся элементы и т.д. Так, иерархиче-
ские структуры, используемые в МАИ, представляют собой инструмент для качественного
моделирования сложных проблем.

При проведении подобного анализа приходит понимание всей сложности и многогран-
ности исследуемого предмета. Таким образом, построение такой структуры помогает
проанализировать все аспекты проблемы и глубже вникнуть в суть задачи. Рассмотрим
проблему выбора дома и её решение в программе MPRIORITY 1.0. Ярлык данной про-
граммы имеет вид:

Интерфейс программы представляется таким образом:
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Назначение каждого инструмента указано на следующем рисунке:

Боковая панель управления программы выглядит следующим образом:

Кнопки на боковой панели управления имеют назначения:
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- Ориентация иерархии (вертикальная - горизонтальная)

- Режим редактирования

- Режим эксперта

- Показ результатов

- Копирование проекта

Для ввода данных задачи нажимаем кнопку «Создать новый проект»:

Ввод данных осуществляется в следующем окне:
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В данном окне мы вводим название проекта, определяем число уровней иерархии задачи и
устанавливаем максимальное количество элементов в уровнях.

Для ввода информации по альтернативам нажимаем дважды левую кнопку мыши по
каждому элементу третьего уровня. Открывается следующее диалоговое окно:
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В данном окне мы вводим информацию о доме-кандидате:

2. Второй этап.

На этом этапе необходимо установить приоритеты критериев и оценить каждую альтер-
нативу по критериям для выбора из них наиболее важной. То есть, после иерархического
воспроизведения проблемы возникает вопрос: как установить приоритеты критериев и оце-
нить каждую из альтернатив по критериям, выявив самую важную их них.
В МАИ факторы (критерии, элементы) сравниваются попарно по отношению к их воздей-
ствию («весу» или «интенсивности») на общую для них характеристику.
При проведении попарных сравнений в основном ставятся следующие вопросы при сравне-
нии элементов А и Б:
• какой из них важнее или имеет большее воздействие?
• какой из них более вероятен?
• какой из них предпочтительнее? Представим шкалу интенсивности:

Переходим в режим эксперта для заполнения в интерактивном режиме матрицы парных
сравнений и определения приоритетов:
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Нажимаем дважды левой кнопкой мыши по элементу «ПОКУПКА ДОМА», открывается
следующее диалоговое окно:

Диагональные клетки не активны и их значения равны 1. Щелкаем дважды левой кнопкой
мыши по каждой активной клетке; открывается диалоговое окно; выражаем свои предпо-
чтения, выбрав правильный на наш взгляд вариант ответа.
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За раз заполняются две симметричные относительно диагонали клетки значениями n и
1/n.
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Затем нажимаем кнопку «Применить». Так, мы получаем количественные приоритеты
критериев.
Для отображения локальных приоритетов в виде диаграммы нажимаем кнопку

:

3. Третий этап.

После формирования матриц парных сравнений по всем критериям и альтернативам
необходимо определить собственные вектора матриц, проверить согласованность матриц с
помощью их собственных чисел и провести синтез глобальных приоритетов альтернатив-
ных решений относительно основной цели.
Сравнимые попарно элементы – это возможные варианты выбора дома. Сравнивается, на-
сколько более желателен или хорош тот или иной дом для удовлетворения каждого крите-
рия второго уровня.
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Сравниваем дома по критерию «размеры», заполняем матрицу парных сравнений. Нажи-
маем кнопку «Применить». Проверяем значение ОС (отношение согласованности).

Получаем восемь матриц суждений размерностью 3×3, поскольку имеется восемь факто-
ров (критериев) на втором уровне и три дома, которые попарно сравниваются по каждому
из факторов (критериев).

Глобальный приоритет вычисляется путем умножения векторов приоритетов второго
уровня на векторы приоритетов третьего уровня, затем результаты складываются вдоль
каждой строчки.
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Для определения глобальных приоритетов нажимаем кнопку:

Получаем представление конечных результов:
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Оптимальным решением проблемы "Покупка дома"является выбор дома А.
Таким образом, метод анализа иерархий позволяет моделировать психологические особен-
ности принятия экспертных решений в многокритериальных задачах. Предложенная мето-
дика раскрывает возможности метода анализа иерархий и довольно просто реализуется в
программе MPriority 1.0.
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ДВУСТОРОННИЕ ОЦЕНКИ В МЕТОДАХ ФИКТИВНЫХ ОБЛАСТЕЙ
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2НАО "Университет имени Шакакрима города Семей Семей, Казахстан

e-mail: bukenov_m_m@mail.ru

Рассмотрим применение метода фиктивных областей для среды Максвелла. Получены
двусторонние оценки по малому параметру α сходимости приближенного решения к точно-
му решению. Рассмотрим постановку динамической вязкоупругой несжимаемой среды, по-
строенной на основе модели Максвелла: в цилиндре Q = {D × [0 ≤ t ≤ t1]} где D ⊂ R3 огра-
ниченная односвязная область с достаточно гладкий границей γ. Введем обозначение γt =
γ × [0, t1], вектор-функции деформаций и напряжений: ε̄ = {ε11, ε22, ε33, 2ε12, 2ε13, 2ε23}T ,
σ̄ = {σ11, σ22, σ33, σ12, σ13, σ23}T , здесь символ T означает транспонирование, вектор-
функции перемещение и скоростей ū = {u1, u2, u3}T , ῡ = {υ1, υ2, υ3}T . Следуя работе
[1] рассмотрим постановку в скоростях-напряжениях:

∂~υ

∂t
+R~σ = ~f (1)

уравнение движения,
∂~ε

∂t
−R~υ = 0 (2)

соотношение перемещения-деформации.

B
∂~σ

∂t
+ C~σ =

∂~ε

∂t
(3

уравнение состояния для среды Максвелла.

div ū = 0 (4)

условие несжимаемости среды, при этом надо учесть, что напряжение связаны с функцией
давления p:

σik + δikp = 2µεik, i, k = 1, 2, 3 (5)

Здесь δik - символ Кронекера, ~f - вектор массовых сил, B = BT – симметричная,
положительно-определенная матрица, зависящая от констант Ламе; C = CT симметрич-
ная, положительно-определенная матрица, зависящая от коэффициента вязкости µ, мат-
рицы B, C – перестановочны, их вид приведен в работе [1]. R - линейный матрично-
дифференциальный оператор:

R =

∇1 0 0 ∇2 ∇3 0
0 ∇2 0 ∇1 0 ∇3

0 0 ∇3 0 ∇1 ∇2

T

, R∗ = −RT , ∇1 =
∂

∂xi
, i = 1, 2, 3.

Система уравнение (1) - (5) преобразуется к следующему виду:

B
∂2~σ

∂t2
+ C

∂~σ

∂t
= −RR∗~σ + ~F , (6)
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здесь ~F = R~f , удовлетворяет начальным условиям ~σ (x, 0) = ~q (x),

∂~σ

∂t
(x, 0) = ~p (x) , (7)

и граничным условиям:
3∑

k=1

~σik (x, t)nk = 0, (x, t) ∈ γt, (8)

Здесь nk = (n1, n2, n3)
T - вектор нормали к γ. Обозначим задачу (1)-(8) задачи I. В работе

[2] показано стационирование решения задачи I к решению статической упругой задачи:

Rtσ̄y(x) + F̄ (x) = 0, σ̄y = Bε̄y(x),
3∑

k=1

σ̄yik(x)nk = 0, x ∈ γ (9)

В [2] получена оценка близости решений задачи I и задачи (9).

‖σ̄ − σ̄y‖ ≤ e−βt ‖σ̄ (x, 0) < σ̄y (x)‖ ,

где β > 0 постоянная. Для задачи I верна следующая теорема.

Теорема 0.1. Пусть σ̄ (x, t) ∈ W 2,1
2 (Q) , ~q (x) ∈ W 1

2 (D) , ~p (x) ∈ L2 (D), ~F (x, t) ∈ L2 (Q),
тогда существует решение задачи I и верна оценка,

‖~σ (x, t)‖ ~W 2,1
2 (Q)

≤ C1

∥∥∥~F∥∥∥
L2(Q)

+ ‖~p‖L2(D) +

t1∫
0

‖~q‖ ~W 1
2 (D)dt

 .

Доказательство аналогичному доказательству теоремы в работе [3].
В соответствии с методом фиктивных областей [3], [4], [5], [6] дополним исходную областьD,
областью D1 до составной области D0 = D∪D1 с границей Γ,Γt = Γ×[0, t1], D1 = D1×[0, t1]
и построим вспомогательную задачу

Lα~σ
α = ~F , (x, t) ∈ Q, Lα~σ

α = 0, (x, t) ∈ Q1,

3∑
k=1

(σ̄α)iknk = 0, (x, t) ∈ γt σ̄α (x, 0) = 0, x ∈ D1 (10)

σ̄α (x, 0) = ~q (x) , x ∈ D ∂σ̄α

∂t
(x, 0) = 0, x ∈ D1

∂σ̄α

∂t
(x, 0) = ~p (x) , x ∈ D

3∑
k=1

σ̄αik (x, t)nk = 0, (x, t) ∈ Γt

здесь

L~σ ≡ B∂
2~σ

∂t2
+ C

∂~σ

∂t
+A~σ, A~σ = −RR∗~σ

Lα~σ
α ≡ B∂

2~σα

∂t2
+ C

∂~σα

∂t
+ aαA~σ, aα =

{
1, x ∈ D
α−2, x ∈ D1

α > 0- малый параметр.
На кривой разрыва коэффициентов γt ставим условия согласования

~σα|+γt = ~σα|−γt ,
∂~σα

∂N

∣∣∣∣+
γt

=
M

a

∂~σα

∂n

∣∣∣∣−
γt

. (11)
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Знаки ′′+′′ или ′′−′′ означают стремления предельного значения функции изнутри или извне
к границе γt. Параметр M принимает значение −1 или −1. Введем в расмотрения следую-
щие ряды:

S1 =
∞∑
k=0

αk~Vk, в Q, S2 =
∞∑
k=1

αk ~Wk, в Q1, (12)

Если подставить (12) в (10), то получим соотношения для определения ~Vk и ~Wk:

Lα~V0 = ~F , (x, t) ∈ Q, Lα ~W1 = 0, (x, t) ∈ Q1,

3∑
k=1

(V0)iknk = 0, (x, t) ∈ γt ~W1 (x, 0) = 0, x ∈ D1,

V0 (x, 0) = ~q (x) , x ∈ D, ∂ ~W0

∂t
(x, 0) = 0,

∂~V0
∂t

(x, 0) = ~p (x) , x ∈ D, (13)

3∑
k=1

(
~W1

)
ik

(x, t)nk = 0, (x, t) ∈ Γt,
∂ ~W1

∂n
= M

∂~V0
∂N

, (x, t) ∈ γt.

и для k ≥ 1

Lα~Vk = ~F , (x, t) ∈ Q, Lα ~Wk+1 = 0, (x, t) ∈ Q1,
3∑

k=1

(V0)iknk = 0, (x, t) ∈ γt, ~Wk+1 (x, 0) = 0, x ∈ D1

Vk (x, 0) = 0, x ∈ D, ∂ ~Wk+1

∂t
(x, 0) = 0, x ∈ D1,

∂~Vk
∂t

(x, 0) = 0, x ∈ D,
3∑
i=1

(
~Wk+1

)
ni

ni = 0, (x, t) ∈ Γt, ~Wk = ~Vk, (x, t) ∈ γt.

Функции ~Vk ∈ ~W 2,1
2 (Q) , k = 0, 1, ..., ~Wk ∈ ~W 2,1

2 (Q1) , k = 1, 2, ....

Теорема 0.2. Если α0 таково, что 0 < α < α0, то ряды S1, S2 абсолютно сходятся в
~W 2,1
2 (Q) и в ~W 2,1

2 (Q1), и верны равенства

~σα = S1, (x, t) ∈ Q, ~σα = S2, (x, t) ∈ Q2, (14)

где ~σα - решения задачи (10).

Доказательство. Ищем очевидные априорные оценки∥∥∥ ~Wk

∥∥∥
~W 2,1

2 (Q1)
≤ C2

∥∥∥∥∥∂ ~Wk

∂n

∥∥∥∥∥
W

1/2,1
2 (γt)

≤ C2

∥∥∥∥∥∂~Vk−1∂N

∥∥∥∥∥
W

1/2,1
2 (γt)

≤ C2C3

∥∥∥~Vk−1∥∥∥
W

1/2,1
2 (γt)

, (15)

где C2, C3 константы зависят от областей D2, D3 и не зависят от α.
Покажем сходимость рядов S1 в ~W 2,1

2 (Q) и S2 в ~W 2,1
2 (Q1) имеем

∥∥∥~Vk∥∥∥ ~W 2,1
2 (Q)

≤

C4

∥∥∥~Vk∥∥∥
W

3/2, 1
2 (γt)

= C4

∥∥∥ ~Wk

∥∥∥
W

3/2, 1
2 (γt)

≤ C4C5

∥∥∥ ~Wk

∥∥∥
W 2, 1

2 (Q1)
, используя (8),(15), получим∥∥∥~Vk∥∥∥ ~W 2,1

2 (Q)
≤ C6

∥∥∥~Vk−1∥∥∥
W

3/2, 1
2 (Q)

, k ≥ 1

∥∥∥~V0∥∥∥ ~W 2,1
2 (Q)

≤ C1

∥∥∥~F∥∥∥
L2(Q)

+ ‖~p‖L2(D) +

t1∫
0

‖~q‖ ~W 1
2 (D)dt

 , (16)

где C6 = C2C3C4C5.
Полагая α < α0 = C−16 , получим ряд S1, абсолютно сходится в ~W 2,1

2 (Q) и соответственно
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ряд S2 абсолютно сходится в ~W 2,1
2 (Q1) . Умножая (13) для ~Vk и ~Wk на αk, и суммируя по

k, имеем
LS1 = ~F , (x, t) ∈ Q, LαS2 = 0, (x, t) ∈ Q1,

S1 (x, 0) = ~q (x) , x ∈ D, ∂S1
∂t

(x, 0) = ~p (x) , x ∈ D, (17)

S2 (x, 0) = 0, x ∈ D1,
∂S2
∂t

(x, 0) = 0, x ∈ D1

S1 = S2, (x, t) ∈ γt,
∂S2
∂n

=
M

α

∂S1
∂N

,

(x, t) ∈ γt, S2 (x, t) = 0, (x, t) ∈ Γt.

Отсюда получаем ~σα = S1 в Q, ~σα = S2 в Q1, если 0 < α < α0. Из доказательства этой
теоремы вытекает справедливость следующего удтверждения∥∥~σ − ~σα+∥∥ ~W 2,1

2 (Q)
≤ C7α,

∥∥~σ − ~σα−∥∥ ~W 2,1
2 (Q)

≤ C8α. (18)

Здесь ~σα+ = ~σα, при M = 1, ~σα− = ~σα при M = −1. ~σ – решение задачи I, C7, C8 зависят от
областейD и не зависят от α. Далее можно сформулировать теорему дающую двусторонние
оценки.

Теорема 0.3. Если 0 < α < α0, ~σ – решение задачи I, ~σα+, ~σα− – решение задачи (10) для
M = 1, и M = −1. Тогда верна оценка∥∥∥∥~σ − 1

2

(
~σα+ + ~σα−

)∥∥∥∥
~W 2,1

2 (Q)

≤ C9α
2, (19)

~σα = S1, (x, t) ∈ Q, ~σα = S2, (x, t) ∈ Q1, (20)

~σ – решение задачи I.
Доказательство. В силу теоремы 1, имеем

~σα+ =

∞∑
k=0

αk~V +
k , (x, t) ∈ Q, ~σα− =

∞∑
k=1

αk ~W+
k , (x, t) ∈ Q1, (21)

здесь ~V +
k ,

~W+
k - решение (10) при M = 1. Кроме того имеет место

~σα− =
∞∑
k=0

αk~V −k , (x, t) ∈ Q, ~σα+ =
∞∑
k=1

αk ~W−k , (x, t) ∈ Q1, (22)

здесь ~V −k , ~W−k - решение (10) при M = −1.
Получаем ~V +

0 ≡ ~V −0 ≡ ~σ - решение задачи I. Введем обозначения ~W1 = ~W+
1 + ~W−1 , функция

~W1 удовлетворяет следующей задачи:

Lα ~W1 = 0, (x, t) ∈ Q1,
∂ ~W1

∂n
= 0, (x, t) ∈ γt,

~W1 (x, 0) = 0,
∂ ~W1

∂t
(x, 0) = 0, x ∈ D1, ~W1 (x, t) = 0, (x, t) ∈ Γt,

отсюда получим ~W1 = 0, или ~W+
1 = − ~W−1 .

Далее введем ~V1 = ~V +
1 + ~V −1 , функция ~V1 удовлетворяет задаче

Lα~V1 = 0, (x, t) ∈ Q, ∂~V1
∂t

(x, 0) = 0, x ∈ D,

(x, t) ∈ γt, ~V1 (x, t) = 0, ~V1 (x, 0) = 0, (x, t) ∈ Γt,
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откуда имеем ~V1 = 0, или ~V +
1 = −~V −1 . Последовательно вводя ~W2 = ~W+

2 + ~W−2 ,
~V2 =

~V +
2 + ~V −2 , получим ~W+

2 = ~W−2 ,
~V +
2 = ~V −2 , продолжая этот процесс придем ~V +

k = ~V −k , если
к – четно, ~V +

k = −~V −k , если к – нечетно (22). Используя (22) подставив (21),(20), имеем

~σα+ = ~σ + α~V +
1 + α2~V +

2 + ... (23)

~σα− = ~σ − α~V +
1 + α2~V +

2 + ... (24)

Применяя разложения (22), а также оценку (19) при 0 < α < α0, получим∥∥∥∥~σ − 1

2

(
~σα+ + ~σα−

)∥∥∥∥
~W 2,1

2 (Q)

≤ α2
∥∥∥~V +

2 + α2~V +
4 + ...

∥∥∥
~W 2,1

2 (Q)
≤ C8α

2
∥∥∥~V +

0

∥∥∥
~W 2,1

2 (Q)
≤ C9α

2.

здесь C8 = C2
6 , таким образом для x ∈ D, 0 < α < α0 имеем двустороннюю оценку

O
(
α2
)

+ min
(
~σα+, ~σ

α
−
)
≤ ~σ ≤ max

(
~σα+, ~σ

α
−
)

+O
(
α2
)
.

Такая же оценка верна и для несжимаемой среды Кельвина-Фойгта. Для решения вспо-
могательной задачи использовать, алгоритм, предложенной в работе [7-9].

Ключевые слова: метод фиктивных областей, скорости-напряжения, малый параметр.

Предметная классификация AMS: 65M85.
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Abstract. A sultan sent his son to study clairvoyance. He tried his best and succeeded in
doing so. Once the sultan took a gemstone ring in his hand and said: “My son, tell me what I
have in my hand?” He answered: “It is round, it is a mineral, and it has a hole in the middle.”
The sultan said: “You named the attributes right, tell me what is this object?” After long
deliberation, he answered: “A millstone”. The Sultan said: “You established so many exact
features with the power of knowledge and learning, but you did not have enough reason to
understand that a millstone can not fit in my hand, and I can not take it in my hand.” That’s
how scientists these days “split” a hair in the sciences, but do not know what is important and
closest to them [1].
To ensure that our students do not become like this prince, it is necessary to teach them to
use mathematics. Since the derivative of the function y = f(x) is the rate of change of y, it
is natural that the equations containing derivatives - differential equations are often used to
describe the constantly changing reality around us.
Inspiring students, encouraging them to study differential equations, and teaching them to use
this tool is a very useful and interesting objective. In our opinion, word problems can play an
important role in addressing this issue. Some of these problems, such as the story of Sherlock
Holmes and others, are presented in this paper.

Keywords: differential equations, application of differential equation, a new approach to solv-
ing differential equations, mathematics teaching, the story of Sherlock Holmes.

AMS Subject Classification: 34A05, 00A09.

Problem 1
I had intended ”The Adventure of the Abbey Grange” to be the last of those exploits of my

friend, Mr. Sherlock Holmes, which I should ever communicate to the public. This resolution
of mine was not due to any lack of material, since I have notes of many hundreds of cases to
which I have never alluded, nor was it caused by any waning interest on the part of my readers
in the singular personality and unique methods of this remarkable man. The real reason lay
in the reluctance which Mr. Holmes has shown to the continued publication of his experiences.
So long as he was in actual professional practice the records of his successes were of some
practical value to him, but since he has definitely retired from London and betaken himself to
study and bee-farming on the Sussex Downs, notoriety has become hateful to him, and he has
peremptorily requested that his wishes in this matter should be strictly observed. It was only upon
my representing to him that I had given a promise that ”The Adventure of the Second Stain”
should be published when the times were ripe, and pointing out to him that it is only appropriate
that this long series of episodes should culminate in the most important international case which
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he has ever been called upon to handle, that I, at last, succeeded in obtaining his consent that a
carefully guarded account of the incident should, at last, be laid before the public.

So begins one of the last stories of the famous writer Sir Arthur Conan Doyle about the
great detective Sherlock Holmes. While reading this story, you can learn that one day Holmes
was approached by the British Prime Minister and the Secretary of State for European Affairs.
They asked to find a letter, the publication of which could lead to a large international conflict.
Immediately after the start of the search, it was found that certain Eduardo Lucas, who with
great probability could be involved in the stealing of the letter, had been killed the day before.
The police arrested John Mitton, Lucas’s valet. After a while the valet was released as innocent,
the murder was solved, and the letter as a result of Sherlock Holmes’ efforts was returned.

More details about the case can be found in the published version of the short story “The
Adventure of the Second Stain” [2].

By a twist of fate, we recently came across a draft version of this story, which described the
reasons for the arrest and the subsequent release of the valet in detail. Given the great interest
in everything connected with Sherlock Holmes, we decided to publish this part of the story
condensed in the publication.

Lucas’ body was found at 8 pm. That evening the valet was visiting his friends and left them
at 7 pm.

Immediately after the discovery of the body, a police expert measured the temperature of the
body - it was equal to 33◦C, and the temperature of the air was equal to 10◦C.

According to the law of Sir Isaac Newton, the body temperature changes at a rate proportional
to the difference between body temperature and ambient temperature. That is, if the body
temperature at time t is denoted by x(t), there is a differential equation

dx

dt
= −K (x− 10) ,

where K is a constant of proportionality.
In this case, if the time the body was found was considered as the initial time t = 0, then

x(0) = 33. Also, the police used the fact that the body temperature was measured again half
an hour after the discovery of the body and it was 30.6◦C, so

x(0.5) = 30.6.

So there was a boundary value problem

dx

dt
= −K (x− 10) , x(0) = 33, x(0.5) = 30.6. (1)

Dividing the variables
dx

x− 10
= −Kdt,

and integrating, they got:

ln(x− 10) = −Kt+ ln(C).

Then, from the initial condition

x(0) = 33 : ln(33− 10) = −K · 0 + ln(C),

i.e.

ln

(
x− 10

23

)
= −Kt. (2)

Further, since x(0.5) = 30.6, substituting these values into equation (2) they found that
K = 0.22.

Then,

ln

(
x− 10

23

)
= −0.22t.
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Hence, using the fact that the temperature of a living person is 36.6◦C, they identified the
time of the murder:

ln

(
36.6− 10

23

)
= −0.22t ⇒ t = −0.661.

That is, in their opinion, the murder was committed 0.661·60 =(converting hours into minutes)
= 40 minutes before the body was discovered.

The police decided that in 20 minutes Mitton could get to the house and commit murder.
Therefore, Mitton was arrested.

Pursuing the investigation, Holmes found that the police lost sight of the very important fact
- according to the weather service, in the evening atmospheric temperature dropped quickly: if
the time the body was found was considered as the initial time t = 0, then the temperature
change could be described as a function a(t) = 10e−t. He also learned that a short period of
time after the first temperature measurement another one was carried out, and as a result, he
received a rate of change of body temperature at the initial time: (−4.6◦C).

Thus, Holmes found that rather than the problem (1), there was a problem

dx

dt
= −K

(
x− 10e−t

)
, (3)

x(0) = 33, x′(0) = −4.6.

Using the initial conditions:

−4.6 = −K(33− 10e−0),

Holmes identified the value of the coefficient K : K = 0.2, and wrote equation (3) as a linear
differential equation of the first order

dx

dt
+ 0.2x = 0.2 · 10e−t.

His solution:

x(t) = −2.5e−t + Ce−0.2t.

Condition x(0) = 33 allows him to find the value of the constant C, and write the correspond-
ing particular solution of the equation

x(t) = −2.5e−t + 35.5e−0.2t. (4)

Substituting the value of x(t) = 36.6 in (4), Sherlock Holmes showed that t = −1, i.e. the
murder took place at the time the valet said goodbye to his friends, and therefore he can not
be Lucas’ killer. Police released the valet, and after a while, as you can read in the published
story, Holmes identified the actual killer.

Note
Substituting the value of x(t) = 36.6 in (4), we obtain the equation

36.6 = −2.5e−t + 35.5e−0.2t. (5)

In order to solve equation (5) it is necessary to use calculus. Carrying out the necessary
actions, we can find that equation (5) has two roots (-1.02) and (-1.56). Fortunately, the second
root is not contrary to the conclusions of Sherlock Holmes.

Problem 2 (from the integral equations to differential equations)
Find curves with the following property: if at any point of the curve we draw straight lines,

parallel to the coordinate axes until meeting with the axes, the area of the resulting rectangle is
divided by the curve in the ratio 3:1. [3]

We start our solution by establishing that the required curves should be increasing in the first
and third quadrants, and decreasing in the second and fourth quadrants. Otherwise, a curve
can pass under or over the rectangle and will not divide it.
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Further, the curves must pass through the origin of the coordinates. Otherwise, taking a
point sufficiently close to the coordinate axis can make the area ratio arbitrarily large (small).

For definiteness, we shall assume that the rectangle is located in the first quadrant.
If we selected a point on the curve with coordinates (x; y), then the area of a rectangle is

equal to xy, and part of it under the graph of the curve has the area∫ x

0
ydx.

Therefore, the equation for the desired curves is

0.25xy =

∫ x

0
ydx. (6)

Differentiating integral equation (6), we obtain the differential equation

0.25y + 0.25xy′ = y.

Collecting similar terms and multiplying both sides by 4, we obtain a differential equation
with separable variables

xy′ = 3y. (7)

Dividing the variables in the equation (7):

dy

y
= 3

dx

x
;

integrating:

ln(y) = 3ln(x) + ln(C);

and exponentiating, we get the answer:

y = CX3.

Note that in other quadrants the order of the figures in the divided rectangle can change.
This leads to the answer

x = Cy3.

Problem 3
A swimmer swims across the river with width 2a at a speed vs, directed perpendicularly to

the vector vr - the vector of the river flow rate. Determine the trajectory of the swimmer in the
river, as well as the point at which he comes out to the opposite bank. [4]

Place Cartesian axes so that the Y-axis corresponds to the direction of the river flow and the
starting place of the swimmer has coordinates (−a; 0). Next, assume that the river flow rate is
defined by the function

vr = v0cos
(πx

2a

)
,

i.e. we assume that the highest flow rate v0 is in the middle of the river and it diminishes as
it gets closer to each bank.

Then, the speed of the swimmer is determined by the vector with coordinates (vs; vr) and
occurs at an angle k, where

tg(k) = vs/vr.

Since tg(k) is the slope of the tangent to the motion trajectory y(x), there is a differential
equation

y′ = vr/vs,

i.e.

y′ = v0cos
(πx

2a

)
/vs. (8)
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In particular, assuming that the width of the river (2a) is 1 km, the speed v0 is 9 km/h, the
speed vs is 3 km/hour, equation (8) takes the form

y′ = 3cos(πx).

Integrating, we obtain

y =
3

π
sin(πx) + C.

Start condition y(−0.5) = 0, allows us to find the value of C and, therefore, to define a
function that specifies the trajectory of the swimmer in the river:

y =
3

π
sin(πx) +

3

π
.

From this, we can determine that the swimmer must reach the opposite bank about 1.9 km
downstream of the river:

y(0.5) =
3

π
sin

π

2
+

3

π
= 1.9 km.

Problem 4
Determine the demand function q = D(p) that for all values of the price p has the same

coefficient of demand elasticity.
By definition, the coefficient of price elasticity of demand e is calculated by the formula [5]

e = q′(p)
p

q
.

Therefore, problem 4 is reduced to solving the equation

q′(p)
p

q
= k,

where k is a constant.
Dividing the variables

dq

q
=
kdp

p
,

we integrate:

ln(q) = k · ln(p) + ln(C),

and getting rid of the logarithms, we get q = Cpk.
So, if the demand function is of the form

q = Cpk,

where C is an arbitrary positive number, and k is a negative number (signs of C and k are
determined by the economic meaning of the problem), then at any price the coefficient of de-
mand elasticity is equal to k. [5]

Problem 5
Find the equation of a family of curves that intersect each parabola given by the equation

y = Cx2 at the right angle. [3]
Consider an arbitrary point (x0; y0). For a parabola passing through this point y0 = C(x0)

2.
Therefore,

C =
y0

(x0)2
,

and the equation of this parabola

y =
y0
x20
x2.
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Its derivative at the point (x0; y0) – slope of the tangent is

y′(x0) =
2y0
x0

.

Therefore, the slope of the tangent to the curve, which is perpendicular to the parabola

y =
y0
x20
x2,

is
− x0

2y0
.

Consequently, a family of curves intersecting each parabola is defined by the equation y = Cx2

at the right angle and satisfies the differential equation

y′ = − x

2y
.

Its solution is
x2 + 2y2 = A.

So we get that the parabola given by the equation y = Cx2 and ellipses with center at the
origin of coordinates given by the equation

x2 + 2y2 = A

intersect at right angles.

Problem 6
0.5 thousand people listened to the speech of the leader of the Momba-Yumba tribe, in which

he ordered to cancel corruption. After 1 hour 2 thousand people knew about it. How many people
will know about it after 2 hours, if the tribe has 10 thousand people?

We have the equation
dx

dt
= kx(t) (10− x(t)) . (9)

Divide the variables:
dx

x(10− x)
= kdt,

and integrate:∫
dx

x(10−x) = (use the method of undetermined coefficients to break the integral into two simple

integrals) = ∫
0.1dx

x
+

∫
0.1dx

10− x
= 0.1(ln|x| − ln|10− x|) + ln(C1).

Then,

ln
x

10− x
= 10kt+ ln(C)

and
x

10− x
= Ce10kt. (10)

Substituting the initial conditions in (10), we obtain

0.5

10− 0.5
= C ⇒ C =

1

19
,

and
2

10− 2
=

1

19
e10k ⇒ e10k =

19

4
.

Thus, the number x(t) of those who got the information at time t is given by the equation

x

10− x
=

1

19

(
19

4

)t

.
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In particular, in 2 hours:

x

10− x
=

1

19

(
19

4

)2

⇒ x

10− x
=

19

16
⇒ 16x = 190− 19x⇒ 35x = 190,

approximately 5429 people will hear the news.
The equation of the form (9) is common for modeling various processes. Its solution is called

a logistic curve. In this section, we look at another example [7] for such equations. A special
quality of this examination is an unorthodox approach to integration.

Problem 7
Trout are bred in one of the Scottish lakes. In the absence of fishing, trout reproduction is

described by the equation

dx

dt
= 0.1x(t)(1− 0.01x(t)), for x > 0, and for x = 0. (11)

where x(t) is the number of trout in thousands at time t.
In order to solve the equation, we divide the variables:

dx

x(1− 0.01x)
= 0.1dt.

In order to integrate ∫
dx

x(1− 0.01x)
,

we divide the numerator and denominator by x2 and introduce the substitute 1/x = y. Then∫
dx

x(1− 0.01x)
=

∫
−dy

(y − 0.01)
= −ln |y − 0.01|+ C.

The result is a solution of the equation

−ln |1/x− 0.01|+ C = 0.1t

or

x(t) =
1

Ae−0,1t + 0.01
.

Suppose that at the initial time, there were 20 thousand trout in the lake. Then, the constant
of integration A is equal to 0.04, and the number of trout expressed by the formula

x(t) =
100

4e−0.1t + 1

after a long period of time will stabilize at 100 thousand.
Now suppose that the expected fishing is at a constant rate of 2.1.
Then there is an equation

dx

dt
= 0, 1x(1− 0, 01x)− 2.1.

In order to integrate this equation, we first remove the parentheses on the right-hand side,
and find the roots of the quadratic equation:

0.1x− 0.001x2 − 2.1 = 0,

and factorize the quadratic trinomial:

0.1x− 0.001x2 − 2.1 = −0.001(x− 70)(x− 30).

As a result, we obtain the equation

dx

dt
= −000.1(x− 70)(x− 30).
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In order to use the technique, which allowed us to integrate equation (11), we substitute the
variable z = x− 70 and obtain the equation

dz

dt
= −000.1z(z + 40).

We will solve it like equation (11): divide the variables, then divide the numerator and denom-
inator by z2, substitute 1/z = y, integrate, and obtain

y + 40 = Ce0.001t.

Returning from y to z, and from z to x, we get

x(t) = 70 +
40

Ce0.04t − 1
.

We consider two cases.
In the first case, assume that the initial population contains 20 thousand trout. Then the

corresponding particular solution is

x(t) = 70 +
40

0.2e0.04t − 1
.

Since the denominator is continuous, negative for t = 0, and positive for large values of the
argument, at some point it becomes a very small negative value. That is, at some point in time
the value of livestock is negative. This means that at this rate of fishing at some point there
will be no trout in the lake. Solving the equation

0 = 70 +
40

0.2e0.04t − 1
,

we can determine that this moment will come at t = 19.05.
In the second case, assume that x(0) = 50. Then

x(t) = 70− 40

e0.04t + 1
.

The obtained result shows that under these conditions the number of trout eventually stabi-
lizes at 70 thousand.
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Abstract. The article considers the role of interpretation in development of spatial thinking
of students of mathematics in formation of mathematical concepts.The concepts of algebraic
and geometric interpretation are introduced. It is noted that the table form of representation
of algebraic and geometric interpretations of the same mathematical concept shows its forma-
tion, as well as allowing us to see the relationship between abstract mathematical concepts and
real objects and situations in space. The article establishes the importance of interpretation in
the development of spatial thinking, namely that interpretation influences the development of
perception and analysis of spatial relations: plays a decisive role in solving spatial problems; de-
velops spatial intuition; plays an important role in the creation of internal visual representations
and images; improves our ability to perceive, analyse and interact with the environment; devel-
ops unconventional thinking and the ability to see objects differently than they are presented;
allows us to see hidden connections and potential in spatial data, which helps our ability to
generate new ideas and solutions.The practical significance of the study lies in the development
of a table containing algebraic and geometric interpretations of mathematical concepts. The
study carried out a pedagogical experiment and observation. The study conducted in this article
can be used for the development of spatial thinking in the process of formation of mathematical
concepts.

Keywords: interpretation, mathematical concepts, spatial thinking, mathematics, mathemat-
ics students.

1. Introduction

Nowadays, the global changes are so rapid that it is difficult to predict what knowledge,
skills and competencies today’s learners should possess in order to have a successful future. It
becomes difficult to find answers to questions about what to teach and how to teach students
in preparation for their future, which is characterized by great variability.

It is known that in the life of modern society, education plays one of the main roles, as it is the
main source of generation, improvement and development of human capital, and therefore the
resource of socio-economic development of the country, progress in society and the well-being of
the individual. Significant changes are taking place in the field of education in the world and
in Kyrgyzstan due to the constant and rapid updating of technologies, mainly information, and
the processes of transformation in the social sphere.

It is now recognized that the leading role in achieving sustainable development is to be played
by education, which is explicitly referred to in many UN documents as a decisive factor for
change.

Sustainable development is a development that meets the present’s needs without jeopardizing
future generations’ ability to meet their own needs.

Like all countries worldwide, the Kyrgyz Republic has made a commitment to achieving the
Sustainable Development Goals (SDGs) by 2030. The goals of sustainable development are
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included in State policy and are reflected in the National Development Strategy of the Kyrgyz
Republic for 2018-2040.

The fourth of the 17 Sustainable Development Goal (SDGs 4) is devoted to education and
is formulated as ’Ensuring inclusive and equitable quality education and promoting lifelong
learning for all’.

The development of sustainable solutions to the development needs of both peoples and the
planet can be seen as central to education efforts. Education enables people to understand the
nature and scope of sustainable development challenges; it provides an opportunity to develop
the critical, innovative and creative approaches needed to find new, more effective solutions to
global problems; it allows people to understand the essence of those powerful factors that deter-
mine an unsustainable lifestyle; and it can help people develop the self-confidence, organizational
skills and optimism that will enable them to act individually and collectively for a sustainable
future.

At the moment, in order to realize this goal, it is necessary to direct the educational process to
the development of skills of the 21st century, which has led to a change in the State educational
standard of our republic. Developing the skills of the 21st century falls on the shoulders of
teachers, who themselves must meet the requirements of the modern paradigm of education. One
such skill is mathematical literacy, which shows ”the ability of a person to think mathematically,
formulate, apply and interpret mathematics to solve problems in a variety of practical contexts
[2]. A person with such skills is trained by a teacher trained in four areas (psychological and
pedagogical, subject, methodological, technological) in a specially organized pedagogical system.
However, this is not enough to develop the spatial thinking of the students themselves. Other
methods of developing this type of thinking are therefore necessary.

In the works of foreign scientists D. Clements, T. Lowry, M. Batisst, I. Resnick, D. Harris,
N. Newcomb, I. S. Yakimansky, I. Y. Kaplonovich, etc., psychological and pedagogical aspects
of the development of spatial thinking of school students have been studied.

Research on the development of spatial thinking of future teachers is carried out in the works
with references to [3], [4], [5].

The research of the general system of methodical training of the future teacher of mathematics
is reflected in the works of Kyrgyz scientists (I.B. Bekboev, A.A. Akmatkulov, J.M. Baisalov,
K.M. Torogeldiyeva, Sh. Aliev. M. Altybaeva, K.T. Turdubaeva, G.K. Kazieva, etc.). However,
the problem of development of this kind of thinking of future teachers of mathematics in the
two level system of education of our republic is underexplored.

The paper [6] highlights the importance of a concrete-inductive method for introducing geo-
metric concepts in the development of spatial thinking of future math teachers. In the article
referring to [7] the aim of this study is to identify the effects of formalism in teaching on primary
and secondary school mathematics teacher trainees’ algebraic and geometric interpretations of
the notions of linear dependency/independency. Quantitative research methods are drawn in
order to determine differences in success levels between algebraic and geometric interpretations
of the linear dependency/independency of vectors presented in twoand three-dimensional space.
On the other hand, qualitative research methods were utilized in order to investigate thinking
modes involved in the geometric interpretation of the same notion.

Research objective. The article considers the significance of geometric and algebraic interpre-
tations for the development of spatial thinking of future teachers of mathematics in the process
of formation of geometric concepts.

2. Materials and Methods

In the modern information world, the word “interpretation” is used quite often. However, the
meaning of the term varies depending on the area under consideration.

The concept of interpretation can be broadly or narrowly interpreted. Interpretation in a nar-
row sense is linguistic cognitive activity primarily of the individual, revealing in its results the
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subjective understanding of the object of interpretation. In the broad sense of the word inter-
pretation is understood as almost any imaginative operation aimed at obtaining new knowledge
of the collective or individual level. Various functions of human thinking (schematization, clas-
sification, categorization, generalization, concretization, etc.) - essence of interpretation [8]. It
is in this sense that the interpretation is considered in this paper.

Whatever form the interpretation takes, it is intimately linked to understanding, as it serves
as its basis. From the fact that in the process of understanding the individual himself attributes
meaning to the object, it does not follow that every understanding is equally acceptable. The
interpretation of an object is always hypothetical and can be revised.

The primary goal of understanding is to give meaning to the object of knowledge. The basis
of understanding, i.e. the source that provides us with interpretations, is the individual semantic
context, which is a system of interrelated semantic units.

The main focus in the knowledge of mathematical objects and processes, as well as in the
knowledge of realities, is on interpretation. It provides an opportunity to understand the mean-
ing, properties and relationships of the mathematical object or process.

Interpretation in mathematics is a set of meanings assigned in one way or another to elements
(expressions, formulas, symbols, etc.) of a natural science or abstract deductive theory. In the
same cases, when such “comprehension” are subject to the elements of this theory, they also
speak about the interpretation of symbols, formulas, etc.

In mathematics, two kinds of interpretation are mainly considered: algebraic and geometric,
which contribute to better understanding and application of mathematics in different fields, and
which allow solving different mathematical problems using different approaches.

Algebraic interpretation is a way of representing and understanding mathematical concepts
using algebraic structures and operations. In algebraic interpretation, mathematical objects and
operations can be represented using algebraic expressions, equations, and systems of equations.
This allows abstracting from specific geometric objects and viewing their properties and relations
in a more general algebraic context. Geometric interpretation is an approach to understand-
ing mathematical concepts and methods through geometric representations and illustrations.
Rather than using abstract symbols and formulas, geometric interpretation allows visualization
and interaction with mathematical objects and relationships using geometric shapes, graphs
and spatial representations. This interpretation is widely used in various fields of mathematics,
including linear algebra, geometry, analysis, and probability theory. Thus, in linear algebra,
geometric interpretation allows the representation of vectors and their operations as directed
segments and geometric transformations. Geometric interpretation is used in geometry to rep-
resent the properties and relationships between geometric shapes, such as lines, planes, and
polytopes.

Geometric interpretation aids in visualizing and intuitively understanding mathematical con-
cepts, which can be advantageous in solving problems, formulating hypotheses, conducting
proofs, and generalizing mathematical context. It also associates abstract ideas with concrete
and visual representations.

3. Main results and analysis

Let us examine various interpretations of the basic concept of linear algebra - matrix.
The algebraic interpretation of the matrix is related to the operations and properties of the

algebra. The matrix is a rectangular table of numbers ordered in rows and columns. Each
element of the matrix can be a number or a symbol, and matrices can be folded, multiplied,
and invertible when certain conditions are met. Algebraically, the matrix can be interpreted as
a linear transformation that maps vectors from one space to another. This allows the use of
matrices to solve systems of linear equations, to find eigenvalues and vectors, and to describe
linear maps and transformations. Thus, an algebraic interpretation of the matrix allows it
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to be used to study and analyze various algebraic structures and operations related to linear
transformations and equation systems.

The geometric interpretation of the matrix is related to the representation of the matrix as a
linear transformation of vectors in space. Suppose we have a matrix A of dimension m×n. Each
column of this matrix can be viewed as a vector in n dimensional space. Then, by applying
matrix A to a vector, we get a new vector that is a linear combination of the columns of
matrix A. In other words, the geometric interpretation of a matrix is that it describes a linear
transformation of space in which vectors can be squashed, stretched, rotated, or flipped. The
properties of the transformations depend on the values of the matrix elements. Thus, the matrix
A of the rotation or reflection changes the orientation of the vectors. The diagonal matrix scales
the vectors along the coordinate axis. Thus, it is established that the geometric interpretation
of the matrix allows understanding its influence on the shape and orientation of vectors in space.

The tabular method of describing these concepts contributes to the understanding of the
concept under consideration, which is necessary for solving various problems. The table below
contains the definition, algebraic and geometric interpretations of the geometric concept of
”plane rotation” (Table 1).

Table 1. Interpretations of ”Plane Rotation”

Concep
t

Definition Algebraic interpretation Geometric interpretation

Plane
rotation

is a transformation in
which all points in the
plane rotate around a
certain point O, called the
center of rotation, to a
certain angle θ.

M(θ) =

(
cos θ − sin θ

sin θ

)
xx

The interpretations of other geometric concepts are discussed in table 2.
Table 2. Interpretations of geometric concepts
So, interpretations of the mathematical concept in the form of the above proposed table are

one of the ways of determining its formation in a student of mathematics.
The most important prerequisite for the formation of ideas about objects is to teach students

how to look at and remember details and reproduce them from memory, as well as to master the
techniques that students need to create images when reading a drawing based on the perception
of the plane image [9].

We conclude that activities demonstrating the links between geometry and algebra should be
an important part of the curriculum. The study of topics from both geometric and algebraic
perspectives should be a constant part of any curriculum in mathematics.

In physiology, it is observed that the right hemisphere of the human brain is responsible
for intuition, while the left hemisphere is responsible for logic. The interaction of the two
hemispheres is necessary for controlling the brain and transmitting information from one to the
other. The stronger the connection between the two hemispheres of the brain, the higher the
human intellectual development, memory, perception, attention, imagination, speech, thinking.
The learning process involves a distinction between perception and understanding of information.
Hence, the geometric interpretation of mathematical concepts and, conversely, the algebraic
interpretation of geometric concepts contributes to the formation of concepts and development
of the above psychic processes, including spatial thinking, what is necessary for a successful life
and work of the person in the sphere of his activity.

The relationship between spatial thinking and advances in mathematics in development is
consistent, predictable and evolves over time [10], [11]. Fortunately, spatial thinking can be
learned and improved with practice at any age [12], and the development of spatial thinking
is causally linked to an improved understanding of mathematics [13]. So, spatial thinking, the
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ability to mentally represent and transform objects and their relationships, is thought to be so
closely related to mathematics [14], [15].

Interpretation plays an important role in the development of spatial thinking, which is stand
as the ability to perceive, analyze and manipulate spatial objects and representations.

We focus on two major components of spatial reasoning. Spatial visualization involves men-
tally creating and manipulating images of objects in space, from fixed or changing perspectives
on the objects, so that one can reason about the objects and actions on them, both when the
objects are and are not visible. Property-based spatial analytic reasoning decomposes objects
into their parts using geometric properties to specify how the parts or shapes are related, and,
using these relationships, operates on the parts. Spatial analytic reasoning generally employs
concepts such as measurement, congruence, parallelism, and isometries to conceptualize spatial
relationships [16].

In the context of spatial thinking, interpretation refers to the ability to analyse, understand,
and give meaning and meaning to visual or conceptual images.

We note several advantages in which interpretation affects the development of spatial thinking:

• perception and analysis of spatial relations: interpretation allows us to recognize and
understand the spatial relationships between objects, such as distance, direction, size
and form. The ability to interpret these relationships helps us to construct internal
ideas about space and use them for navigation and manipulation;

• solving spatial problems: interpretation plays a crucial role in solving spatial problems
such as designing and assembling objects, drawing and ??designing.To accomplish the
required task, we must interpret information about the form, position, orientation, and
relationships between the objects;

• development of spatial intuition: interpretation helps us to develop spatial intuition,
which is an unconscious understanding of spatial relations and possibilities of manipula-
tion. The more we are experienced in interpreting and understanding spatial patterns,
the better we develop our ability to quickly and accurately assess spatial situations and
make appropriate decisions;

• visualization and presentation: well-developed ability to interpret visual images allows
us to create and manipulate mental models of objects and space, which promotes the
development of creativity, problem solving and analytical thinking;

• cognitive process: the development of creativity and innovative thinking is linked to the
improvement of our abilities in perception, analysis, and interaction with the environ-
ment through interpretation. Spatial problems often require unconventional thinking
and the ability to see objects differently than they are presented. Interpretation allows
us to see hidden connections and potential in spatial data, contributing to our ability
to generate new ideas and solutions. In general, interpretation fosters spatial thinking,
which is crucial for resolving problems in various fields like science, engineering, design,
architecture, and many others.

4. Conclusion

The interpretation of mathematical concepts develops spatial imagination and the ability to
solve spatial problems. It helps to represent and manipulate objects in the mind, draw conclu-
sions about their properties and predict the results of actions. In addition to this definition,
the algebraic and geometric interpretation of the same mathematical concept in the table helps
to better understand this concept, reveal its properties, which plays an important role in the
development of spatial thinking, establishing understanding and interaction with spatial objects
and situations.
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Abstract. Methodical science teaching mathematics covers all stages of mathematical educa-
tion. Lesson methodology has affected the work of mathematics teachers and academics. Hence
the importance of methodical preparation of teachers of mathematics and their means of me-
thodic knowledge. Modern mathematics teacher must know the components of the methodology,
the methodology of mathematics and learn the methodology of scientific research, learning the-
ory and its applications. This will require the need for special analysis methodology of teaching
mathematics. The urgency of this challenge is increased by the ideas of innovation research.
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1. Introduction

The article deals with the issues of theoretical justification and practical implementation of
improving the methodological training of a mathematics teacher on an innovative basis. The
science of mathematics teaching methodology covers all the steps of mathematical education. For
teachers of higher educational institutions and school teachers, it is becoming a daily necessity
to engage in the methodology of teaching the subject. Therefore, the methodological training of
a mathematics teacher and its improvement on an innovative basis was considered as an urgent
problem.

Modern time requirements modern subject teachers should know the methodological compo-
nents of teaching the subject, master the science of methodology and its applications through
scientific research. This indicates the need for a special study of the methodology for teaching
mathematics. The relevance of this complex problem increases due to the solution of scientific
research work from the point of view of the idea of innovation. On the basis of the state program
for the development of education and science in the country for 2016-2019, updated educational
programs were introduced to schools [1].

In connection with the introduction of updated educational programs, the approaches to
training and the assessment system have also radically changed. This showed the subject teachers
the importance of using modern innovations to harmonize the updated educational program,
pedagogical approaches, and assessment system. The state program for 2020-2025 sets the task
”ensuring the high status of the teacher’s profession, modernization of pedagogical education”
[2].

At the Republican meeting on the topic ”mathematical education in schools: state, problems,
proposals”, held in Karaganda in 2022, the minister of Education and science of the Republic of
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Kazakhstan A.Aimagambetov said: ”the president set very important tasks for the development
of education and science. Today, an important issue is the development of technical specialties
in the country. It is known that the basis for the development of technical specialties is math-
ematics. Therefore, in schools, special attention should be paid to the training of personnel in
the updated programs of mathematics, professional development of specialists and the content
of school textbooks. Work has already begun for this purpose. Groups consisting of experienced
teachers, methodologists and university specialists have been formed. Since 2023, students will
study mathematics according to the updated program” [3].

The participants of the meeting decided that ”it is necessary not only to increase the interest of
students in mathematics, but also to increase the professional competence of teachers”. Within
the framework of the concept of ”improving professional competence”, the issue of improving
the methodological training of subject teachers on an innovative basis occupies a special place.
The tasks set are aimed at improving the methodological training of mathematics teachers on
an innovative basis in accordance with the requirements of the time and the effective application
of systematic and active approaches to the educational process in the context of the transition
to the updated content of education.

That is, each teacher seeks to improve his methodological system and apply it in practice.
Because their main goal is to ensure the development of students as competitive individuals in
the global educational space. These issues indicate that the issues of theoretical justification
and practical implementation of improving the methodological training of a mathematics teacher
on an innovative basis are relevant today. Indeed, in today’s age of technology, the education
sector needs to focus on improving the methodological training of a mathematics teacher on an
innovative basis.

This is because mathematical science was the beginning of human culture at all stages of
the development of society. Mathematics is not only the basis of the Natural Sciences, an
important part of scientific and technological progress, the key to knowing the environment, but
also occupies an important place in the development of the individual. It is also known that
mathematical knowledge is extremely necessary in all spheres of society, in everyday life.

The development of mathematical knowledge at all stages is constantly developing in con-
nection with social changes in society, updating educational programs, pedagogical concepts,
improving the methodology of the discipline, and methodological training of specialists. The
current stage will focus on such issues as changes in educational values, a turn to science, the
logical nature of mathematics, updates in the education system, innovations in the research
direction.

That is, improving the methodological training of a teacher in teaching mathematics on
an innovative basis, focusing first on the concepts and research methods of teaching school
mathematics, the humanization of education, the orientation of teaching to the individual and
the results of research of the applied direction of mathematics. For this, system analysis and
active teaching approaches in the presentation of materials in the content of the subject of
mathematics are proposed.

The spiral presentation of the content of the discipline, highlighting the main components
in it, establishing connections between them will be effective due to System Analysis and ac-
tive teaching methods. The orientation of students to creative, inventive activities in teaching
mathematics should form a value attitude of the teacher to continuing education and ensure the
readiness of the teacher to effectively use rapidly developing innovative technologies in the class-
room. To do this, a mathematics teacher must be able to use digital educational resources for
new educational technologies and methods. Within the framework of the Digital Kazakhstan
program adopted in the country, the use of digital technologies in the educational process is
important for the formation of modern knowledge that corresponds to the self-development of
a new type of person [4].
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The use of digital educational resources in teaching mathematics has a positive effect on the
development of mathematical thinking of students in the construction of graphs, transformation
of spatial figures, translation from one language to another. Due to the use of computers,
other modern technologies in teaching mathematics, the visibility and effectiveness of training
increases. This reflects the desire of a mathematics teacher in his professional activities to bring
the potential level of students into line with world standards, improving methodological training
based on digital educational resources on an innovative basis.

2. Literature review

Since the second half of the last century, the methodology of teaching mathematics began
to take shape as a science in itself. He studied the subject, form of methodological science
(Sarantsev G. I.), methodically substantiated the subject of methods of teaching mathemat-
ics (Nugmonov M.), introduced the methodological system of teaching mathematics (Pyshkalo
a.m.), considered the philosophical problems of mathematics (I. Lakatos), studied the prob-
lems of improving mathematical education (A. Pardala). Training of teachers in the conditions
of informatization of Education (Lapchik M. P.), the formation of professional competence of
teachers in the use of information technology tools (Shmakova A. P.).

Research related to the methodological substantiation of a number of problems of the method-
ology of teaching mathematics in Kazakhstan (Abylkasymova A. E., Kagazbaeva A. K., Kozhabaev
K. G., Kenesh A. S., Mubarakov A., Rakhimbek D., etc.) and the use of information technolo-
gies in the professional activities of the teacher (Fedotova E. L., Kenesbayev M. S., Bidaibekov
E. Y., etc.) appeared.

In connection with the introduction of the updated educational program in schools, a lot of
work has been done in the direction of ”advanced training and retraining of teachers”. Most of
the teachers of the school took courses at the National Center for advanced training ”Orleu”.

A number of studies were conducted in this direction (Kibataeva N. K., Orakova A. Sh.,
Kusherbaeva M. R.). For example, Kibataeva N. K. in her research pointed out that ”the
innovative nature of the ongoing changes in the education of the country is directly related to
the new format of professional development, which is the main tool for updating Kazakhstan’s
education.” Also, scientific and methodological seminars, intra-school courses, trainings, etc.were
organized in schools [5].

However, there are also enough problems that need to be solved, one of which is to improve
the methodological training of a mathematics teacher on an innovative basis. In the works of
G. I. Sarantsev and A.M. Pyshkalo, it is believed that the initial provisions that determine the
features of the methodology for teaching traditional mathematics should include the laws of
Personality Development, the results of learning and the problems of developing the individual
abilities of the student.

Because, according to the requirements of today’s time, the focus should be on the self-
development of the student. Self-development of the individual at the stage of development
of modern information technologies requires a radical revision of the goals, content, form and
methods of teaching in the discipline at a new modern level. Modern education is the education
of a future citizen of society, a person who can search and read all his life, while modern education
should develop today’s student as a subject of cognitive activity.

As the basis of the problem under consideration, ways to improve the methodological training
of a mathematics teacher on an innovative basis are indicated. In the general case, the com-
ponents of the methodological system of teaching mathematics include the purpose of teaching,
the activities of the teacher, the activities of students and the results of teaching. It allows
us to identify the forms of Organization of training and their relationships as an integral part
of the methodological system of training and its system-forming parts. Here, joint educational
direct and feedback between the teacher and students formed an inseparable connection in the
methodological system.
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Currently, B. Bloom’s taxonomy is widely used in all educational fields. B. Bloom’s taxonomy
consists of basic levels in the form of knowledge, understanding, Application, Analysis, compi-
lation, evaluation. For example, in the works of B. Bloom, active learning covers three main
areas of learning, which are called knowledge, skills, attitude. This taxonomy of learning can
be understood as the ”goal of the learning process”. For example, in mathematics, ”know” is
the memorization of the studied material, ”understand” is the transformation of the expression
in the educational material, the translation of verbally transmitted information into a math-
ematical formula, that is, the translation from one language to another. The student’s brief
presentation of the educational material, explanation or prediction of ways to solve the problem,
prediction of the expected result also belong to the level of ”understanding”. ”Application”
means the ability to apply the studied educational material in real and new conditions. ”Anal-
ysis” means dividing the structure of the educational material into separate structures so that
it becomes clear. ”Synthesis” - defines the integration of elements to obtain a whole that has
novelty. For example, actions aimed at solving a problem are considered in the form of a plan
for solving it or a set of generalized connections. ”Assessment” - differs in the assessment of the
essence of the educational material for a specific purpose.

In this approach, learning is organized on the basis of close communication between the
teacher and students and takes into account the individual abilities of each person involved in
the learning process. Students acquire new knowledge through joint search, Discussion, Analysis,
accumulation of information on the content of training. This method leads students to solve
complex problems on the way to the goal.

3. Materials and methods

In teaching mathematics, there are traditional forms of organizing classes, such as classes,
lectures, seminars, conferences, laboratory classes, practical classes, workshops, electives, excur-
sions, circles, olympiads, creating projects, industrial practice, independent work, consulting,
exams. Today’s goal is to improve the quality of classes on an innovative basis through the
effective use of active methods.

Active Education expects radical changes in the modern direction from the activities of the
teacher. That is, active teaching approaches provide training on an innovative basis. Active
learning is based on the relationship and interaction between teacher and student, student and
student. When using innovative methods, students develop creative abilities through cognitive
activity, competition, the ability to work in a team, open expression of views in solving problems,
the ability to prove their thoughts [6].

Active learning methods include problem-based learning, heuristic conversation, discussion
method, brainstorming, round table, business games, etc.

Problem-based learning is organized to develop the mind in order to solve the problem. The
method is used for the purpose of independent learning of students, creative thinking, increasing
cognitive activity. An important stage here is to create a problem situation. When a problem
situation arises, ”difficulties” arise for students. In solving it, through their creative activity,
they create research, search, learn to think productively. This increases their interest in the
subject.

In problem-based learning, the teacher does not offer ready-made rules or solutions to the
problem. He asks problematic questions in the direction of solving the problem and leads the
students to find the necessary rules themselves. Students will find the rules themselves. For
example, a teacher, explaining the Pythagorean theorem, can set the following problem situation.
”The ancient Greek mathematician Pythagoras walked in Egypt and took a three-piece rope with
a length of 3,4,5 to draw a right angle on the ground. To make the desired triangle, you need
to connect the ends of the pieces of rope. Pythagoras built a triangle. Then he wondered what
property of a triangle was used in the method used by Pythagoras to create a right angle”. The
teacher instructed the students to find this property of the Triangle.
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The heuristic narrative method originates from Socrates ’ teaching method ”heuristics” (in
the sense of inventing, finding, discovering). The psychological nature of this method is collective
thinking or conversation as a search for an answer to the problem posed, finding a solution.

The discussion method is characterized as a free analysis of theoretical problems. This method
is organized by asking pre-oriented questions. The discussion method is often used in group work
in classes. Sometimes it can also be used in a theoretical lesson.

The ”brainstorming” method is not yet fully formed in the educational process. This method
is often used in a scientific direction, in economic management. The main rule in the method is
that participants are given complete freedom to express their thoughts. Their reasoning is not
discussed, not tested. In this method, participants feel more relaxed.

The ”round table” method is usually organized for discussion purposes. This method is often
used in the field of politics and science. This method is organized in order to solve theoretical
problems with the participation of specialists from various fields.

The ”business game” method is used to engage future specialists in organizational, managerial
activities in their professional field.

These methods are effective when not only the teacher is active, but also the students. Cur-
rently, in addition to the listed methods, many methods are used in the lesson: presentations,
case technologies, didactic Games, project method, ”basket method”, etc. For example, presen-
tations are the easiest and most affordable method used in the classroom. It contains information
such as lesson content, independent work of students, projects. Case technologies have been used
in teaching since the last century. It is based on analyzing specific situations and finding so-
lutions. Didactic games are used in situations such as quiz questions, travel games, etc. The
basket-method is based on simulating the situation [7].

In general, the lesson is still the main form of Organization of training. The difference between
modern lessons from the traditional lessons of the past is that the teacher organizes independent
types of work, using modern teaching methods, aimed at the full assimilation of the content of the
subject, taking into account the cognitive activity of each student and the creativity of each. This
is due to the fact that today in the educational process it is considered relevant to use teaching
methods that develop students ’ ability to independently acquire knowledge, accumulate the
necessary information, make predictions, make judgments and draw conclusions. In this case,
the teacher must be able to use effective educational activities that allow him to effectively
organize educational activities. For this purpose, it is important to be able to optimally use
methods aimed at Active Learning based on innovative teaching technologies.

Among the active methods, observation, practice, Discussion, Project actions bring positive
results. For example, students create conditions for the development of reflection and assess
their level of knowledge by observing their actions, evaluating them, correlating learning results
with the set goal. At the same time, the teacher’s activity is not limited to explaining the
content of the lesson, he is recognized as a person who teaches new knowledge based on creative
actions, directing it to the independent assimilation of students. He systematically plans the
structure of each lesson, taking into account the stages of the lesson, the connections between
the stages. For example, the structure of the lesson may depend on the didactic goal, the volume
of educational content, the age of students, the specifics of the class [8].

When planning the structure of the lesson, instead of the lesson in the section, depending on
the type of lesson, the teacher should make sure that the students are not overloaded or, on the
contrary, there is a lack of material, take into account in advance the content of the lesson and the
relationship between the previous lessons. In other words, it acts as an organizer, coordinating
activities such as goal setting, planning, forecasting, control, adjustment, evaluation, regulation
in accordance with the training stages of the lesson.

The main stages of the lesson, which characterize the various actions of the teacher and
students in each lesson, can be combined with the interpretation of a new lesson, learning,
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repetition, testing of knowledge, skills, homework, etc., and the structure of the lesson can be
described as follows.

1.Motivational phase:
- updating the content of education in achieving the goals of the lesson;
- create problem situations to achieve the goal;
- setting the learning goal of the lesson, that is, knowing new concepts, definitions, etc.,

generalizing the lesson, etc.
2. Stage of educational activity:
- identify ways to achieve the educational goal;
- drawing up an action plan;
- implementation of the created plan.
3. Stage of control and evaluation of educational activities:
- comparison of the results of educational activities with the evaluation criterion;
- assessment of the quality of the results of independent work.
4. Lesson approval period. Homework. Conclusion.
Drawing up a short-term lesson plan, the teacher:
- setting educational tasks based on the correlation of known and unknown, mastered and not

mastered, so that students willingly accept the educational goals proposed by them or formulate
them themselves;

- create a problem situation, mobilize students’ attention and knowledge to solve it;
- encourage students to develop a plan for ways to achieve their goals;
- forecast of expected results;
- make adjustments and additions to the action plan, methods used by students in case of

inconsistency of the expected results and learning outcomes;
- help students assess the quality and level of assimilation of educational material.
Above, the general direction of the structure of the lesson for the updated educational program

was indicated. The main feature of the lesson here is the development of students as individuals,
forming their learning activities. There are several important aspects of organizing these classes.

The first aspect is motivational goal setting. The purpose of the current lesson is clear
and the expected learning outcomes are predicted in advance. The effectiveness of the lesson
is determined by the results of training. The result of the lesson does not depend on the
student’s academic performance, the amount of material mastered, but on the activities, abilities
of students, the ability to apply knowledge, implement their projects, in a word, universal
educational activity. The new educational goals of the lesson include those that the students
themselves formulate and understand that they are important to them. Such approaches in the
lesson focus not on memorizing knowledge, but on the ability to apply the acquired knowledge
in life.

Second aspect: active methods. In the updated educational program, a new meaning of the
lesson is revealed. The new essence of the lesson is to solve the problems posed by students
through their own cognitive activity. The nature of the problem lesson can be considered as
a rejection of reproductive methods in traditional lessons. When using this method, students
should be allowed to express their thoughts freely. It is then that students develop problem-
solving skills and develop themselves in a creative direction. Such classes are distinguished by
the effective use of active methods of discussion, dialogue, business Games, role-playing games,
attacks on the ”brain”, etc. The use of many modern pedagogical technologies in the formation
of students ’ educational activities, such as critical thinking, design activities, research work,
discussion, collective and independent thinking activities, has a positive effect. But it is better
for the teacher to effectively use the methods used as intended [9].

The teacher, together with students, conducts work in the direction of searching, analyzing
and studying the scientific content of the knowledge that they master. Such classes are described
as classes organized in a modern direction. At this stage, the main thing will be the educational
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content, and the student will be perceived by the teacher as the creator of the educational con-
tent. These actions lay the foundation for developmental learning technology. The orientation
of the lesson to developmental learning strengthens the student’s confidence that he feels free in
the environment, that he is a full participant in the environment. At the same time, the teacher
plays the role of the organizer of the planned educational activities.

Having planned the lesson, the teacher draws up a technological map of the lesson. When
using active teaching methods in mathematics lessons, it is very important that the teacher
offers students new ideas and tasks for their development. It is very effective here to promote
students ’dialogue and participation in discussions, to form students’ independent thinking and
research skills, to organize differentiated learning, project work [10].

In mathematics lessons, methods of argumentation, problematic, creative, critical thinking,
communication, etc.are often used. These methods are considered the main ones in the develop-
ment of students. In pedagogy, within the framework of morality and humanization, democra-
tization of the education system, ideas about the development of the personality of the student,
the personality of the teacher began to be expressed more and more often. In improving the
methodological training of a teacher on an innovative basis, attention is paid to the formation
of a culture of mastering digital technology and modern technologies, system analysis of the
content of the discipline [11].

So, in the educational process, it is very important to improve the methodological training of
a teacher in mathematics on an innovative basis in the training of specialists with a high level of
professional knowledge and internal culture, the ability to make optimal decisions, predict the
course of development of a particular situation.

4. Results and Discussion

Depending on the content and features of the updated educational program, institutions
for advanced training and retraining of teaching staff have done a lot of work. However, in the
process of working with the updated educational program, a number of circumstances have been
observed that determine the need to improve the methodological training of school mathematics
teachers on an innovative basis. For teachers accustomed to the traditional teaching system over
the years, the adoption of the experience of developed countries, updating pedagogical thinking,
changes in the assessment system, the introduction of innovations and leadership, interaction
with international practices, insufficient skills in the use of digital technologies, language goals
of classes, etc.caused a number of psychological ”difficulties”.

Such problems were solved in stages and systematically. Each stage of the study of the problem
under discussion was based on the results of the previous stage and the results of improving the
methodological training of a mathematics teacher on an innovative basis [7].

The problem of improving the methodological training of a mathematics teacher on an in-
novative basis was solved by modeling, system analysis, Special Research Methods in subject
methods, knowledge of the methodological foundations of pedagogy and psychology, clarifica-
tion of General Provisions up to methodological recommendations. The individual results were
tested experimentally. This mainly concerned the use of real learning situations, business and
role-playing games, educational projects, and modern teaching methods.

Improving the methodological training of a mathematics teacher in his professional activity on
an innovative basis refers to the science of the methodology of teaching mathematics. Method-
ically, search expresses the main nature of the professional activity of a mathematics teacher.
The teacher must ensure the methodology of scientific research, system analysis, adaptation to
various changes, forecasting learning outcomes, assessing the situation, choosing technologies,
their effective use.

To do this, the teacher must conduct a systematic analysis of the materials included in the
content of Mathematics within the framework of the updated educational program and justify it
in an innovative way in accordance with the methods of students ’ actions. Here, special attention
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is paid to the tasks in independent work. They allow you to master educational material, evaluate
modern options for its presentation, evaluate the results of Educational Projects, Business games.
That is,

- the modern lesson should be personality-oriented, individual in nature;
- in the lesson, the priority is given to the independent work of students;
- the action of using active methods is implemented;
- each lesson is aimed at revealing the individual abilities of students, developing them;
- the teacher performs the duties of a guide to the educational process, an assistant to students.
The teacher improves his methodological training, studying the theory of teaching mathe-

matics, the application of the theory in practice, the methodology of its teaching. In addition,
he conducts experiments on methodological analysis and evaluation of the results in the use of
modern teaching methods. Improving the methodological training of a mathematics teacher on
an innovative basis was determined by dialectics, modeling, system analysis and active methods.

Special research methods include the concept of pedagogical and psychological research, the
systematic presentation of the objects under study, their properties and relationships, the inte-
grated use of System Analysis and active teaching methods, the formulation of methodological
recommendations, the analysis of experimental results.

5. Conclusion

To improve his methodological training on an innovative basis, a mathematics teacher must
know the content of the discipline, the methodology of teaching the discipline, its relationship
with other sciences, the directions of development of methodological science, the types of exper-
iments. It is based on the ability to independently obtain information, find ways to rationally
solve problems, critically analyze the knowledge gained and apply it in solving new tasks in
their professional activities. It should not be limited to ready-made education when presenting
educational material to students, but rather direct them to the intellectual development of the
student.

This is due to the mathematical knowledge of teachers and the level of improvement of method-
ological training on an innovative basis. The demands of the time have changed the approach
to the current lesson. The level of the teacher is reflected in the lessons he conducts. Their
high-level classes form such valuable qualities of students as knowledge of the world, disclosure
of abilities, development as a person, step into new knowledge, self-knowledge, self-development
and motivation, interest, professionalism, initiative. Therefore, the teacher should be able to
plan the traditional structure of the lesson with his creative level searches based on modern
innovation, combine the content of educational material, technologies for its presentation in the
framework of the use of active teaching methods.

Thus, the theory and methodology of teaching mathematics, its application and improvement
of methodological training of teachers in teaching mathematics on an innovative basis, modern
teaching methods allow us to effectively build, manage the process of teaching mathematics, and
obtain results in accordance with the planned goals.
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Abstract. The modern multidimensionally transforming world poses challenges of a new re-
ality for individuals. In recent times, there has been increasing significance given to universal
socio-cultural competencies, commonly known as soft skills. This article discusses the peculiar-
ities of thinking, learning, and professional activities that influence the development of flexible
skills in the process of training future mathematicians at the university. The results of a sur-
vey conducted among mathematics students from higher educational institutions in Kazakhstan
(n=118) and Russia (n=181) are presented. It is shown that the development of flexible skills
is important for mathematics students in both general cultural aspects (communication, co-
operation, social responsibility, emotional intelligence, resilience, etc.) and professional aspects
(creativity, critical thinking, decision making, solving complex, and multidimensional problems).
Similar models are implemented in the higher education systems of the Republic of Kazakhstan
and the Russian Federation, which are generally close to the ”4C’s”, with a primary focus on
cognitive and social flexible skills and a lesser emphasis on emotional and volitional skills. Well-
known active learning technologies can be applied for this purpose. Among the differences, there
is a greater attention to retraining in the first case and to time and resource management in the
second case, which may be associated not only with pedagogical but also with ethnocultural
features. There are greater divergences in the aspirations for the development of flexible skills,
which are significantly higher for Russian students. Apparently, young Russians associate their
future professional careers and adaptation in the job market more with universal skills, while
Kazakhs associate it more with professional competencies.

Keywords: education, Kazakhstan, mathematics, Russia, soft skills, student, university.

AMS Subject Classification: 97-06

As soon as I touch mathematics, I forget everything in the world again
Sofya Vasilyevna Kovalevskaya

1. Introduction

The multidimensionally transforming world presents challenges for individuals in both the
present and the future [1]. Consequently, socio-cultural competencies, also known as soft skills,
are gaining increasing importance. Unlike hard skills, which are specific to a particular subject
area, soft skills have a universal and interdisciplinary nature. They encompass thinking patterns,
communication abilities, creativity, self-awareness, empathy, and success in various activities
such as education, professional endeavors, and adaptation to society as a whole, among others
[2].
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At the World Economic Forum, leading soft skills have been defined as a set of non-specialized,
career-relevant skills that contribute to successful participation in the workplace, high produc-
tivity, and are transferable across different professional domains [3]. One well-known framework
is the ”4C’s” model (collaboration, communication, creativity, critical thinking) [4]. However,
these skills are not only essential for the labor market; they also hold significant socio-pedagogical
value in general, serving as a necessary condition for adapting to a world that was recently re-
ferred to as VUCA (Volatile, Uncertain, Complex, and Ambiguous), and now as BANI (Brittle,
Anxious, Non-Linear, Incomprehensible) [5].

As known, mathematics (from ancient Greek µαθηµατικα - study) explores the properties and
relationships among abstract entities such as numbers, figures, or symbols. Around 70,000 years
ago, early humans developed systems for tracking the quantity of animals in a herd. Evidence
of such reasoning can be found in the Egyptian civilization of the 5th millennium BCE, as well
as in Ancient India and Ancient China. The Assyrian-Babylonian cultures of Mesopotamia
developed their own symbolic system, which gave rise to the Hellenistic tradition. The works
of Pythagoras, Thales, Eratosthenes, Archimedes, transmitted through the Roman Empire to
Christian and Muslim societies, are still known today and form the foundation of mathematics
[6,7] which the French philosopher René Descartes defined as the ”science of order and measure,”
and Galileo Galilei called the ”language of nature” [8].

Being an important tool for understanding, analyzing, and representing objective reality,
mathematics plays a crucial role not only in science but also in the worldview of individuals
and society as a whole [9,10,11]. The potential of mathematics as an educational discipline (in
schools and universities) can be harnessed to develop flexible skills such as systematic and critical
thinking (holistic perception and abstraction, analysis and synthesis, comparison, generalization,
classification, and systematization, the ability to ask questions, argue, and assess the validity and
novelty of ideas), creativity (the ability to generate ideas and solutions), and more. While these
skills may not have a direct connection to mathematical science, they are necessary for team
collaboration in the development and practical implementation of scientific research and applied
projects in this field. Effective communication, coordination, and cooperation (the ability to
express and interpret thoughts orally and in writing, interact efficiently with others) as well as
emotional intelligence (the ability to understand one’s own emotions and their causes, recognize
and empathize with others’ emotions, and manage emotions) are also essential in this regard.

2. Problem Statement

A participant on a mathematics forum posed a question for discussion: ”Those of you who
have a degree in mathematics or spent multiple years studying higher rigorous mathematics,
what are the benefits in your way of thinking? My professor told us in his first lecture that
studying mathematics will turn our brains upside down (not literally I’m probably translating it
badly) and change our way of thinking. I wonder what exactly he means” [12]. In response, as
an example, a list of ”soft” skills compiled by the University of Warwick’s Mathematics Institute
(United Kingdom) is provided [13]: - Analytical Abilities – clarity of thought, attention to de-
tails, complex reasoning, logical and argumentative skills, counter-arguments. - Problem Solving
– problem formulation, comprehensive examination, confidence in solutions, seeking help when
needed. - Communication Skills – assimilating and conveying information, effective listening,
report preparation, group presentations. - Useful Habits – thoroughness and meticulousness
in work, time management and meeting deadlines, working under pressure, independent work
and collaboration to address common problems. - Beneficial Personal Qualities – determina-
tion, perseverance, creativity, self-confidence, intellectual rigor. Below is a list of important
soft skills for mathematicians compiled by artificial intelligence (neural network YaGPT) [14]:
- Communication skills: Mathematics is a field of knowledge that requires interaction with
others. Mathematicians must be able to express their thoughts clearly and accurately, listen
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and understand others, and communicate effectively orally and in writing. - Analytical abili-
ties: In mathematics, like any other field of knowledge, it is important to analyze information
and draw conclusions based on the data obtained. Mathematicians must be capable of critical
thinking, identifying problems, and finding solutions. - Organizational skills: Working in the
field of mathematics can be highly complex and demanding in terms of time and resources.
Mathematicians need to be able to plan their time, organize their work, and manage projects
and teams effectively. - Creativity: Mathematics requires creative thinking and the ability to
find unconventional solutions. Mathematicians must think outside the box, come up with new
ideas and approaches to problem-solving. - Teamwork: Mathematics is a collaborative science,
so mathematicians need to work well in teams and collaborate with others to achieve common
goals. - Self-discipline: Mathematics requires high levels of concentration and perseverance.
Mathematicians need to have strong self-discipline and be able to work on tasks for extended
periods of time. - Presentation skills: Mathematicians often work with large amounts of in-
formation that needs to be presented orally or in writing. They must be able to clearly and
coherently express their thoughts and substantiate their ideas. - Adaptability and flexibility:
Mathematics can deal with various types of problems and situations, and mathematicians need
to be adaptable and flexible in order to successfully navigate different scenarios.

Education plays a significant role in the development of soft skills. Therefore, the aim of
this study is to identify the pedagogical features of developing soft skills in undergraduate
and graduate students - future mathematicians - studying at universities in the Republic of
Kazakhstan (L.N. Gumilyov Eurasian National University, Al-Farabi Kazakh National Uni-
versity, Korkyt Ata Kyzylorda University, H.A. Yassawi International Kazakh-Turkish Univer-
sity, Taraz Regional University named after M.Kh.Dulaty, etc.) and in the Russian Federation
(People’s Friendship University of Russia named after Patrice Lumumba, RUDN) in the rel-
evant degree programs ( � Mathematics �, � AppliedMathematicsandInformatics �,
�MathematicsandComputerScience�) and who hold the respective citizenship. Of particu-
lar interest is the identification of similarities and differences associated with the methodological
and ethnocultural characteristics of mathematics education in these countries, tracing back
to European (Pythagoras, Euclid, Isaac Newton, Rene Descartes, Leonhard Euler, Gottfried
Wilhelm Leibniz, David Hilbert, Nikolai Lobachevsky, Andrey Kolmogorov, etc.) and East-
ern (Omar Khayyam, Al-Biruni, Al-Khwarizmi, Al-Farabi, Muhammad al-Ulugh Beg, Umirzak
Sultan-Galiyev, etc.) traditions.

3. Methodology and Research Results

Methodology and research results The main method used is surveying, which allows for the
identification of respondents’ attitudes towards the studied phenomenon [15]. The survey, con-
ducted in the second semester of the 2022/2023 academic year, involved 118 Kazakhstani stu-
dents (males - 37.3%, females - 61.0%, unspecified - 1.7%; average age 21.2 years) and 181
Russian students (males - 43.6%, females - 56.4%; average age 18.8 years). When comparing
the average age, it should be noted that education in Kazakhstani schools usually lasts for 12
years before university enrollment, while in Russian schools it typically lasts for 11 years.

The percentages of Kazakhstani students who were familiar and unfamiliar with the concept
of soft skills were 78.0% and 22.0%, respectively, while for Russian students, the percentages
were 53.6% and 46.4% respectively. Awareness in the first case is higher. This may be related
to the fact that in the Russian educational discourse, along with the concept of soft skills,
universal competencies are quite often mentioned (they are included in federal state educational
standards) and include skills such as critical thinking, communication, and teamwork [16]. The
State Compulsory Standard for Higher Education in Kazakhstan, approved by the Ministry of
Science and Higher Education of the Republic of Kazakhstan, includes the concept of ”skills”
alongside competencies (communication is represented in the aspect that interests us) [17].
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Currently, Russia is undergoing a reform of multi-level higher education, while Kazakhstan
follows the Bologna Process, to which it joined later.

The assessment by students of the degree of development of various soft skills during their
university education (the actual state, ”Really”), as well as their corresponding preferences
(desired state, ”Desirable”), on a 3-point scale: not specially formed/not formed - 1; partly - 2;
deeply – 3) are presented in “Table” 1. The list of skills proposed for assessment was compiled
by us earlier based on materials from international reports [18].

This section should capture fundamental and new works (not less than 10 works) of foreign
authors, published in English on investigated subjects, the analysis of the given works from
the point of view of their scientific contribution, as well as blanks in research that your article
supplements to.

Abundance of unrelated references as well as inappropriate judgments about the author’s own
achievements and self-reference on the author’s previous works are INADMISSIBLE.

Soft Skills
Really (1) Desirable (1) ∆ = (2) − (1)
KZ Russia p KZ Russia p KZ Russia

An adequate perception of
criticism is really desirable 2,11 1,95 * 2,29 2,48 ** 0,18 0,52
Cognitive flexibility 2,16 2,29 - 2,27 2,50 *** 0,11 0,21
Communicating 2,29 2,47 - 2,41 2,65 *** 0,12 0,18
Collaborating 2,21 2,36 - 2,34 2,51 * 0,13 0,15
Coordinating with others 2,15 2,13 - 2,36 2,48 - 0,21 0,35
Creativity 2,31 2,25 - 2,42 2,56 - 0,11 0,31
Critical thinking 2,22 2,19 - 2,40 2,58 * 0,18 0,39
Complex problem solving 2,19 2,34 - 2,50 2,56 - 0,31 0,22
Emotional intelligence 2,16 2,23 - 2,42 2,57 ** 0,25 0,34
Forming your own opinion 2,21 2,34 - 2,41 2,56 - 0,19 0,22
Judgment and decision making 2,25 2,36 - 2,35 2,58 *** 0,09 0,22
Motivating, training
and developing others 2,23 2,15 - 2,30 2,45 - 0,07 0,29
Negotiation 2,25 2,33 - 2,31 2,57 *** 0,05 0,24
People management 2,11 2,09 - 2,36 2,49 - 0,25 0,40
Retrain 2,10 1,91 ** 2,25 2,14 - 0,14 0,23
Risk taking 2,19 2,28 - 2,33 2,51 * 0,14 0,23
Resource management 2,22 2,44 ** 2,39 2,59 ** 0,17 0,15
Service orientation 2,06 1,99 - 2,26 2,45 * 0,20 0,46
Social responsibility 2,25 2,34 - 2,41 2,51 - 0,16 0,18
Stress management 2,17 2,06 - 2,44 2,56 - 0,28 0,22
Time management 2,14 2,34 ** 2,42 2,56 - 0,28 0,22
Working under uncertainty 2,25 2,19 - 2,39 2,47 - 0,14 0,28
Average 2,19 2,23 - 2,36 2,52 - 0,17 0,29

Note: ∗–p ≤ 0.1; ** – p ≤ 0.05; *** – p ≤ 0.01. The Mann–Whitney U test (IBM SPSS
Statistics) was used to assess the differences between the samples.

It should be noted that the assessment ratings for individual skills of students in Kazakhstani
and Russian universities differ somewhat when the average values are similar. In the first case,
more attention is paid to creativity (2.31) and working in conditions of uncertainty (2.25) in
the educational process. In the second case, the focus is on communication (2.47), cooperation
and decision-making (2.36), and forming one’s own opinion (2.34). With a higher degree of
reliability, there are differences in the perception of criticism (respectively, 2.11 and 1.95; p ≤
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Forms and methods of training
evaluation
Kazakhstan Russia

Contests Olympics 3,00 2,63
Multimedia training 3,21 2,97
Individual (special) discipline 3,32 3,36
Separate tasks in different subjects 3,26 3,15
Single topics / modules in different disciplines 3,31 3,24
Practices, internships 3,72 3,65
Testing 3,07 2,88
Trainings, games, case studies 3,52 3,52
Learning projects 3,47 3,40
E-learning, virtual learning 3,38 2,88

0.1) and relearning (2.10 and 1.91), which, along with customer orientation (2.06 and 1.99), are
least expressed. Time management (2.14 and 2.34; p ≤ 0.05) also shows some differences.

In both cases, there are higher wishes for the development of soft skills (0.17 and 0.29 on
average, respectively), especially among Russian students. The most reliable differences can be
observed in the ratings of the significance of adequate perception of criticism (2.29 and 2.48;
p ≤ 0.05), negotiation skills (2.31 and 2.57; p ≤ 0.01), communication (2.41 and 2.65; p ≤
0.01), resource management (2.22 and 2.44; p ≤ 0.05), critical thinking (2.40 and 2.58; p ≤ 0.1),
emotional intelligence (2.42 and 2.57; p ≤ 0.05), which generally hold leading positions. There
are also differences in the ratings of risk-taking (2.19 and 2.28; p ≤ 0.1), decision-making (2.35
and 2.58; p ≤ 0.01), as well as the less significant customer orientation (2.26 and 2.454; p ≤ 0.1)
and task switching ability (2.27 and 2.50; p ≤ 0.01).

Regarding the ways of developing soft skills in the educational process, the opinions of students
from both countries (on a 5-point scale: not at all effective - 1; not very effective - 2; quite effective
- 3; very effective - 4; the most effective - 5) are almost the same (“Table 2”).

4. Results and Discussion

Let’s consider the pedagogical peculiarities of developing flexible skills in mathematics stu-
dents according to their traditional division into three groups - cognitive, social, and emotional-
volitional [19].

Regarding the first group, it is important to note mathematical thinking as a whole, which is
associated with the manifestation of objective but abstract laws that depend not on the nature
or personality of the thinking individual, but on the system of signs and relationships [20]. It
represents one of the most complex and ancient models of representing reality, originating in
prehistoric times [21,22].

Currently, both professional scholars and popular publications and blogs consider mathemati-
cal thinking as a distinct form of thinking. In general, it is defined as the ability to abstract from
a specific situation and work with symbols, operations, and formulas [23]. Within it, in turn,
several types of thinking are distinguished, which are designated differently: “philosopher”, “an-
alyst” and “geometer” [24]; visual, analytical, conceptual [25]; visual (representation of numbers
and operations in a visual form – graphs, diagrams, etc., switching between different represen-
tations, establishing relationships and patterns, solving complex problems), analytical (system
and logical analysis, splitting complex problems into simple ones and solving them separately,
focusing on details, not on the big picture, deductive reasoning and conclusions), creative (gener-
ating new and non-standard solutions, using connections between different concepts, perceiving
difficulties and mistakes as opportunities for development).

It is also noted that each person has his own style of mathematical thinking [26], which
is related to individual traits (some people prefer working with numbers, while others prefer
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geometric shapes, some can quickly calculate complex formulas mentally, while others may need
a calculator, etc.) [27]. “Mathematical thinking is more than being able to do arithmetic or
solve algebra problems. In fact, it is possible to think like a mathematician and do fairly poorly
when it comes to balancing your checkbook” [29, pp. 59-61].

Thinking of this kind is important even for those who do not have a desire to use mathematics
in their career. There is no need to impose complex abstractions or force memorization of
theorem proofs that will never be needed in life. However, there should also not be prejudice
towards mathematics and mathematicians [29]. Mathematics is ”an atomic-powered prosthesis
that you attach to your common sense, vastly multiplying its reach and strength,” which allows
for a correct understanding of the world and avoiding mistakes [30, p. 6].

Creativity also holds immense importance in mathematical work [31,32]. Many people might
think that mathematicians think like computers, coldly adhering to strict formal logic and me-
thodically moving from one action to another like robots. However, mathematicians themselves
often describe their breakthroughs as an intuitive manifestation of contradictory and paradoxical
ideas that come into contact from different contexts. Uncertainties and conflicts do not hinder
but rather stimulate the development of mathematics. Creativity sometimes combines seemingly
incompatible perspectives as complementary aspects. Therefore, mathematics is deeply creative
activity, not just a set of formalized rules and results [33].

The use of computers, actively complementing human thinking at present [34], does not
deprive mathematical activity of creativity. There are increasingly more parallels drawn between
mathematics and art [35], including in the field of education (for example, the STEAM approach
- Science, Technology, Engineering, Art, Mathematics [36, 37]). It is worth noting that the
primary role of mathematics as a foundation for both science and art (as well as the development
of geometric theory of perspective) was proclaimed for the first time by the Italian architect L.
B. Alberti in the mid-15th century [38].

According to the data obtained from our respondents, when it comes to mathematics ed-
ucation, the development of purely cognitive soft skills is not a prominent priority. This is
undoubtedly related to the need for not only professional but also general cultural preparation
in higher education. However, both countries show a high level of training in decision-making
skills. Kazakhstani universities are characterized by the development of creativity, and it is de-
sirable to pay closer attention to solving complex and comprehensive problems. The preferences
of Russian students are connected with critical thinking.

Moving on to the discussion of social skills, it can be presumed that our obtained results gener-
ally correspond to the well-known “4C’s” model, as communication and cooperation are among
the leaders in the evaluations of students from both countries, to a lesser extent - coordination.
The development of these skills is likely primarily associated with the cultural function of higher
education. It is worth noting the high ratings for social responsibility, while customer orientation
receives one of the lowest ratings, which is mainly characteristic of business (although Russian
students also express significant desires, particularly regarding negotiation skills training).

However, it should be noted that although traditionally mathematics has not been associ-
ated with the need for direct interpersonal interaction, teamwork, etc., these trends are now
intensifying in solving scientific problems (communication between mathematicians, research
freedom and responsibility, popularization of mathematics, etc. [39], including the development
of specialized technological tools [40]). This is particularly noticeable in the process of learning
mathematics [41, 42, 43, 44].

Emotions play an important role in mathematical cognition and learning. As known from
psychology and neurobiology, they are connected to cognitive processes involved in perform-
ing mathematical operations, manifest in attitudes towards problem-solving, achievements in
mathematics, and are also related to professional identity [45].

Such views have emerged relatively recently, and in the first half of the 20th century, a different
position prevailed. For example, J.M. Gillette argued that the abstract nature of mathematical
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truths makes them distant from everyday experience [46]. Following this reasoning, it is logical
to conclude that emotions and mathematics are fundamentally separate. G. Polya proposed
integrating emotions into the analysis of mathematical activity, especially regarding problem-
solving. He also claimed that ”teaching to solve problems is education of the will” [47, p.
94], suggesting that students should feel the struggle with internal and external psychological
obstacles while seeking solutions. Around the same time, studies on negative emotional man-
ifestations, such as math anxiety, emerged. Math anxiety is defined as a sense of tension and
unease that hinders problem-solving [48]. There is also the phenomenon of ”mathematophobia”
the experience of fear and aversion towards mathematics [49]. This direction has also played a
role in recognizing emotions as an integral component of mathematical activity.

Engaging in mathematics entails a uniqueness that influences not only emotional manifesta-
tions but also behavior as a whole (for example: ”Now I use mathematics in the same way that
high-level yogis use body positions - as something that helps stabilize my mind and body. Not
only in a psychological-mental sense, but also purely organizationally. Mathematics doesn’t so
much self-organize me as it provides a certain foundation on which I rely to engage in other
things” [50]).

In this regard, the development of the concept of resilience in relation to mathematics is
of interest [51]. The term ”mathematical behavior” is also known. Since 1994, a specialized
scientific journal on this topic, the ”Journal of Mathematical Behavior,” has been published, in
which mathematicians, psychologists, educators, linguists, and others publish research findings
on how people create, sustain, transmit, apply, and comprehend mathematical ideas [52].

The students’ preferences regarding the development of emotional intelligence in the educa-
tional process stand out in the data obtained from both countries. Kazakhstani students specif-
ically mentioned time management and stress management, while Russian students emphasized
resource management. It is worth noting that the development of emotional and volitional
skills in the actual educational process appears to be the least prioritized (except for resource
management at RUDN University, which may be related to the specific educational program).
Adequate perception of criticism and relearning are given the least significance, which is unlikely
to be agreed upon in terms of both professional mathematical and general cultural preparation.

Thus, soft skills can be considered as important components of the preparation of future
mathematicians. Corresponding pedagogical technologies play a significant role in this regard.
As mentioned above, respondents highly appreciate the potential of active forms and methods
of learning (practices, trainings, games, educational projects), which are known to be effective
for education as a whole [53], as well as for mathematics in particular [54]. To a lesser extent,
individual (specialized) disciplines/modules or specific topics/tasks in different disciplines, mul-
timedia, electronic, virtual learning, testing, as well as competitions and Olympiads, are noted.
In the case of creative competitions, it should be noted that they generally have a positive im-
pact on the development of subject-specific skills as well as transdisciplinary skills. However,
it is possible that not all students have the opportunity and experience to participate in them
[55,56,57].

5. Conclusion

The results obtained by us, as well as their comparison with data from other similar studies,
allow us to conclude that the development of fsoft skills is important for mathematics students
both in terms of general cultural aspects (communication, cooperation, social responsibility,
emotional intelligence, resilience, etc.) and in terms of professional aspects (creativity, critical
thinking, decision-making, complex problem solving). In the higher education systems of Kaza-
khstan and the Russian Federation, similar models are implemented, which are overall close to
the ”4C’s” approach, focusing primarily on cognitive and social soft skills, and to a lesser extent
on emotional and volitional skills. Well-known active learning technologies can be used for this
purpose.

356



Among the differences, it is worth noting a more careful attention to work in conditions
of uncertainty and retraining in the first case, as well as time and resource management in
the second, which may be related not so much to pedagogical as to ethno-cultural features
(for example, religious ones: Islam is more widespread in Kazakhstan, Christianity in Russia).
Greater differences are observed in the desires for the development of flexible skills, which are
significantly higher for Russian students. Apparently, young Russians associate their future
professional career and adaptation in the labor market more with universal skills, while Kazakhs
associate it more with professional competencies. The identified questions can be the subject of
further research.

The research was funded by the Russian Science Foundation grant No. 23-28-01367, available
at https://rscf.ru/project/23-28-01367
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The general task that forms the basis of the educational process is the education of a com-
prehensively trained and competitive young generation. A comprehensively trained person or
a competent person is a person who embodies the highest human qualities, moral values. The
upbringing of people with these qualities requires determining what, why and how to teach
young people, and it is based not on mechanical memory, but on theoretical (critical) thinking,
on increasing the demands for intellectual activity. Among the available theories of learning,
constructive learning is the most useful, of great educational and vital importance. In terms of
its significance, constructive learning is included in a group of theories that are based on the cre-
ation of knowledge by the synthesis of new ideas with existing knowledge, that is, the knowledge
system does not appear in a passive form, but on the basis of the learner’s active life experience.
Constructivism considers epistemology as its basis - a system of philosophical thoughts about
the nature of knowledge and study. Constructiveness brings to the fore its basic principle -
knowledge cannot be obtained by a passive method, students must be active in the learning
process. Therefore, students, in accordance with their age, should be given independence so
that they take an active part in the learning process. Learning, as an act of will, consists of such
processes as appropriation (assimilation), adaptation (accommodation) and ordering (equilibra-
tion) and goes through the corresponding stages of development. In this case, readiness for any
form of study depends on the stages of the student’s intellectual development.

In the course of cognitive constructive learning with the help of intellectual operations, the
student moves freely, relying on previously acquired knowledge, creates a system of new knowl-
edge in the integrity scheme. Thus, constructive learning is operational and creative in nature.
Students, carrying out logical actions with information received from textbooks, from students
and other sources, form new knowledge, moving from the particular to the general, or vice versa,
from the general to the particular, due to their inner instinct, ability to comprehend and assim-
ilate. This means that constructivism stands on the basis of pedagogical philosophy, the main
idea of which is not to transfer knowledge to the student in a finished form. Therefore, in the
course of the educational process, a pedagogical environment should be created that provides
students with the design of their knowledge and self-development. At the same time, from the
standpoint of general approaches, constructivism should be understood as the construction of
the environment throughout our life in our own understanding. That is why, the understanding
of the world by each of the trainees, depending on their own worldview, ideas and faith, is
distinguished by its originality.

The pedagogical meaning and significance of constructive learning lies in the student’s tran-
sition from a passive listener to the position of a shaper of his own world of knowledge. This
transition is made with the help of the teacher, taking into account the real capabilities of the
student. All this creates ample opportunities for achieving success in the educational process
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and working in an optimal mode, which ensures the development of both the teacher and the
trainees.

Constructive learning of mathematics plays a crucial role in education. It emphasizes ac-
tive engagement and problem-solving, enabling students to develop a deep understanding of
mathematical concepts and skills.

Here are some key roles of constructive learning in mathematics education:
1. Encourages critical thinking and problem-solving skills: Constructive learning promotes

students’ ability to analyze and solve complex mathematical problems. It encourages them
to think critically, make connections between concepts, and apply mathematical principles in
real-life contexts.

2. Fosters conceptual understanding: Constructive learning focuses on helping students de-
velop a conceptual understanding of mathematical concepts rather than memorizing formulas or
procedures. It encourages them to construct meaning by connecting new knowledge with their
existing understanding.

3. Promotes active engagement: Constructive learning promotes hands-on activities, group
discussions, and collaborative learning, which actively engage students in the learning process.
It allows them to explore mathematical concepts and develop their own strategies to solve
problems.

4. Develops mathematical reasoning skills: Constructive learning helps students develop their
ability to reason mathematically. Through engaging in activities that require logical reasoning
and justification, students learn to analyze patterns, make inferences, and communicate their
mathematical thinking effectively.

5. Builds a positive attitude towards mathematics: Constructive learning creates a positive
and engaging learning environment. It helps students view mathematics as an enjoyable and
meaningful subject, reducing math anxiety and increasing students’ motivation to learn.

6. Enhances transferability of knowledge: Constructive learning encourages students to apply
their mathematical knowledge and skills to real-life situations. This helps them see the relevance
of mathematics in everyday life and develops their ability to transfer their knowledge to new
contexts.

Constructive learning of mathematics promotes a deep understanding of mathematical con-
cepts, enhances problem-solving skills, and fosters a positive attitude towards the subject. It
equips students with the necessary skills and knowledge to excel in mathematics and beyond.

The role of constructive learning of mathematics in education is to promote meaningful and
active learning experiences that enable students to build on their prior knowledge and construct
their own understanding of mathematical concepts. Instead of simply memorizing and applying
formulas and procedures, students are encouraged to engage with the subject matter, explore
multiple strategies, and develop problem-solving skills.

Constructive learning of mathematics involves hands-on activities, problem-solving tasks, and
group discussions, which help students connect mathematical concepts to real-world situations
and apply them in different contexts. This approach emphasizes the process of learning rather
than just the end result, fostering a deeper understanding of mathematical principles and their
applications. By actively constructing their understanding, students are able to develop critical
thinking skills, logical reasoning abilities, and an appreciation for the beauty and relevance of
mathematics. They learn to think flexibly, make connections between different mathematical
ideas, and apply their knowledge in novel situations. Moreover, constructive learning of mathe-
matics helps students develop a positive attitude towards the subject. It encourages them to see
themselves as capable learners and problem solvers, boosting their self-confidence and motiva-
tion. By providing opportunities for exploration and discovery, students become more engaged
and invested in their own learning, leading to improved academic performance and long-term
retention of mathematical concepts.
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Traditional math teaching is characterized by a teacher-centered approach where the teacher
delivers content and students passively receive information. It often involves memorization, drill
and practice exercises, and a focus on finding the correct answer. The emphasis is on computa-
tion skills, rote learning, and following a set of rules or formulas. Constructive math teaching,
on the other hand, is more student-centered and focuses on actively involving students in con-
structing their own understanding of mathematical concepts. It encourages critical thinking,
problem-solving skills, and mathematical reasoning. Instead of simply memorizing formulas or
procedures, students are encouraged to think deeply about why mathematical concepts work
the way they do.

In constructive math teaching, teachers aim to facilitate discussion and collaboration among
students. Students are encouraged to share their ideas, explain their thinking processes, and
engage in meaningful conversations about mathematical concepts. This approach promotes a
deeper understanding of math by allowing students to explore different strategies and perspec-
tives. Additionally, constructive math teaching often incorporates real-world applications of
mathematics to help students see the relevance of what they are learning. It involves tasks that
require higher-order thinking skills such as analyzing data sets or solving open-ended problems.

Overall, while traditional math teaching focuses on specific rules and procedures to reach
an answer, constructive math teaching aims to develop conceptual understanding and problem-
solving skills in students.

Some key differences between traditional math teaching and constructive math teaching are:
- Approach: Traditional teaching relies heavily on direct instruction and rote memorization

of procedures, while constructive teaching focuses on students actively constructing their own
knowledge through inquiry-based learning.

- Problem-solving: Constructive teaching emphasizes problem-solving as an integral part
of learning mathematics, whereas traditional teaching tends to focus more on procedures and
algorithms.

- Student engagement: Constructive teaching encourages active participation, collaboration,
and discussion among students, whereas traditional teaching often involves passive learning with
the teacher as the primary source of information.

- Conceptual understanding: Constructive teaching places a greater emphasis on understand-
ing mathematical concepts rather than just memorizing formulas or algorithms. Students are
encouraged to make connections between different math topics.

- Mistakes as learning opportunities: Constructive teaching views mistakes as valuable learn-
ing opportunities that can lead to deeper understanding, whereas traditional teaching often
treats mistakes as something to be avoided.

In a word, constructive math teaching aims to develop students’ critical thinking skills,
problem-solving abilities, and conceptual understanding of mathematics by engaging them in
active exploration and discovery.

Traditional math teaching and constructive math teachings are two different approaches to
teaching mathematics to students. Here are the main differences between the two:

1. Focus on procedural versus conceptual understanding: Traditional math teaching often fo-
cuses primarily on teaching students procedures and algorithms for solving mathematical prob-
lems. Students learn and memorize formulas, rules, and steps to follow without necessarily
understanding the underlying concepts.

In contrast, constructive math teaching emphasizes developing conceptual understanding
alongside procedural skills. It encourages students to explore mathematical concepts, make
connections, and develop their own understanding of mathematical principles. It prioritizes
problem-solving, reasoning, and critical thinking over memorization of algorithms.

2.Teacher-centered versus student-centered approach: Traditional math teaching tends to be
more teacher-centered, with the teacher playing the central role in instruction. The teacher
presents information and directs students through lectures and exercises.
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Constructive math teaching, on the other hand, is more student-centered. It involves active
student participation in exploring mathematical ideas through hands-on activities, collaborative
problem-solving, and open-ended tasks. The teacher acts as a facilitator or guide who supports
students’ learning by providing appropriate challenges and asking probing questions.

3. Emphasis on right answers versus process-based learning: Traditional math teaching tends
to value finding the correct answers quickly. There is often an emphasis on rote memorization
of formulas and getting the ”right” answer rather than understanding or explaining why an
answer is correct. In constructive math teaching, the emphasis is less on finding correct answers
immediately and more on problem-solving processes. Students are encouraged to explain their
thinking, justify their solutions, and explore multiple solution strategies or representations.
Mistakes are seen as opportunities for learning rather than failures.

4. Individual work versus collaborative work: Traditional math teaching often involves in-
dividual work with minimal interaction or collaboration among students. Students may solve
problems independently or compete against one another for grades.

In constructive math teaching, collaboration is encouraged as an essential component of learn-
ing mathematics. Students are encouraged to work in groups, discuss and share their ideas, and
learn from one another. Communication and collaboration skills are considered an integral part
of mathematical understanding. Constructive math teaching aims to foster a deeper under-
standing of mathematics while developing critical thinking skills and problem-solving abilities,
whereas traditional math teaching focuses more on procedural fluency and getting the right
answers.

Constructive learning of mathematics plays a crucial role in education by promoting active,
meaningful, and student-centered learning experiences. It equips students with the skills and
knowledge needed to thrive in an increasingly complex and changing world, where mathematical
literacy is essential for success in various fields and everyday life.

One of the main benefits of constructive learning in mathematics is that it promotes a deep
understanding of mathematical concepts. Instead of simply memorizing formulas and proce-
dures, students are encouraged to explore and discover mathematical principles on their own.
This hands-on approach allows them to make connections, solve problems, and develop a con-
ceptual understanding of mathematics. This understanding is essential for long-term retention
and the ability to apply mathematical knowledge to real-life situations. Constructive learning
also fosters a positive attitude towards mathematics. Many students struggle with math because
they find it abstract and disconnected from their everyday lives. Through constructive learning,
math is presented in a meaningful and relevant context, making it more relatable and interesting
for students. This approach helps to reduce math anxiety and increases students’ motivation
and engagement with the subject. Another benefit of constructive learning is that it promotes
critical thinking and problem-solving skills. In traditional math education, students are often
given a set of pre-determined problems to solve. However, in constructive learning, students are
encouraged to explore open-ended problems and find multiple solutions. This approach develops
their problem-solving abilities, creativity, and analytical thinking. It also prepares students to
tackle real-world challenges that may not have straightforward solutions.

Constructive learning of mathematics also encourages collaboration and communication among
students. Students are often encouraged to work in groups, discuss strategies, and explain their
thinking process to their peers. This collaborative environment fosters teamwork, communica-
tion skills, and the ability to justify one’s reasoning. It also provides opportunities for students
to learn from each other and gain different perspectives on mathematical concepts.The role of
constructive learning in mathematics education is to provide students with a solid foundation
in mathematical knowledge and skills. It helps them to develop a deep conceptual understand-
ing, positive attitudes, problem-solving abilities, and collaboration skills. By engaging students
actively in the learning process, constructive learning promotes lifelong learning and prepares
students for future success in mathematics and beyond.
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There are numerous scholars who have conducted research on the constructive learning of
mathematics. Some prominent names in this field include:

- Jean Piaget: Piaget was a Swiss psychologist who made significant contributions to the study
of cognitive development, including the understanding of how children construct mathematical
knowledge.

- Lev Vygotsky: Vygotsky, a Soviet psychologist, is known for his sociocultural theory of
development. He emphasized the role of social interactions and cultural influences in the con-
struction of mathematical understanding.

- Seymour Papert: Papert was a mathematician, computer scientist, and educator who co-
founded the MIT Media Lab. He is well-known for his work on constructivist learning theories,
particularly in the context of mathematics education.

- David H. Jonassen: Jonassen is a professor of instructional technology and educational
psychology. He has conducted extensive research on problem-solving, cognitive tools, and con-
structivist learning environments in the context of mathematics education.

-Paul Cobb: Cobb is a professor of mathematics education at Vanderbilt University. His
research focuses on the social and cultural aspects of learning mathematics, particularly in rela-
tion to students’ understanding of mathematical discourse and the construction of mathematical
knowledge.

-Anna Sfard: Sfard is a professor of mathematics education and known for her work on the
concept of mathematical discourse and the roles of language in the construction of mathematical
knowledge.

-Erik De Corte: De Corte is a Belgian psychologist and educational scientist who has con-
ducted research on the development and improvement of mathematical problem-solving skills
through constructive learning approaches.

- Jo Boaler: Boaler is a professor of mathematics education at Stanford University. Her
research explores effective instructional approaches that promote constructive learning in math-
ematics, such as problem-solving and mathematical reasoning.

- F.D.Bunyatova: Constructive learning in mathematics refers to a teaching approach in which
students actively construct new mathematical knowledge and understanding through hands-
on activities, problem-solving, and collaboration. It emphasizes the importance of meaningful
learning experiences that connect mathematical concepts to real-world applications.

-N.P. Shatalova: Constructive learning of mathematics refers to a teaching and learning ap-
proach that emphasizes the active involvement of students in the construction of mathematical
knowledge. This approach is based on the idea that students learn best when they actively
engage with mathematical concepts and ideas, rather than passively receiving information from
the teacher.

In constructive learning of mathematics, students are encouraged to explore and discover
mathematical concepts through hands-on activities, problem-solving tasks, and collaborative
discussions. They are given the opportunity to make connections between different mathemati-
cal ideas and apply them in real-life situations. The role of the teacher in constructive learning
is to facilitate and support students’ learning processes. Rather than simply providing answers
or solutions, the teacher guides students in their exploration, asks thought-provoking questions,
and encourages them to reflect on their thinking. One key aspect of constructive learning is
the use of scaffolding techniques. Scaffolding involves providing temporary support to students
to help them bridge the gap between their current understanding and the desired learning out-
comes. This support can take different forms, such as providing examples, prompts, or cues,
and gradually reducing them as students develop their understanding. Constructive learning
of mathematics also emphasizes the importance of metacognition, or thinking about thinking.
Students are encouraged to reflect on their learning processes, monitor their understanding,
and identify strategies that work best for them. This metacognitive awareness helps students

364



become more independent learners and develop a deeper understanding of mathematical con-
cepts.Constructive learning of mathematics promotes an active, student-centered approach to
learning that fosters deep understanding, critical thinking, and problem-solving skills. It encour-
ages students to construct their mathematical knowledge through exploration and collaboration,
ultimately leading to better retention and application of mathematical concepts.

These scholars, among others, have contributed significantly to the understanding of how chil-
dren learn and construct mathematical knowledge. Their research has informed the development
of instructional practices and theories aimed at enhancing mathematical learning experiences.

Constructive mathematics teaching refers to an approach to math education that focuses on
actively engaging students in the process of constructing their own mathematical understanding.
It emphasizes problem-solving, exploration, and collaboration, rather than memorization and
passive learning. One of the key roles of constructive mathematics teaching is to improve knowl-
edge acquisition by promoting a deeper and more meaningful understanding of mathematical
concepts. This approach encourages students to actively engage with mathematical ideas, make
connections between different topics, and develop their own strategies for solving problems. As
a result, students are more likely to retain and apply their acquired knowledge in a variety of
contexts. Constructive mathematics teaching also fosters critical thinking skills in students. By
encouraging them to explore different ways of solving problems and justify their reasoning, this
approach helps students develop logical thinking abilities that can be applied beyond the realm
of mathematics. These critical thinking skills are essential not only for success in higher-level
math courses but also for problem-solving in real-world situations. Additionally, constructive
mathematics teaching promotes a positive attitude towards math and enhances motivation for
learning. This approach emphasizes that everyone has the potential to understand and ex-
cel in mathematics through effort and persistence. By providing opportunities for success and
celebrating student achievements, it helps build confidence and self-efficacy in mathematics.

Furthermore, constructive mathematics teaching encourages collaborative learning environ-
ments where students interact with their peers. Through group discussions, cooperative activ-
ities, and sharing multiple solution strategies, students learn from and with each other. This
collaborative approach enhances knowledge acquisition by promoting shared understanding, fos-
tering social interactions around math concepts, and providing opportunities for different per-
spectives.

Constructive mathematics teaching plays a crucial role in improving knowledge acquisition by
fostering deep conceptual understanding, critical thinking skills, motivation for learning math,
and collaboration among students. By taking an active role in constructing their own mathemat-
ical understanding, students are better equipped to acquire complex mathematical knowledge
that is transferable to various contexts.

There are several stages involved in implementing constructive mathematics teaching:
- Planning: This stage involves setting clear objectives, selecting appropriate learning re-

sources and activities, and considering the needs and abilities of students.
- Introduction: In this stage, the teacher introduces the mathematical concepts and skills to

the students. They may use concrete materials, real-life examples, or visual aids to make the
concepts more understandable.

- Exploration: This stage focuses on allowing students to explore the mathematical ideas and
concepts on their own. The teacher encourages students to ask questions, make connections,
and engage in problem-solving activities.

- Collaboration: During this stage, students work together in small groups or pairs to discuss,
share ideas, and solve problems. The teacher facilitates group discussions and provides guidance
when needed.

- Reflection: After students have completed their activities or solved problems, they reflect
on their learning experiences. They discuss their strategies, highlight their achievements, and
identify areas for improvement.
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- Consolidation: In this stage, the teacher summarizes the main ideas and concepts learned
during the lesson. They may provide additional explanations, examples, or demonstrations to
reinforce the learning.

- Assessment: The final stage involves assessing students’ understanding and skills. The
assessment can be formative, such as through observation, questioning, and class discussions, or
summative, such as through tests, quizzes, or projects.

Throughout these stages, the teacher encourages critical thinking, reasoning, and problem-
solving skills in students. They also promote a positive learning environment where mistakes
are seen as opportunities for learning and growth.

The role of constructive learning in mathematics education is to empower students to become
active participants in their own learning process. By engaging with mathematical concepts in a
meaningful way, students are more likely to develop a deep understanding of math and acquire
problem-solving skills that can be applied beyond the classroom. Constructive learning promotes
critical thinking, collaboration, metacognition, and student agency - all essential elements for
successful mathematics education.

Constructive learning of mathematics plays a vital role in education. It is an approach to
learning that emphasizes active engagement, critical thinking, and problem-solving skills. This
article discusses the importance of constructive learning in mathematics education and how it
benefits students.

Here are some strategies for promoting constructive learning in mathematics:
- Hands-on manipulatives: Provide concrete materials like blocks, dice, or counters that

students can manipulate to explore mathematical concepts. This helps to make abstract concepts
more tangible and understandable.

- Problem-solving tasks: Present students with open-ended, challenging problems that require
them to apply mathematical concepts and strategies to find a solution. Encourage critical
thinking, reasoning, and creativity in their problem-solving approaches.

- Cooperative learning: Foster collaboration and teamwork by assigning group tasks or
projects. Students can work together to solve problems, discuss strategies, and provide feed-
back to one another. This promotes discussion, communication, and the sharing of different
perspectives.

- Real-world connections: Help students see the relevance of mathematics in everyday life by
connecting mathematical concepts to real-world situations. This can be done through practical
examples or by exploring how mathematics is used in various professions or industries.

- Technology integration: Utilize technology tools, such as graphing calculators, interactive
simulations, or online resources, to enhance students’ engagement and understanding of math-
ematical concepts. These tools can provide visual representations and facilitate interactive
learning experiences.

- Reflection and metacognition: Encourage students to reflect on their own learning processes
and strategies. By thinking critically about their own thinking (metacognition), students can
develop a deeper understanding of the mathematical concepts and become more independent
learners.

- Differentiated instruction: Recognize the diverse needs and abilities of students and provide
differentiated instruction to cater to their individual learning styles and levels. This may involve
providing additional support for struggling students or extending challenges to more advanced
learners.

Constructive learning in mathematics involves creating an active, student-centered learning
environment where students can explore, discover, and construct their mathematical knowledge
through meaningful and engaging experiences.

The future of constructive mathematics learning holds great promise. With advancements in
technology and a deeper understanding of how students learn, there are several key trends that
are likely to shape this field in the coming years:
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- Personalized Learning: The traditional one-size-fits-all approach to teaching mathematics
is becoming obsolete. In the future, constructive mathematics learning will be increasingly
personalized, with tailored content and instruction that meet individual students’ needs and
interests.

- Blended Learning: Blending traditional classroom instruction with online resources and
platforms will become more prevalent in the future of constructive mathematics learning. This
hybrid model allows for more flexibility in pacing and gives students the opportunity to reinforce
their understanding through digital tools.

- Collaboration Tools: The future of constructive mathematics learning will emphasize col-
laboration among students through online platforms that facilitate virtual group work and peer-
to-peer learning. These tools foster discussion and problem-solving skills while also providing
opportunities for students to work on projects together regardless of physical location.

- Adaptive Learning Systems: Adaptive learning systems utilize algorithms to create individ-
ualized pathways for each student based on their unique strengths, weaknesses, and progress
level. As these systems become more sophisticated, they will further personalize the learning
experience, helping students build a strong foundation in mathematics.

The future of constructive mathematics learning is exciting and promising. Personalization,
blended learning, collaboration tools, and adaptive learning systems are some of the key trends
that will revolutionize mathematics education and help students develop a deep understanding
and appreciation for the subject.

In conclusion, constructive mathematics teaching is an approach that focuses on promoting
active learning, critical thinking, and problem-solving skills among students. This approach
engages students in meaningful mathematical tasks that constantly challenge and build upon
their existing knowledge and understanding.

By using manipulatives, real-life contexts, and collaborative activities, constructive mathe-
matics teaching encourages students to explore concepts and develop their own strategies for
solving problems. This empowers students to take ownership of their learning and develop a
deeper understanding of mathematical concepts. Furthermore, constructive mathematics teach-
ing promotes a growth mindset by acknowledging that mistakes are essential for learning. It
encourages students to embrace challenges and persevere through difficulties, fostering a positive
and resilient attitude towards mathematics. Constructive mathematics teaching helps students
see the relevance of mathematics in their daily lives and in real-world contexts. Through hands-
on activities, students can apply mathematical concepts to solve real-life problems, further
enhancing their understanding of the subject. It is important for teachers to provide a sup-
portive learning environment where mistakes are seen as opportunities for growth and learning.
By fostering a growth mindset among students, constructive mathematics teaching helps build
students’ confidence and motivation in math.

Overall, constructive mathematics teaching provides a solid foundation for students to develop
strong mathematical reasoning skills, communication skills, and the ability to apply mathemati-
cal concepts in practical contexts. It equips them with the tools necessary for success in not only
mathematics but also in real-life situations where critical thinking and problem-solving skills are
crucial.

Keywords: constructivism, constructive learning, competent person, epistemology, constructive mathematics
teaching.

AMS Subject Classification: 97U30 Teachers’ manuals and planning aids (aspects of mathematics)
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Abstract. In this article, the author has attempted to solve one of the problems of effective
teaching of mathematics to students of non-mathematical specialties of secondary vocational
education by conducting a series of works on the theoretical and practical substantiation of the
effectiveness of the use of pedagogical conditions: the use of historical elements of mathematics
to increase cognitive interest. In order to improve the quality and efficiency of the educational
process, the thematic plan of the work program created for students of the technical college of
secondary vocational education will be revised and supplemented with historical information on
professional issues and topics. Also, as a result of this article, after studying the state educa-
tional standard of basic general education, it was said that the use of historical materials in a
mathematics lesson would allow fulfilling a number of regulatory requirements Key words: tech-
nical college, cognition, historical element, educational process, secondary vocational education,
mathematics, professional tasks.

Keywords: technical college, cognition, historical element, educational process, secondary
vocational education, mathematics, professional tasks.

Cognitive interest is an essential source for enhancing the effectiveness of teaching in general
and mathematics in particular. Therefore, one of the main tasks of a modern teacher in the
development of mathematical education in our country is the conscious and internally motivated
provision of the process of mathematical education [1, p. 4].

I would like to note the works of certain scholars who studied the problem of increasing cog-
nitive activity; they are: psychologists L. I. Boyovich, A. N. Leontiev and others. Educators: V.
A. Slastenin and G. I. Shchukin. Methodologists: T. I. Yerofeyev and M. V. Myachin. However,
developing the cognitive interest of students of non-mathematical specialities (technical colleges)
in the system of secondary vocational education (SVE) to the study of mathematics and solving
motivational problems remains relevant. Also, since secondary vocational education is the most
important component of the current educational space of the state, it affects the development
of the innovative economy of the country [2. p. 43].

The aim of the article is to theoretically and practically substantiate the effectiveness of the
use of pedagogical conditions: historical elements of mathematics to increase the cognitive inter-
est of students of non-mathematical specialities (technical colleges) in the system of secondary
vocational education.

Mathematics, as a subject learned in the system of secondary vocational education, is included
in the content of the main educational programs of almost all specialities (including technical
colleges). The analysis of the subject curriculums has revealed a weak focus on the profession,
its content and the lack of applications related to future professional activity. In such conditions,
the cognitive interest of future specialists in mathematics decreases.

On the other hand, due to the universality of its methods, which are considered as a means of
comprehending processes in various spheres of the surrounding reality, mathematics has sufficient
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potential for professional orientation. All this gives grounds for the fact that in the development
of students cognitive interest in mathematics, teaching using historical elements of mathematics
can and will be expedient, taking into account the principle of professional orientation [2, p. 45].

Having analysed the existing literature, it is possible to characterise the cognitive interest in
mathematics of students of non-mathematical specialties of secondary vocational education -
technical colleges, as a form of manifestation of cognitive need, and to ensure that students pay
attention to understanding the goals of mathematical activity, and the preference of this type
of activity over others is expressed in the desire to master mathematics and apply it in future
professional activity.

The main stages of enhancing the cognitive interest of students of non-mathematical profiles
of secondary vocational education in mathematics (according to G. I. Shchukina) are curiosity,
interest, personal cognitive interest, cognitive interest focused on the theoretical model of the
profession.

Among the many educational conditions to develop cognitive interest in mathematics among
students of non-mathematical specialities (technical colleges) in the system of secondary voca-
tional education, we have identified three, in our opinion, the most effective ones:
- repeated learning of the content of the subject of mathematics, including professional orienta-
tion and elements of output and complement of mathematics;
- preferential use of professional mathematical problems and the design method in organization
of the process of teaching mathematics;
- teaching using historical elements of mathematics and interactive teaching methods.

As a result of mastering the subject of mathematics, the student should be able to solve
practical problems in the field of professional activity. To fulfil the first formulated condition,
we have supplemented the content of the subject of mathematics with professional and historical
elements of mathematics [5, p.156].

A brief fragment of the thematic plan of the work program created for students of a technical
college (speciality) of secondary vocational education is as follows (Table 1).

Table 1

The total number of teaching hours: 200; 155 classroom hours, 45 hours of independent learning
of students. According to the state standard, it is necessary to update theoretical and method-
ological complexes and teaching methods in regulating the systematic and active attitude of
students to learning in secondary vocational education. The forms of organization of lessons are
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changing; the whole system of education is changing. In a rapidly changing world, the main task
of an educational institution is to ensure that every school or college student not only receives
a profound education, but also could fully reveal their personal creative abilities, be physically
healthy, spiritually rich, intellectually developed, could easily make optimal decisions, create an
educational space in which a personality is formed [6, p.164].

The focus is on the development of the students personality, which is supported by projects,
researches and creative tasks.

The transformation of science into a productive force has led to the fact that knowledge of
many general education subjects (including mathematics) is required not only for the formation
of a precise worldview, but also for mastering special knowledge related to the future profession.
Such knowledge is an important qualification requirement for employees of many modern pro-
fessions, essential for successful work [5, p. 154].

The main features of teaching mathematics at a college could be reckoned mathematics, which
includes historical elements of mathematics, supplemented by professionally oriented tasks. Pro-
file study of the subject provides timely learning of materials necessary for the development of
training programs for qualified workers (employees) in the following ways:
- identification of professionally important material for a particular profession; - determination
of the required depth of research; - finding the most suitable place and time to study it; - in-
creasing the amount of time to learning the educational material significant for the professional
development of the student, as well as the introduction of additional topics or elements of per-
sonal education;
- performing special tasks, laboratory and practical work that allows you to create a real produc-
tion activity in a learning environment and to form general labour and professional knowledge
and skills;
- solving problems of production content;
- synthesis of knowledge and skills in various subjects, performing complex interdisciplinary
tasks of production content;
- formation of important professional qualities of a person in the process of teaching specialized
subjects [4, p. 4].
Essentially, teaching mathematics at college should be aimed at the implementation of the fol-
lowing objectives:
- mathematics as a universal language of science, as a means of modelling phenomena and pro-
cesses, forming presentations of and methods of mathematics;
- development of logical thinking, spatial imagination, algorithmic culture, critical thinking at
the level necessary for future professional activity, continuing education and self-education;
- mastering mathematical knowledge and skills necessary in everyday life, studying related nat-
ural science disciplines at the basic level and disciplines of the professional cycle, obtaining
education in areas that do not require in-depth mathematical training;
- education of human culture with the help of mathematics, understanding of the importance
of mathematics for scientific and technological progress, attitude to mathematics as part of the
culture of mankind by getting acquainted with the history of the development of mathematics,
the evolution of mathematical ideas [2, p.47].

In addition to demonstrating knowledge, effective teaching ensures the activation of cognitive
activity of all students, stimulates their need for knowledge and awakens interest in the subject.
The effectiveness of training is mainly due to solving problems of production content and solv-
ing applied problems, performing laboratory and practical work, developing projects, preparing
presentations and performing control work.

In teaching the subject, providing information from its historical elements, orientation to the
profession helps students develop independent logical thinking by increasing cognitive activity.
When forming general educational competencies (general cultural, educational and cognitive,
informational, communicative, social and labour, personal self-improvement competencies) in
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the educational process, they should be considered in accordance with the general educational
and professional competencies of the standard.

For example, while learning Topic 1 on The development of the concept of number in technical
universities, one can consider solving problems of the following type:

1. A brief historical summary of the numbers is given.
2. The use of numbers in technology and everyday life is presented by examples.

The history of the origin of natural numbers corresponds to the early society

And, of course, it appeared in its simplest form, but numbers evolved with humanity. Initially,
they were used only for counting, measuring something, i.e. they helped people with exactly
what they needed in their practical activities. Then the number becomes part of mathematics,
and science determines the history of the origin and development of natural numbers.

In the most ancient times, people counted with their fingers. When the fingers of one hand
ended, they moved to the fingers of the other hand, and if there were not enough in both hands,
they moved to the toes, that is, they did not have the concept of a number, as we used to
understand it. Therefore, at that time, if someone boasted that he had two arms and one leg, it
meant that he had fifteen chickens, and if he was called a whole person, then he had two arms
and two legs [3, p. 22]. Peruvian shepherds (Indians) kept records of animals and crops, tying
ropes of various lengths and colours to belts or bundles (Fig. 1) [4].

Fig. 1

Some wealthy people collected such knots in threads of several meters and kept an accounting
book. The ancient Sumerians (ancient people) were the first to invent a system of writing
numbers. They only used two numbers. The vertical line represented one unit, and the angle
formed by two horizontal lines represented ten. These lines were written on wet clay with a
sharp stick, then dried and burned, resulting in cuneiform writing (Fig. 2).

Fig. 2

After counting by parts, people invented special symbols called numbers. They began to be
used to denote different sizes of different products. Different civilizations have created their own
numbers. For example, in the numbering of Ancient Egypt, which appeared 5000 years ago,
there were special signs (hieroglyphs) for writing numbers 1, 10, 100, 1000, ... (Fig. 3).
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Fig. 3

For example, to describe the integer 23145, it is enough to write two hieroglyphs denoting ten
thousand in a row, then three hieroglyphs denoting a thousand, one hundred, four ten and five
hieroglyphs - one: (Fig. 4).

Fig. 4

In ancient Greece, the numbers 5, 10, 100, 1000, 10000 were denoted by the letters G, H, X,
M, and the number 1 was a vertical curved line. Later the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 600, 700 , 800, 900, 1000, 2000, 3000,
4000, 5000, 6000, 7000, 8000, 9000, 10000 and 20000 began to be denoted by letters of the Greek
alphabet. A dash is placed above the letters to distinguish the numbers from the letters. The
ancient Indians came up with their own sign for each number. Here is how they looked (Fig. 5).

Fig. 5

But India is cut off from the rest of the world thousands of kilometers and high mountains
lie on the way. The Arabs were the first outsiders who borrowed numbers from the Indians and
brought them to Europe. After a while, the Arabs simplified these icons, they began to look
like this (Fig. 6)

Fig. 6

They are similar to most of our numbers. The word number also came to us from the Arabs.
The Arabs called zero, or empty, sifra. Since then, the word tsifra (digit) has appeared. How-
ever, all ten characters that we use now to write numbers are called numbers: 0, 1, 2, 3, 4, 5, 6,
7, 8, 9.

1. Arabic numerals of the 10th century.
2. The Spanish figure of 976.
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3. French figures of the eighteenth century
4. Gothic figures of 1400.
5. Renaissance figures
6. Modern numbers
With the development of writing, the concept of number developed and expanded. 2. It

is possible to increase the activity of college students by setting them production tasks. For
example,

a) An auto mechanic built an optimal regulator for pre-injection of diesel fuel into the cylin-
ders of the car engine, which saved 8% of fuel. If an average of 13 kg per hour was used earlier,
how much fuel was saved per month (200 working hours) as a result of this adjustment? What
is this monetary savings (1 kg of fuel costs 30 roubles)? (Performing work on various types of
maintenance) (It is essential to know: perform practical calculations in all areas of production
activity).

b) The pulley of the drilling machine consists of 4 stages. Their diameters form an arithmetic
progression. The diameters of the largest and smallest pulleys are 17 and 11 cm. Find the
diameters of the remaining pulleys.

c) The diameters of 5 pulleys mounted on a common shaft form an arithmetic progression,
the outer members of which are 110 and 206 mm. Find the diameter of the second pulley.

Thus, knowledge of history is an important factor in the formation of a worldview. Historical
knowledge is aimed at creating historical truth, a scientific picture, an idea of the direction of hu-
man society in the process of cognition. Mathematics and history are two inseparable branches
of knowledge. Information from the history of mathematics, historical questions bring these two
subjects closer together.

History enriches mathematics with humanitarian and aesthetic content, develops imaginative
thinking of students. Mathematics, which educates logical and systematic thinking, in turn occu-
pies a worthy place in history and helps to understand it better. Studying the state educational
standard of basic general education, we see that the use of historical materials in mathematics
lessons allows us to fulfil a number of standard requirements:

1. Development of a worldview in accordance with the current level of progress of knowledge
and public practice.

2. Establishment of a conscious, respectful and friendly attitude to the culture, history, reli-
gion, traditions and values of the Kyrgyz and peoples of the world.

3. The ability to independently plan ways to achieve objectives, including alternative ones,
consciously choose the most effective ways to solve educational and cognitive tasks.

4. The ability to create, use and transform signs and symbols, models and schemes for solving
educational and cognitive tasks.

5. The ability to organize educational cooperation and joint activities with the teacher and
fellow students, to work individually and in groups.

References

[1] Kaldybaev, S. K. Possibilities of educational technologies in teaching school subjects / S. K. Kaldybaev //
Izvestia of the Kyrgyz Academy of Education. Bishkek, 2015. 4 (36). - Pp. 3-8.

[2] Kondaurova, I. K. Development of cognitive interest in mathematics among college students / I. K. Kondau-
rova. Saratov, 2019.

[3] Bavrin, I. I. Ancient problems./ I. I. Bavrin, E. A. Fribus. M., 1994.
[4] Depnan, I. Ya. History of arithmetic. / I.Ya. Depnan. M.1965
[5] Drobyshev, Yu. A. Historical and mathematical aspect in methodical teacher training / Yu. A. Drobyshev.

Monograph. Kaluga, 2004. 156 p. 5.
[6] Drobyshev, Yu. A. History of mathematics: ways of forming knowledge about methods of solving algebraic

equations / Yu. A. Drobyshev. Kaluga: Publishing House of K. E. Tsiolkovsky, KSPU, 2004. - 164 p. 6.
[7] Drobyshev, Yu. A. Multilevel historical and mathematical training of a future teacher of mathematics. Diss.

Doctor of Pedagogical Sciences, Moscow, 2011. 452 p.

374



HUMANITARIAN ASPECTS OF TEACHING INVERSE PROBLEMS FOR

DIFFERENTIAL EQUATIONS

VICTOR KORNILOV

Moscow City University, Moscow, Russia

e-mail: kornilovvs@mgpu.ru

The report discusses some humanitarian aspects of teaching inverse problems for differential
equations in special elective courses. It is assumed that such students study at senior courses in
the areas of training in applied mathematics. Attention is drawn to the fact that it is important
not only to teach students mathematical methods of research of applied problems, but also to
acquaint them with integrative technologies that allow applying the humanitarian principles of
cognition in practice. It is emphasized that it is possible to implement the humanitarian aspects
of education on the basis of the development of humanitarian-oriented training sessions, in which
the teacher creates situations in which students, after they have studied the applied problem
and found its solution, will have to formulate and justify conclusions of a humanitarian nature.
The report briefly describes the stages of system design. For clarity, as an example, the study
sections and topics are written out, which can make up, taking into account the orientation of
students’ training, the content of the relevant special courses. Students, attending such special
elective courses, develop the ability to apply rational reasoning in solving educational problems,
humanitarian analysis of their solutions.

The methods and means of modern world science make it possible in applied research to
study and acquire scientific information about numerous physical processes and objects that
can occur and be located in various geographical places and conditions, including inaccessibility
to the researcher. In such cases, mathematical modeling methods come to the rescue, which
make it possible to construct mathematical models of inverse problems for differential equations
(hereinafter referred to as IPDE), the methods of solving which are considered in the theory of
inverse problems – a scientific direction of applied mathematics that has been actively developing
over the past 50 years by Russian and foreign specialists. Such authors as A. S. Alekseev, V. A.
Ambartsumyan, A.V. Baev, Y. M. Berezansky, F. D. Gakhov, A.M. Denisov, S. I. Kabanikhin,
M. G. Crane, M. M. Lavrentiev, B. M. Levitan, V. A. Marchenko, P. S. Novikov, M. T. Nuzhin,
A. I. Prilepko, I. M. Rapoport, V. G. Romanov, L. N. Sretensky, A. N. Tikhonov, L. D. Fadeev,
A. Lorenzi, M. Grasselli, M. Yamamoto, M. Hanke, D. Colton, K. Chadan, S. He, I. Lasiecka,
P. Yao and many other specialists were crucial in the development of IPDE.

But, in fairness, we note that in different years of the XVII–XIX centuries in engineering
sciences, mechanics, geodesy, astronomy, astrophysics, theoretical physics, geophysics, Russian
scientists, scientists from other countries of the world studied inverse problems. Among such
authors are R. Descartes (1596-1650), F. de Bon (1601-1652), I. Barrow (1630–1677), R. Hooke
(1635–1703), G. F. Leibniz (1646–1716), D. K. Bobylev (1842–1917), E. Rutherford (1871–1937),
I. A. Iveronov (1867–1916), E. Wichert (1861–1928), G. Gerglotz (1881–1953), D. Ryabushinsky
(1882–1962) and other authors.

For example, one of the methods of deducing Hooke’s law (discovered in 1660 by the English
naturalist Robert Hooke) is based on the study of the inverse problem of mechanics, which
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was studied in 1911 by the British physicist Ernest Rutherford in his widely known classical
experiment on the scattering of alpha particles. An example of solving the inverse problem of
mechanics is the discovery of the law of universal gravitation. The German mathematician,
physicist and philosopher Gottfried Wilhelm Leibniz solved the inverse tangent problem, which
was previously formulated by the French mathematician Florimond de Bon. This problem
of determining curves whose tangents have a given property played an important role in the
creation of the theory of differential equations. It is impossible not to mention the merits of
Dmitry Konstantinovich Bobylev, a well-known Russian specialist in mathematics, physics and
mechanics, in the creation of mathematical methods for finding solutions to the problem. Dmitry
Konstantinovich solved inverse problems of determining the coefficients of the mathematical
model of elasticity of analytical mechanics. We also note the Russian astronomer, geodesist and
gravimetrist Ivan Alexandrovich Iveronov, who was engaged in the study of the inverse geodesic
problem.

Currently, in applied research conducted in such scientific fields as seismology, geophysics,
astrophysics, laser sounding of natural environments, underwater acoustics, ecological and hy-
drogeological sounding and many other scientific fields, the technologies of the theory of IPDE
are widely used, which allow to obtain new scientific information, to identify cause-and-effect
relationships of physical processes and phenomena.

The need for specialists who are able to successfully apply mathematical models of IPDE
in applied research is an obvious reason for their training among university students studying
in the fields of applied mathematics. Since the beginning of the 70s of the XX century in
some universities of Moscow, Novosibirsk, Kazan, Tomsk, Yekaterinburg, Krasnoyarsk and other
cities of Russia, at the faculties of applied mathematics and physics and Mathematics faculties,
students of 3–4 courses have been taking special courses on IPDE (see, for example, [1, 2, 3]).
The content of such special courses is developed by specialists taking into account the areas of
training of students.

In the classroom, students get acquainted with applied problems that lead to the need to
explore the IPDE; master the methods of solving various IPDE (analytical, approximate). At
such special courses, students are introduced to the technologies of studying the correctness
(conditional correctness) of the considered mathematical models of the IPDE.

It is appropriate to note that by mastering the theory of IPDE, students realize the applied
importance of such causal problems, master the scientific and cognitive potential of IPDE, are
convinced of their wide application in industry, medicine, biology, chemistry, physics, etc., as
well as in such scientific fields as, for example, the study of the Terrestrial environment, marine
natural resources disasters; management of thermonuclear fusion, field geophysics, processing of
photographic images, planning and processing of experimental data, etc.

For clarity, let’s pay attention to some applied problems that students get acquainted with
in such special courses and, which, in the future, are studied in the classroom with the help of
mathematical models of IPDE. The teacher can demonstrate to students how, using a math-
ematical model of the IPDE using a system of ordinary differential equations, to investigate,
for example, the processes of chemical kinetics. Or to justify that in the study of an applied
problem, for example, the study of numerical data on the thermal radiation of the density of
radioactive heat sources measured on the Earth’s surface, can be formulated using parabolic
equations. Or students can be shown an example of studying the problem of hydrodynamics or
the problem of diffusion using mathematical models of IPDE using elliptic equations. Or how
to study applied problems of electromagnetic wave propagation using hyperbolic equations.

When teaching IPDE students, it is advisable not only to teach mathematical methods of
research of applied problems, but also to acquaint them with nature-like and integrative tech-
nologies that allow applying the humanitarian principles of cognition in practice, I implement
humanitarian-oriented educational classes on IPDE.
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First of all, let us pay attention to the fact that the Russian education system is currently
taking practical steps aimed at the humanitarian development of students. This is confirmed,
among other things, by scientific publications of scientists, teachers and teachers of various
subject areas, in which the authors discuss theoretical and methodological aspects, pedagogical
technologies of humanitarian-oriented learning. Among such authors: N.V. Borisova, G.Y.
Burakova, Ya.A. Vagramenko, D. N. Gergilev, E.V. Danilchuk, E.V. Donskova, G.V. Dorofeev,
A.V. Dorofeeva, T.A. Ivanova, M.S. Kagan, V. I. Kolmakov, S.A. Komissarova, T.N. Mirakova,
A.H. Naziev, Yu.N. Pavlovsky, O. I. Savin, G.I. Sarantsev, A.A. Stolyar and other authors.

In confirmation of what has been said, we will pay attention to the opinions of some of them.
For example, S.A. Komissarova believes that it is possible to implement humanitarian aspects
in natural science education through the organization of cognitive activity of students. And
this activity of theirs, in her opinion, should be directed to the holistic development of natural
reality. For example, D. N. Gergilev, V. I. Kolmakov, O. I. Savin are convinced that human-
ization in engineering education should meet the requirements of the engineering profession and
post-industrial culture. According to T.A. The humanitarization of mathematical education
should include the methodology of scientific research, the history of mathematics and creative
mathematical activity, turns into humanitarian knowledge if this potential is understood, com-
prehended by students and helps in their intellectual activity. Y.N. Pavlovsky believes that
developers of mathematical models of physical processes should have a humanitarian under-
standing of the process at the same level at which it is understood by experts in this field of
research and practice.

Now we note that the design of a system of humanities-oriented training sessions on inverse
problems for differential equations includes several stages.

Mathematical analysis of the content of IPDE training. For clarity, we will briefly reveal, as
one of the options, the contents of the sections of the IPDE offered in such special courses.

1. The section of the IPDE when ordinary differential equations (hereinafter referred to as
ODE) are used. Calculation of unknown coefficients of linear ODE and analysis of approaches
and scientific ideas leading to a successful solution of ODE. Calculation of unknown coefficients
of nonlinear ODE and evaluation of the effectiveness of mathematical methods for their solution.
Finding the right part of the ODE and qualitative analysis of the contribution of mathematical
methods of their solution to the development of the theory of ODE. IPDE in management theory
and analysis of scientific ideas and approaches used to restore the properties of objects.

2. IPDE section, when mathematical physics equations are used. Coefficient IPDE (one-
dimensional, two-dimensional, multidimensional). Boundary conditions (one-dimensional, two-
dimensional, multidimensional). Evolutionary IPDE (one-dimensional, two-dimensional, mul-
tidimensional). One-dimensional problems of hyperbolic type, the use of rational reasoning to
find their solution. Two-dimensional and multidimensional hyperbolic types, humanitarian sig-
nificance in the ecological analysis of the level of environmental safety. Parabolic-type IPDE
humanitarian analysis of the solutions found. Identification of the scientific significance of the re-
sults obtained in the analysis of the influence of nearby objects on human health. Elliptical-type
IPDE, applied analysis of the solutions obtained.

3. Section of the problems of calculating functions by known values of integrals. Applied
tasks of computed tomography, qualitative analysis of solutions to identify humanitarian value.
Applied problems of finding unknown functions when their spherical averages are known, the
scientific value of mathematical methods for finding these solutions in the theory of Volterra
integral equations. The tasks of identifying functions when the values of its integrals are known,
the analysis of mathematical methods for finding these solutions in the development of the
theory of Fredholm integral equations.

4. Section of approximate methods for solving the problem. Difference methods for solving
the problem. A method for inverting a difference scheme for solving one-dimensional inverse
problems for hyperbolic equations. A difference method for solving the inverse problem for
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the heat equation. A difference method for determining the unknown right-hand side of a
two-dimensional Poisson equation based on the results of observations at the boundary of the
domain. Application of the numerical results of the IPDE solutions in the humanitarian analysis
of applied research.

Didactic analysis of the content of IPDE training. Carrying out a didactic analysis, it is
necessary to pay attention to what kind of students it is advisable to form scientific knowledge
in the learning process; how to structure the educational material more effectively and into
which sections to divide it in terms of the sequence of presentation and completeness; what
forms and methods of control to carry out; what intra-subject and intersubject connections will
need to be implemented. It is obvious that such a didactic analysis is of great importance for
the implementation of educational goals at the design stage of humanitarian-oriented classes.

Formation of the IPDE system. When planning training sessions, it is advisable to analyze
those inverse tasks that are planned to be included in the training content. From a scientific
point of view, the study of physical processes generated by pulsed sources is of great interest,
which leads to the need to solve the problem. Therefore, it is advisable for students to offer
IPDE in generalized statements. But first of all, it is desirable to explain to students in lecture
classes that when conducting applied research, together with continuously distributed quantities
(mechanical impulse, heat sources, charge, etc.), the researcher has to deal with concentrated
quantities (concentrated pulse, point heat source, point charge, etc.). With the help of general-
ized functions, it becomes possible, to express in mathematical form, for example, the density
of a material point, the density of a point charge, the intensity of an instantaneous point source
and other idealized concepts.

Generalized functions are a generalization of the classical concept of a function. Great im-
portance in the creation of the foundations of generalized functions was played by the research
of J. Hadamard, S. Bochner, N. M. Gunther, G. R. Kirchhoff, O. L. Cauchy, A. L. Lebesgue, S.
D. Poisson, M. Riess, O. Heaviside and other authors. Generalized functions, as historians of
science tell us, were used for the first time in scientific research in 1928 by P. A. M. Dirac. In
the future, the mathematical theory of generalized functions was developed in the 30s of the XX
century by S. L. Sobolev. In the works of N. N. Bogolyubov, A. Vaitman, V. S. Vladimirova,
I. M. Gelfand, R. Yost, J. Lere, L. Schwartz, G. E. Shilov and other authors, the theory of
generalized functions finds its further development.

At present, generalized functions are widely used in physical and mathematical applied re-
search. Of great interest, for example, are studies of the properties of physical processes and
phenomena that are generated by impulsive sources (sources of the ”explosion” type). Such
impulsive sources can be modeled by the Dirac delta function, a representative of singular gen-
eralized functions. The concept of such a singular generalized function can be arrived at if we
consider it as the limit of functional sequences that have certain properties and it is defined as
a continuous linear functional on the space of differentiable functions. The Dirac delta function
allows you to express in mathematical form the spatial density, for example, masses, forces, the
intensity of a heat source concentrated at one point or, for example, the distribution of charge
on a surface. The Dirac delta function allows its expansion, for example, in systems of functions,
in a Fourier series, representation by the Fourier integral, etc. The Dirac delta function is a
rightfully effective tool for solving many problems of mathematical physics, it is often used in
applied mathematics, quantum mechanics, mechanical engineering, signal processing and other
applied sciences.

With such training, students master mathematical methods and technologies for studying
various types of such problems. This is the calculation of coefficients or the right parts of differ-
ential equations; this is the restoration of boundary conditions; this and finding the geometric
characteristics of the contour of the area; this is the restoration of the history of the state of the
process under study. Among the mathematical methods that students master are the methods
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of Laplace, Poisson, Fourier, convolution, Green, Duhamel, D’Alembert, Kirchhoff, Sobolev,
characteristics, Volterra and Fredholm equations and other mathematical technologies.

The attention of students in the classroom is drawn to the specific features of inverse prob-
lems, which include non-linearity, non-uniqueness and incorrectness, as well as specificity, which
significantly complicate the study of such problems. Students master mathematical methods and
technologies for proving the existence, uniqueness and stability (conditional stability) of solving
both one-dimensional and two-dimensional and multidimensional inverse problems, identifying
and analyzing cause-and-effect relationships.

Among educational inverse problems that can be offered to students for research, inverse
problems in generalized formulations can also be noted. These are such formulations of inverse
problems in which generalized functions are present, for example, in the equations themselves,
or are present in the initial or boundary conditions. The Dirac delta function (or its derivatives)
can act as such generalized functions. The presence of generalized functions in the mathematical
formulation of the inverse problem implies finding a generalized solution of the inverse problem.
Students are introduced to mathematical methods for extracting the singular part of a solution,
which allow reducing the original inverse problem in a generalized formulation to an inverse
problem for continuous functions. The implementation of such a mathematical technology sig-
nificantly simplifies the study of the inverse problem, which may consist, for example, in proving
the uniqueness or conditional stability of the solution to the inverse problem.

It is important to emphasize that students in the study of IPDE in humanitarian-oriented
classes gain experience in logical analysis, humanitarian analysis, physical interpretation of the
obtained generalized solutions of inverse problems, mastering the logic of applied mathematics
with its methods of proof. And when discussing with the teacher the results obtained on the
study of the inverse problem, students also master the scientific style of reasoning, which may
consist, for example, of rational reasoning or deductive reasoning, which allow you to get the
right result.

For clarity, we note several types of such rational reasoning that can be applied in the study
of inverse problems.

1. Application of assertions in the study of inverse problems valid in real cases. They con-
stitute an important feature of the language of applied mathematics, which sees behind each
concept a model of a real object.

2. Refinements in the course of studying inverse problems. When studying the inverse prob-
lem, additional assumptions can be introduced that will simplify the search for a solution to this
inverse problem. For example, simplifications may be made in cases of practical relevance.

3. The use of reasonable analogies in the study of inverse problems. This way of reason-
ing, based on physical or computational experiments, in some cases allows the statements that
take place for one-dimensional inverse problems to be extended to two-dimensional or three-
dimensional inverse problems.

4. Proof of the well-posedness of inverse problems, which is based on the consideration of
special cases. This may be the case, for example, in cases where deductive proof proves difficult
or does not allow it at all.

5. Putting forward working hypotheses about the structure of the solution to the direct
problem when searching for a solution to the inverse problem. Such hypotheses take into account
the physical interpretation of the studied mathematical model of the inverse problem, taking
into account physical laws.

In the process of studying inverse problems for differential equations in generalized formu-
lations, students master new fundamental knowledge on generalized functions. This may be,
for example, the study of local properties of generalized functions, it may be the operation of
convolution of generalized functions, it may be the operation of differentiation or the operation
of integration of generalized functions, it may be, for example, the implementation of regu-
larization of generalized functions or the Fourier or Laplace transform of generalized functions
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and other mathematical operations on generalized functions. Moreover, depending on the for-
mulation of the inverse problem, such generalized functions can be both one-dimensional and
multidimensional.

In addition, students master mathematical technologies that make it possible to apply the
properties of generalized functions to the construction, for example, of fundamental solutions to
direct problems, at intermediate stages of the study of inverse problems.

When considering such and other applied problems in special courses, students’ attention is
focused on the fact that IPDE technologies allow obtaining scientific information, for example,
about the ecology of the environment, about the impact on people’s health of nearby objects;
or, for example, about the thermophysical characteristics of the medium under study, about the
distribution density of sources; or, for example, about the properties of the deep layers of the
World Ocean, about evolutionary processes and other scientific information about the processes
and phenomena being studied, which is difficult or impossible to obtain by conducting physical
experiments.

It is important to pay attention to the fact that students gain experience in understanding the
physical properties of the object under study, which largely allows them in the future in their
professional activities as an applied researcher not to make mistakes in building mathematical
models of the IPDE with acceptable geophysical models of the studied media. Otherwise, it is
possible to construct an erroneous statement of the inverse problem and, in the future, according
to the found solution, incorrectly interpret the results obtained.

In the humanitarian-oriented classes on IPDE the teacher creates situations in which students,
after they have studied the IPDE and found its solution, will have to formulate and substantiate
conclusions of a humanitarian nature. Such training sessions, obviously, familiarize students
with the problem of humanization of mathematical education, as well as with the problem of
moral responsibility to society for the negative consequences of the practical implementation of
applied research.

Students, attending such special courses on IPDE, form their knowledge not only on IPDE,
but also in the disciplines of physical and mathematical profile and natural science. Students
expand their knowledge of the surrounding reality, develop a scientific worldview, a humanitarian
culture, acquire useful skills in conducting applied research using mathematical models of the
IPDE.

Keywords: inverse problems for differential equations, humanitarian aspects of teaching, pedagogical technolo-
gies, student.
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Всеобщая глобализация и цифровизация, высочайший динамизм технологизации придает
совершенно новый темп экономическому и социальному развитию общества в передовых
странах. В 2011 году в ФРГ президент Давосского всемирного экономического форума
К.Шваб обьявил о наступлении 4-й промышленной революции (Индустрии 4.0), которая
характеризуется главным образом, высокотехнологичной цифровой промышленностью [1].

Общество, охватывающее период всеобщей цифровизации и развития технологий, с уров-
нем индустрии 4.0 мировыми экспертами названо общество 4.0 [1,2,3]. Индустрия 4.0 предпо-
лагает новый подход к производству, основанный на массовом внедрении информационных
технологий в промышленности, масштабной автоматизации бизнес-процессов и распростра-
нения искусственного интеллекта [1]. Развитые страны 21 века (в число которых в ближай-
шие годы стремится войти Казахстан) характеризуются конкурентоспособной экономикой
с Индустрией 4.0, с конкурентоспособной наукой и образованием, отвечающими запросам
Общества 4.0. В Индустрии 4.0 экономический рост основан не на природных ресурсах, а на
инновациях и конкурентоспособном человеческом капитале [2, 3, 4]. Высокотехнологическое
производство Индустрии 4.0 предполагает не только использование, но и развитие процес-
са цифровизации и роботизации промышленности (использования квантовых компьютеров,
искусственного интеллекта, технологий lot, big data и пр), а также динамичного обновления
технологий, оборудования, т.е. изобретение инноваций и их внедрение в производство.

Мировой опыт показывает, что общество 4.0 с индустрией 4.0 требуют кардинальной
трансформации системы образования. Данная трансформация ставит перед образованием
непростые задачи: подготовка подрастающего поколения к жизни в обществе будущего (об-
щество 4.0), которая требует от него особых интеллектуальных способностей, необходимых
для специалистов высокотехнологичных производств, сформированных ключевых компе-
тенций и навыков ХХI века. Таким образом, Индустрия 4.0, «умная экономика» ставит
перед системой образования совершенно новые задачи. Социальным запросом Общества
4.0 является «соответствие образовательной парадигмы к промышленной парадигме Инду-
стрии 4.0». По мнению зарубежных экспертов специалисты Общества 4.0 должны владеть
ключевыми образовательными компетенциями и отличаться высокой научной, цифровой и
инженерно-технологической подготовкой [2, 3, 4].

Специалисты будущего должны быть готовыми к мобильной адаптации на новые усло-
вия, приобретению новых навыков, чтобы успеть за изменениями на рынке труда и дина-
мично развивающимся инновациям техники и технологий. По этому для развития системы
образование в быстроменяющихся условиях особо важное значение имеет концептуальная
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модель – «обучение на протяжении всей жизни» (Lifelong Learning). Актуализируется ин-
теграция усилий различных форм образования: формального (человек обучается в госу-
дарственных организациях образования); неформального (наставничество, тренинги, ста-
жировка и т.п.); информального (самообразование с помощью Coursera, You Tube и т.п.).

Анализ исследования ученых показывает [4,5,6,7,8], что Индустрия 4.0 ставит перед выс-
шим образование такие условия, чтобы их рейтинговые показатели были на уровне «Уни-
верситета 4.0» или не ниже «Университета 3.0». Как известно, «Университет 1.0» – это уни-
верситет, который ведет качественную образовательную деятельность. «Университет 2.0» –
образовательную и научную деятельность. «Университет 3.0» осуществляет образователь-
ную, научную и предпринимательскую деятельность, т.е. выполняет заказ высокотехно-
логичных производств. «Университет 4.0», кроме перечисленных функций «Университета
3.0», способен решить проблемы современной промышленности за счет изменения концепта
самой промышленности, стать лидером развития высокотехнологичных отраслей [6].

В мире чувствуется «запоздалая реакция» системы образования на запросы стремительно
развивающихся инновационных технологий и производств по подготовке соответствующих
кадров.

В 90-годы американцы столкнулись с серьезной проблемой – при наличии предложений в
высокотехнологичных компаниях потенциальные кадры в большинстве своем не обладали
достаточной квалификацией.

На стыке двух тысячелетий крупнейшие компании США заявили о несоответствии
школьного и вузовского образования запросам динамично развивающихся высокотехноло-
гичных отраслей. Проанализировав ситуацию Национальный научный фонд США в 2001
году предложил ввести STEM-подход для модернизации системы образования Америки
[9,10].

Образовательная концепция STEM (Science, Technology, Engineering, Mathematics)
представляет собой новые подходы к обучению, основанные на интеграции предметов
естественно-математического цикла, информатики, технологии и инженерии в единую си-
стему обучения для решения конкретных задач, взятых из реальной жизни.

Таким образом, SТЕМ образование представляет собой интегрированный подход обуче-
ния, который «переплетает» науки, в рамках которого академические научно–технические
концепции изучаются в контексте реальной жизни [7,9,11]. Основные составляющие STEM
образования – наука, технология и инженерия, также математика и ИКТ охватывают все
сферы современной жизни, являются главными индикаторами функционирования и разви-
тия Индустрии 4.0.

Данное положение актуализирует значение STEM подхода в подготовке конкурентоспо-
собного человеческого капитала для Индустрии 4.0. Следовательно, STEM образование яв-
ляется по сути ответом на вызовы динамичной индустриально-цифровой эры развития че-
ловечества.

Изучив опыт США по трансформации системы образования на основе STEM-подхода,
начатого в 2001 году, некоторые страны с развитой экономикой начали внедрять данный
тренд в свою сферу образования [2,3,4,8,9,10]. Этот процесс ускорился после объявления
К.Швабом о наступлении эпохи Индустрии 4.0 в 2011 году [1,2,3,4,5,8]. Таким образом,
факторами обуславливающими внедрение STEM-подхода в образовании, явились: 1) реше-
ние Национального научного фонда США в 2001 году; 2) наступление 4-й промышленной
революции, обоснованной К.Швабом в 2011 году. В настоящее время США, Англия, Китай,
Юж. Корея, Сингапур, Турция и др. развитые страны системно внедряют STEM образова-
ние на основе принятых государственных программ. В ФРГ реализуется MINT программа
(математика, информатика, наука, технология), курируемой канцлером страны [5,8,9,10].

В странах СНГ пока нет системного подхода к внедрению концепта STEM образования в
образовательные стандарты. В России своеобразно реализуется внедрение данного тренда
в федеральные государственные образовательные стандарты [11]. Более того, в странах
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СНГ отсутствует системное внедрение в практику концептуальных идей деятельностного,
компетентностного и цифрового подходов [12].

Начиная с 2014 года в РФ дан приоритет инженерному образованию. В 2019 году раз-
работана новая концепция предметной области «Технология» с учетом требований STEM
подхода [13,14].

В Казахстане отсутствует единый подход к реализации идей STEM образования. В неко-
торых передовых школах (НИШ, БИНОМ и др.) осуществляется внедрение элементов
STEM подхода, характеризующиеся, в основном, изучением первоначальных основ «Ро-
бототехники», проведением лабораторных работ с использованием ИКТ и применением
проектно-исследовательских методов в учебном процессе [5,10].

В последние годы появилось множество научных исследований по этой проблеме за
рубежом и в странах СНГ [2,3,4,6,7,8,11]. Изучению общепедагогических основ STEM-
образования посвящены работы [2,3,4,6,9]. Научно-методические вопросы обучения пред-
метов STEM-образования рассмотрены в исследованиях [9,10,11,13,14]. Особый интерес в
плане нашего исследования представляет работа С.Пейперта [12] по использованию сре-
ды ЛОГО в качестве инструмента самостоятельной познавательной деятельности ученика,
эффективного средства изучения основ алгоритмизации и программирования в контексте
формирования инженерно-технологического мышления.

Однако анализ приведенных и других исследования показывает, что в настоящее время
отсутствуют работы, в которых целостно рассматривались бы: 1) психолого-педагогические
основы трансформации системы образования с применением концепции STEM-подхода;
2) модернизации теории обучения и теории содержания образования на основе STEM-
требований; 3) дидактическая сущность и научно-обоснованные характеристики основ-
ных составляющих STEM-образования. Также не раскрыты педагогические возможности
современных ИКТ и робототехники как принципиально нового средства в реализации
личностно-деятельностного и функционально-компетентностного подходов в формирова-
нии инженерно-технологических навыков. Не исследованы научные основы интеграции со-
держания образования предметов естественно-математического цикла, технологии, робо-
тотехники, информатики в контексте требований STEM-подхода. Отсутствует системное
исследование вопросов организации предпрофильной подготовки и профильного обучения
на основе STEM требований.

Изучая и обобщая опыт зарубежных стран и опыта работы педагогов нашей республи-
ки, обосновать актуальность и способы трансформации системы образования РК на основе
STEM-подхода, раскрыть дидактическую сущность STEM-образования. Фундаментальные
исследования в области современной педагогики и психологии; теория личности и деятель-
ности; теория содержания образования; концепция развивающего обучения и компетент-
ностного подхода; теоретические положения в области педагогики и психологии по проек-
тированию педагогических систем и внедрению результатов педагогических исследований
в педагогическую практику. Для решения рассматриваемой дидактической задачи были
использованы следующие методы исследования: изучение научной и педагогической лите-
ратуры; теоретический анализ разработанности рассматриваемых проблем; сравнительно-
педагогический анализ государственных стандартов, учебных программ и учебной литера-
туры; научно-методический анализ содержания школьного образования с позиции рассмат-
риваемой проблемы; моделирование учебного процесса; наблюдение; беседа.

Экспертами доказано, что устойчивое развитие государства с конкурентоспособной эко-
номикой и индустрией 4.0 связано главным образом с реформой образования в STEM на-
правлении [7,9].

Это закономерно, так как жесткая конкуренция и тотальная цифровизация всех сфер
жизни человечества, в том числе производственной сферы требует постоянного совершен-
ства технологических процессов, вынуждая их подниматься от механизированного уровня
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на уровень «высоких технологий». Данная ситуация предполагает изучение основ техниче-
ских и технологических процессов в школе, используя законов и закономерностей предметов
естественно-научного цикла (ЕМЦ), математики и информатики в интегрированном виде.
Более того, главное условие конкурентоспособности – «постоянно быть на шаг впереди»
предполагает наличие специалистов не только мобильно осваивающее новые технологии,
но и умеющие их совершенствовать, то есть инженеров-изобретателей, создающих более
эффективные технологии и новые оборудования с инновационной цифровой начинкой.

Следовательно, специалисты будущего уже со школы должны овладеть политехнически-
ми компетенциями, изучая предметы «Технология», «Робототехника» и «Информатика»
в интеграции с предметами естественно-математического цикла, нацеленными на решение
конкретных прикладных задач, то есть должны овладеть навыками современной инжене-
рии.

Основные составляющие STEM-образования – технология и инженерия, как и цифрови-
зация, охватывают все сферы современной жизни, являются индикаторами развития Инду-
стрии 4.0, что актуализирует значение STEM-подхода к подготовке конкурентоспособного
человеческого капитала.

Все это требует трансформации среднего образования на основе STEM-подхода, рефор-
мирования систем ТиПО и Вузов с учетом требований инженерно-технологического обра-
зования. Только в таком случае образовательная парадигма Общества 4.0 будет соответ-
ствовать производственной парадигме Индустрии 4.0. Из вышеизложенного определения
и сущности STEM-образования видно, что STEM-образование способствует эффективной
реализации концептуальных идей деятельностного, компетентностного и цифрового подхо-
дов.

Из сущности деятельностного, компетентностного и цифрового подходов и STEM об-
разований следует, что эти подходы концептуально взаимосвязаны и взаимообусловле-
ны. STEM подход является расширением и модификацией интегрированного формата
личностно-деятельностного, компетентностного и цифрового подходов в контексте требова-
ний инженерно-технологического тренда системы образования, т.е инновационной состав-
ляющей новой парадигмы развития данной сферы.

Новая методология образования, основанная на STEM подходе, который интегрирует и
расширяет инновационные потенциалы вышеперечисленных подходов, предполагает транс-
формацию содержательно-методических основ школьного образования. Наше исследование
показало, что наряду с классическими принципами отбора содержания (дополнений к прин-
ципам формирования инженерной компетенции учащихся), необходимо введение в теорию
содержания образования следующих принципов их отбора [12]:

-принцип цифровизации образования, который предполагает при отборе содержания об-
разования (организация обучения) учет дидактических возможностей ИКТ и обоснованного
определения педагогических целей их использования;

-принцип соответствия содержания требованиям всех уровней таксономии целей обуче-
ния с охватом зон «актуального» и «ближайшего» развития обучаемого. Современное со-
держание образования должно охватить весь диапазон иерархии целей обучения Б.Блума
от «знания» до «создания», уровни усвоения от «ученического» до «творческого», иерархии
познавательной деятельности от «репродуктивного» до «продуктивного», весь спектр зон
развития по Л.С.Выготскому;

-принцип практической и прикладной направленности, занимательности содержания об-
разования, который предполагает усиление аспектов практической значимости и связи с
жизнью учебного материала, формирование прикладного содержания учебных предметов;

-принцип субъектности содержания образования, который предполагает активную про-
дуктивную деятельность ученика и субъект-субъектное отношение учителя и учеников в
процессе обучения;
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-принцип соответствия содержания образования требованиям STEM-образования (в том
числе инженерно-технологического образования), профильного обучения, проектных работ
в полифункциональных лабораториях, мастерских и Maker spice зон;

-принцип отбора интегрированного содержания предметов ЕМЦ с прикладно-
практическим значением для организации проектных и учебно-исследовательских работ,
учет дидактических возможностей робототехнических систем;

-принцип соответствия содержания требованиям инклюзивного образования [12];
Формирование STEM компетенции учеников предполагает, кроме сформированности ма-

тематической, читательской, естественно-научной и глобальной компетенций, также цифро-
вые и инженерно-технологические навыки. Следовательно, сформированность STEM ком-
петенции определяется результатами не только PISA, но и международных конкурсов по
робототехнике и международных соревнований WORLDSKILLS.

В этих исследованиях оценивается способность учащихся, используя знания в соответ-
ствующей предметной области, понять и решить проблему, которая лежит вне рамок самой
этой области. Таким образом, оценивается уровень функциональной грамотности и сфор-
мированности метапредметных навыков учащихся.

Собственно, PISA для того и нужна, чтобы правительства при разработке стратегий
в области образования имели четкие ориентиры. Генеральный секретарь ОЭСР Анхель
Гурриа отметил, что PISA— значительно больше, чем просто рейтинг, «это показатель того,
насколько хорошо система образования той или иной страны готовит молодых людей к
завтрашнему дню» [12].

Заметим, что результаты международных конкурсов по робототехнике и WORLDSKILLS
показывают на сколько готово образование страны к запросам Индустрии 4.0. Естественно,
при этом мы должны учитывать то, что основанием для формирования STEM компетен-
ции является предметные и метапредметные компетенции, в первую очередь, предметов,
входящих в состав STEM образования [5].

Вышеизложенные показывают также, что STEM-подход является главным трендом раз-
вития современного образования, модификацией деятельностного и компетентностного под-
ходов с учетом требований Индустрии 4.0.

Главная цель STEM подхода – преодолеть свойственную традиционному образованию
оторванность от решения практических задач и выстроить понятные ученикам связи меж-
ду учебными предметами. Это означает развитие и расширение прикладных навыков уча-
щихся, полученных на уроках технологии, используя способы инженерии, инновацион-
ный и развивающий потенциал робототехники, программирования, 3D-принтинга, а так-
же предметов естественно-математического цикла. Поэтому STEM – это универсальный
практико-ориентированный подход, который позволяет ученикам справляться с учебно-
исследовательскими задачами, а также прикладными задачами научных проектов.

Характерная особенность инженерного образования, которая является одним из глав-
ных компонентов STEM-образования по формированию инженерных навыков, заключа-
ется в прочном есте¬ственнонаучном, математическом и мировоз¬зренческом фундамен-
те знаний, широте меж¬дисциплинарных системно-интегративных зна¬ний о природе,
обществе, мышлении, а так¬же высоком уровне общепрофессиональных и специально-
профессиональных знаний [16].

В рамках школьного STEM образования закладываются основы комплексного решения
запросов экономики на развитие высокотехнологичных отраслей и естественный интерес
учащихся к математике, информатике, инженерии, технологии и, в целом, к технической
науке. Существующаяся знаниевая, оторванная от жизни система образования, снижала
мотивацию учащихся к изучению предметов естественно-математического цикла, не позво-
ляла развитие креативного и инженерного мышления, что не давало возможность подго-
товки трудовых ресурсов современного общества.
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Таким образом, в основе STEM-подхода лежат четыре принципа: проектная форма орга-
низации образовательного процесса, прикладной характер учебных задач, межпредметный
характер обучения, охват дисциплин, которые являются ключевыми для подготовки инже-
нера или специалиста по прикладным научным исследованиям: предметы естественнонауч-
ного цикла (физика, химия, биология, география), математики, современные технологии и
инженерные дисциплины [9].

Одна из важных задач предмета «Технология», которая является основным компонен-
том STEM образования – показать учащимся практическую значимость естественнонауч-
ных знаний, возможность их целенаправленного использования в различных технологи-
ях. Осознание обучающимися жизненной, практической ценности «академических» знаний
способствует не только развитию мотивации учения, но и раскрывает функциональную зна-
чимость понятий, явлений, законов, их использование в технологических процессах, фор-
мирует технологическое мышление и технологическую грамотность В основе содержания
технологии лежит целостный образ окружающего мира, который преломляется через ре-
зультат творческой деятельности учащихся.

Таким образом, особенностью содержания технологического образования является его
интегрированность. Изучение технологий и технологических процессов основывается на за-
конах и закономерностях математики, физики, химии, биологии и других предметов. Тен-
денция к интеграции знаний вообще свойственна современному научному сознанию, что
выражается не только в тесном взаимодействии традиционных наук, но и в возникновении
новых технологий на границе смежных наук – биотехнологии, нанотехнологии, нейротех-
нологии и др [13]. Поэтому необходимость синтеза знаний, их комплексного усвоения и
применения в практической деятельности и жизни человека становится основанием раз-
вития межпредметной интеграции на всех уровнях образования. Межпредметные связи в
школьном технологическом образовании являются конкретным выражением интеграцион-
ных процессов, происходящих сегодня в науке и в жизни общества [13]. Следующим основ-
ным компонентом STEM образования является инженерия. Инженерия (инженерное дело)
– область технической деятельности, включающая в себя целый ряд специализированных
областей и дисциплин, направленная на практическое приложение и применение научных,
экономических, социальных и практических знаний с целью обращения природных ресур-
сов на пользу человека [15].

Цель инженерной деятельности – изобретение, разработка, создание, внедрение, улуч-
шение техники, материалов и процессов. Инженерное дело тесно переплетается с наукой,
опираясь на постулаты фундаментальной науки и результаты прикладных исследований.
Посредством инженерии обеспечивается связь между фундаментальной науки и отрасля-
ми народного хозяйства. Инженерное дело является отраслю научно-технической деятель-
ности. Оно охватывает три вида инженерно-технической деятельности: 1) исследователь-
ская (научно-техническая) деятельность – прикладные научные исследования, технико-
экономическое обоснование; 2) конструкторская (проектная) деятельность – это конструи-
рование (проектирование), создание и испытание прототипов технических устройств, раз-
работка технологии их изготовления, подготовка проектной документации; 3) технологиче-
ская (производственная) деятельность – деятельность, направленная на внедрение инже-
нерных разработок в практическую деятельность экономических субъектов с их последу-
ющим сопровождением (технической поддержкой) [15].

Таким образом, инженерия (инженерное дело) – область человеческой деятельности, дис-
циплина, профессия, задачей которой является применение достижений науки, техники,
использование законов физики и природных ресурсов для решения конкретных проблем,
целей и задач человечества. Инженерия предполагает применения научных новшеств в ре-
шении реальных прикладных задач, что способствует развитию у специалистов умений
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изобретателя, новатора [9]. Такие навыки актуальны в развитии высокотехнологичных про-
изводств, умной экономики в жесткой конкурентной среде, так как конкуренция требует
динамичного внедрения инноваций в практику.

Инженерное образования в школе, как и его составная часть – технологическое образова-
ние, осуществляется за счет интеграции основного и дополнительного образования по всем
уровням образования [16].

В начальной школе – пропедевтика (развитие у младшего школьника опыта общения с
природой, умения наблюдать и исследовать явления окружающего мира с помощью про-
стых инструментов сбора и обработки данных, формирование базовых навыков работы с
материалами, знакомство с принципами проектной деятельности) [16]. Нетрудно заметить,
что пропедевтика инженерного образования реализуется изучением предметов «Техноло-
гия» и «Робототехника».

В основной школе – формирование первоначальных конструкторско-технологических
знаний и умений (приобретение опыта применения физических, химических, биологических
методов исследования объектов и явлений природы, базовые умения планировать работу,
конструировать и моделировать, знакомство с основами 3D моделирования, робототехни-
ки, электротехники и электроники, программирования). Реализация инженерного образо-
вания в основной школе осуществляется главным образом, посредством изучения предме-
тов «Технология», «Робототехника» и «Информатика и ИКТ» [14]. В профильной школе
– профориентация (освоение технологии решения творческих задач, моделирования, кон-
струирования, прототипирования и программирования; овладение основными алгоритмами
и опытом проектно-исследовательской инженерной деятельности; участие в инженерных
конкурсах и фестивалях) [16]. В профильной школе инженерное образование осваивается
посредством использования проектного метода, ориентированного на решение конкретной
производственной задачи во взаимодействии школы с вузом и производством. В результате
реализации инженерного образования у учащихся формируется инженерное мышление.

Роль SТЕМ в школе – интеграция инновационного потенциала предметов «Техноло-
гия», «Робототехника» и «Информатика и ИКТ», модернизация содержания предметов
естественно-математического цикла с учетом требований инженерно-технологического об-
разования и процесса цифровизации. Опыт внедрения концепции ТРИЗ в отдельных шко-
лах показывает, что формирования инженерно-технологических навыков учеников в сред-
ней школе возможно и необходимо.

Таким образом, STEM-подход предлагает, прежде всего, системное внедрение в школу
нового, инженерно-технологического аспекта образования на базе цифровой платформы [5].

В традиционном образовании предметы ЕМЦ: физика, математика, химия, биология,
также информатика изучаются по отдельности, их содержание никак не пересекается друг
с другом, оставляя в памяти ученика разрозненные обрывки информации. Предметная об-
ласть “Технология” позволяет выстроить логические связи между этими дисциплинами,
смотреть на окружающий мир глобально, усвоить закономерности глубже.

Если мы готовим наших учеников к жизни после школы, то мы должны позволить
им использовать те инструменты, которые в дальнейшем всё равно станут частью их по-
вседневной жизни. Поэтому с целью формирования инженерно-технологических навыков
необходимо изучение в школе предметов робототехники, технологии, информатики и ИКТ,
проектирования и графики, элективных курсов 3D-моделирования, инженерной графики
и др. Таким образом STEM-образование предполагает: 1) переход от сугубо фундамен-
тального подхода изучения предметов ЕМЦ к их изучению в контексте практического
применения научных знаний в решении прикладных задач из реальной жизни; 2) усиле-
ние прикладных, практических и лабораторно-экспериментальных компонентов содержа-
ния предметов ЕМЦ; 3) определение содержание предмета “Технология” посредством ин-
теграции содержания предметов ЕМЦ, информатики и робототехники с целью поэтапно-
го освоения различных технологий, формирования инженерно-технологических навыков;
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4) использование робототехники с целью закладывания основ цифровой инженерии и в
лабораторно-экспериментальных работах предметов ЕМЦ [9]. При этом SТЕМ-подход как
и остальные инновационные тренды в образовании, соответствующие вызовам современ-
ного индустриально¬-цифрового периода развития общества, предполагает обоснованную
научно¬-методологическую базу и практически апробированную дидактическую платфор-
му для широкого внедрения в учебный процесс.

В работе [13] показана концепция поэтапного введения ученика в инженерно-
технологическое знание посредством робототехники следующим образом:

• Первый этап «Играю». 1-4 классы в игровой форме изучают основы алгоритмики,
а также учатся собирать и программировать роботов. Используются программы: Scratch,
Lego WeDo, Paint, Paint3D. При этом дети исследуют мир, делают первые выводы, осознают
связь реального и виртуального.

• Второй этап «Учусь». 5-7 классы изучают программирование RОBОТС, Аrduino, а
также учатся работать в Unity. При этом используется интегрированное содержание пред-
метов: математика, информатика, физика, химия, рисование. Содержание робототехники
включает Unity, Scratch 3, АrduinolDE, RobotC, Lego Mindstorms, схемотехника.

• Третий этап «Создаю». 7-10 классы разрабатывают и создают школьные проекты,
участвуют в WorldSkills и иных соревнованиях. При этом используется интегрированное со-
держание предметов: математика, информатика, физика, химия, биология, черчение. Уче-
ники изучают язык программирования Python. Содержание робототехники включает раз-
работку схем, расширение платы (шилд), разработку и создание роботов: колесного, гусе-
ничного, шагающего.

• Четвертый этап «Изобретаю». 11-12 классы создают научные проекты, участвуют в
республиканских и международных конкурсах. При этом реализуется проектная деятель-
ность, преимущественно, в командной работе. Ученики знают, что делать; понимают, как
делать; разрабатывают собственные проекты; участвуют в научно-технических конкурсах.

Соревнования как метод организации учебно-познавательной деятельности школьни-
ков по робототехнике способствует формированию качеств конкурентоспособной личности.
Этот метод опирается на естественные склонности учащегося к лидерству, к соперниче-
ству. В процессе соревнования школьник достигает определенного успеха в отношениях с
товарищами и учителем, приобретает новый социальный статус. Соревнование вызывает
не только активность, но и формирует у него способность к самоактуализации, которую
можно рассматривать как метод самовоспитания, самоопределения и саморазвития.

Таким образом, в основной школе главными составляющими STEM-образования явля-
ются предметная область «Технология» и предмет «Робототехника», которые включены
в учебный план школы с 1-9 класса по 2 часа в неделю [13,14]. Содержание «Техноло-
гии» включает: 1) освоение методов различных технологий: народного ремесла, обработка
древесины и металла с использованием ИКТ, 3D-моделирования, САПР и т.п; 2) освоение
методов конструирования, проектирования, моделирования, а также креативной техноло-
гии; 3)формирование навыков технического труда. Содержание «Робототехники» включа-
ет: 1) освоение методов конструирования роботов с использованием ресурсного набора; 2)
освоение методов управления роботами (от простого до автоматизированного) посредством
изучения и использования языков программирования микроконтроллеров Scratch, Python,
Java, C, C++ по мере усложнения программного обеспечения; 3) разработка собственной
модели робота, участие на конкурсах с целью формирования инженерно-технологического
мастерства. Профильный уровень среднего образования должен включать кроме тради-
ционных профилей, «технологический» профиль, где STEM обучение представляет собой
интеграцию предметов естественно-математического цикла, технологии, инженерии и ИКТ
в единую систему обучения для решения реальных прикладных задач.
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Предпрофильная подготовка и организация профильного обучения в условиях внедрения
STEM образования в школу должны проводиться на основе анализа содержания Атласа но-
вых профессий, который также будет перманентно дополнен и переработан в связи с новыми
прогнозами появления профессий будущего. Как было отмечено выше, спектр профессий
будущего будет определять цифровизация и роботизация, которые стремительно врывают-
ся во все сферы деятельности человека. Таким образом, трансформация образования на
основе STEM подхода, кардинально модернизирует профориентационную работу в школе,
максимально приближая ее к требованиям быстроменяющегося запроса рынка труда. Более
того, STEM образование обеспечивает выпускников школ новыми компетенциями, необхо-
димыми для эффективного освоения выбранной профессии будущего. Данное положение
предполагает, что Вузы РК должны коренным образом перестроить свою деятельность по
определению наиболее перспективных специальностей на основе Атласа новых профессий.

Следовательно, STEM образование с опорой на Атлас новых профессий позволяет реали-
зовать концепцию Skills Technology Foresight (форсайт от англ. Foresight – взгляд в будущее,
предвидение), которые отвечают требованиям сферы бизнеса, развития промышленности и
госуправления в ХХI веке, то есть подготовку конкурентоспособного человеческого капи-
тала.

Анализ передового опыта зарубежных стран показывает актуальность организации си-
стемной работы по предпрофильной подготовке учащихся в старших классах основной шко-
лы и проведение профильного обучения в старшем звене общеобразовательной школы. За-
просы общества будущего (Общество 4.0 с Индустрией 4.0) требуют обязательного нали-
чия технологического профиля в профильном обучении, направленного на формирование
инженерно-технологических компетенций учащихся. Данный профиль предполагает разра-
ботку интегрированного содержания предметов и элективных курсов, ориентированных на
решение прикладных, инженерно-технологических задач с цифровой начинкой. Он также
требует сетевого взаимодействия организации образования и производства, формируя тем
самым, основу дуального обучения уже в школах.

Профильное обучение в STEM-подходе отличается переходом от предметного обучения
к проектному (феноменальному) обучению, направленному на решение реальных приклад-
ных задач из различных сфер жизни (производства, медицины и т.п). Широко исполь-
зуется проектно- исследовательский метод, реализация и защита проекта индивидуально
или в командной форме. Полученные в основной школе знания и умения школьников по
пяти предметам естественно-математического цикла, технологии и программированию, а
также на достаточном уровне сформированные инженерные навыки позволяют на «Тех-
нологическом» профиле ставить перед учащимися сложные задания в виде проектов, на-
правленные на решение реальных производственных задач. Эти задачи решаются методом
проектов и с помощью сетевого взаимодействия: школа – дополнительное образование –
ТиПО – Вуз – производство. Реализуются методы дуального обучения при решении про-
изводственных задач на базе производства. При таком профильном обучении реализуется
действенная профориентационная робота в школе. Как показывает зарубежный опыт, вы-
пускники профильных классов гарантированно поступают в инженерно-технологические
университета 3.0 или 4.0. [18,19]. Сетевое взаимодействие вуза и производства, дуальное
обучение обеспечивают выпускнику вуза гарантированное трудоустройство в компании,
которые являются партнерами вуза. Обобщая вышеизложенное, можно утверждать, что
STEM-подход модернизирует традиционное образование, обеспечивая подлинной реали-
зации деятельностного, компетентностного и цифрового подходов, усиливая инженерно-
технологическую (прикладную и практическую) направленность содержания посредством
внедрения предметов «Технология», «Робототехника» с преимущественным применением
проектного метода. STEM-подход формирует устойчивый мотив учащихся к изучению пред-
метов естественно-математического цикла. Будущее экономического роста во многом зави-
сит от наличия квалифицированных инженерных кадров, начало формирования которых
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Рис. 1. Образование и наука, модернизированная на основе STEM подхода
– основа устойчивого развития страны.

должно быть положено на уровне средней школы через поддержку и активное внедрение
STEM дисциплин. Предварительные опыты показали, что наиболее эффективным дидак-
тическим инструментом реализации STEM образования на практике является технология
трехмерной методической системы обучения [5,12].

Трансформация содержания системы среднего образования РК на основе SТЕМ-подхода
предполагает наличие в учебном плане нового «технологического» профиля. Данный про-
филь требует использования преимущественно проектного метода и взаимодействия школ,
внешкольных организаций, вузов и производства. Такая взаимосвязь способствует разви-
тию SТЕМ-компетентности обучаемых, формированию прогрессивной кадровой базы стра-
ны для индустрии 4.0, которая позволит ей стать экономически развитой и конкурентоспо-
собной страной. Анализ передового опыта зарубежных стран показывает, что только такое
образование и наука, модернизированые посредством STEM подхода, являются основой
устойчивого развития любого государства в ХХI веке (см.рис.1).

Трансформация системы среднего образования на основе STEM подхода требует разра-
ботки специального плана реализации данной модернизации. Опыт стран с Индустрией 4.0
по внедрению STEM образования показывает его стратегическое значение по подготовке
конкурентоспособного человеческого капитала, который является главным условием созда-
ния цифровой экономики, высокотехнологичных производств и вхождения РК в число 50-ти
развитых стран мира в ближайшее время.

Ключевые слова: STEM подход, STEM образование, Индустрия 4.0, инженерно-технологические навыки,
робототехника, Атлас новых профессий.
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Реформы системы образования, проведенные в течение последних 30 лет МОН РК, были
нацелены на повышение качества образования. Согласно Закону РК "О статусе педаго-
га"(п.1.2, ст.15), основной обязанностью педагогов является обеспечение качества обуче-
ния в соответствии с требованиями государственных общеобязательных стандартов. Од-
нако анализ результатов экзамена ЕНТ показывает, что определенная часть учителей не
справляется с этой обязанностью, поскольку ежегодно в среднем 25-30% учащихся не до-
стигают порогового уровня, соответствующего самому низкому уровню усвоения "узнава-
ние установленного государственным общеобязательным стандартом образования. Следует
отметить, что «общеобязательность» стандарта требует гарантированного усвоения всеми
учениками учебного материала предметов среднего образования не ниже уровня "узнава-
ния".

Результаты международных исследований качества образования PISA и TIMSS в Ка-
захстане продолжают оставаться низкими, что свидетельствует о неэффективности часто
проводимых реформ, направленных на повышение уровня обучения в школах страны. Вы-
ражение "реформа образования"стало отрицательно восприниматься и вызывать раздра-
жение в обществе.

Исследования ученых и наш собственный опыт показывают, что для успешной рефор-
мы системы образования, соответствующей современным требованиям развития педаго-
гической науки, необходимо преобразование всей системы образования на основе новой
методологии и концепции инновационных подходов, таких как ценностный, личностно-
деятельностный, компетентностный, цифровой и STEM-подходы, которые затрагивают ос-
новные принципы и закономерности развития данной сферы.

Однако внедрение этих подходов в учебный процесс требует наличия интегрирующего
механизма для реализации их инновационного потенциала на практике с гарантированным
достижением образовательных целей. Педагогическая технология обучения является таким
интегрирующим механизмом, объединяющим потенциалы новых подходов и обеспечиваю-
щим их эффективное применение на практике [1,2,3,4,5,6,7,8,9,10,11,12,13,14].

Это требует от разработчиков педагогических технологий решения двуединой задачи: 1)
модернизации существующей теории обучения (дидактики) в соответствии с требованиями
новой парадигмы и инновационных подходов в образовании; 2) разработки педагогических
технологий на основе модифицированной теории обучения.

Учеными-педагогами всего мира гуманистическая парадигма определена как научно-
методологическая основа развития современного образования [2,3].

Гуманизм представляет собой систему воззрений, которая признает ценность каждого
человека как личности, его право на свободу, счастье, развитие и проявление способностей.
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Она рассматривает благо человека как критерий оценки социальных институтов и призы-
вает к равенству, справедливости и человечности в отношениях между людьми. Гуманисти-
ческая парадигма образования нацелена на развитие способности "научиться учиться быть
открытым для нового и развить потребность в знаниях. Она предлагает новое содержание,
подходы, отношения, поведение и педагогический менталитет.

Известно, что концептуальные идеи гуманистической парадигмы развития образования
реализуются через инновационные подходы в учебно-воспитательном процессе [2,3,4,5,6].
Эти подходы являются научно-теоретической основой разработки новой теории обучения и
современной модели образования.

Внедрение концепции новой парадигмы и подходов в развитии образования, а также
разработка интегрирующего их инновационного потенциала технологического подхода тре-
бует преобразования существующей знаниевой дидактики, то есть теории обучения. Но-
вая парадигма развития системы образования требует пересмотра принципов и закономер-
ностей обучения, а также принципов отбора содержания, особенно с учетом личностно-
деятельностного, компетентностного, цифрового и STEM подходов, где ученик играет ак-
тивную роль в учебном процессе [2,3,4,5].

При трансформации содержания образования необходимо внедрение новых принципов
отбора в теорию содержания, в дополнение к модернизированным классическим принципам.
Эти новые принципы включают: -принцип цифровизации образования, который учитыва-
ет дидактические возможности информационно-коммуникационных технологий при отборе
содержания образования и обоснованное определение педагогических целей их использова-
ния; -принцип соответствия содержания требованиям всех уровней таксономии целей обу-
чения Б. Блума, охватывающий зоны "актуального"и "ближайшего"развития обучаемого
(метод «обратного дизайна»); -принцип учета педагогических возможностей робототехни-
ческих систем с целью реализации концепции STEM образования и других подходов [2,3,4].

Педагогическая технология представляет собой научно обоснованный дидактический ал-
горитм для разработки урока, реализация которого на практике должна гарантировать
успех в обучении для каждого ученика [2,3].

Согласно В.П. Беспалько, диагностическая постановка целей является отправной точкой
для разработки педагогических технологий. Он утверждает, что в современной школе и
педагогике до сих пор отсутствуют диагностические цели, что является основной причиной
застоя в школьной системе и формальной педагогике [1].

Как известно, диагностическая постановка цели обучения определяется результатами
обучения, которые проявляются в действиях учащихся и могут быть точно идентифициро-
ваны и измерены [5]. Из определения диагностической постановки цели, где упоминаются
"результаты обучения, выраженные в действиях учащихся следует следующее: а) обучение
должно быть организовано на основе самостоятельной познавательной деятельности уча-
щихся; б) результаты обучения образуют иерархическую структуру, так как деятельность
учащихся характеризуется иерархией: репродуктивные, преобразующие и продуктивные
действия [1].

Исходя из этой иерархии видов деятельности, учеными были определены соответствую-
щие иерархии результатов обучения. Например, академиком В.П. Беспалько были опреде-
лены следующие уровни (иерархии) усвоения учебного материала: ученический, алгорит-
мический, эвристический и творческий уровни усвоения [1,2].

Одной из наиболее известных систем целей обучения, обладающей такими характери-
стиками, является таксономия целей Б. Блума. Система целей Б. Блума состоит из иерар-
хически связанных компонентов: знание → понимание → применение → анализ → синтез
→ оценка [2,3]. Б. Блум предложил таксономию целей обучения, которая представляет со-
бой вертикальную иерархию в рамках всей методической системы обучения. Как известно
[5], цель обучения - это конкретно определенный, качественно описанный желаемый ре-
зультат, который ученик должен достичь в определенный момент времени. Формулировка
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цели обучения предполагает наличие механизма (способа), позволяющего проверить со-
ответствие достигнутого результата поставленной цели. Качество обучения определяется
соответствием между целью и результатом. Следовательно, цель и результат должны быть
представлены, измерены, описаны в одних и тех же единицах и параметрах [5].

В.П.Беспалько определяет диагностически поставленные цели как иерархически упоря-
доченные результаты ученической деятельности, представленные в виде уровней усвоения
(ученический, алгоритмический, эвристический и творческий).

Для реализации диагностически поставленных целей обучения необходимо иметь иерар-
хически структурированное содержание образования, поскольку развивающие действия
учащихся направлены на освоение учебного материала с иерархической систематизаци-
ей. Мы называем такое «деятельностное содержание» "трехмерным содержанием так как
оно имеет вертикальную (уровневую) структуру, которая позволяет достичь всего спек-
тра целей в таксономии обучения. Важно отметить, что иерархическая природа содер-
жания не только определяет его структурно-содержательную основу, но также усиливает
процессуальные и развивающие деятельностные аспекты, которые в контексте "знаниево-
го"содержания остаются незаметными и почти не функционируют. Иерархическая струк-
тура образовательного содержания имеет научное обоснование в работах И.Я.Лернера и
Х.Табы [2,3].

Наше исследование показало, что не только цели и содержание, но и все компоненты
методической системы обучения (цели, содержание, методы, формы и средства обучения)
образуют иерархию и находятся в уровневой взаимосвязи [2,3,5,6]. Следует отметить, что
структура первых двух элементов (цели, содержание) методической системы образует стро-
гую иерархию, в то время как иерархическая структура остальных элементов является
"производной"от них.

Мы назвали такую методическую систему обучения трехмерной, так как ее элементы
образуют иерархическую и многоуровневую структуру.

"Трехмерность"отражает наличие вертикальной (высотной) иерархии в каждом из ком-
понентов методической системы обучения: цели, содержание, методы, формы и средства
обучения. Таким образом, трехмерная методическая система обучения является научно-
обоснованным расширением идеи Б.Блума о таксономии целей обучения на все компоненты
методической системы.

Только трехмерная методическая система может соответствовать требованиям развиваю-
щего обучения, личностно-деятельностного и компетентностного подходов. Через самостоя-
тельную познавательную деятельность, в процессе последовательного выполнения заданий
на разных уровнях, начиная с уровня "знание"и заканчивая уровнем "создание ученик раз-
вивает исследовательские навыки, умения самостоятельно получать и применять знания,
что способствует формированию функциональной грамотности. Заметим, что формирова-
ние предметных компетенций у учащихся происходит, когда их уровень усвоения достигает
или превышает уровень "применения".
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Рис. 1. Дидактическая матрица

Реализация развивающего обучения осуществляется через последовательное выполнение
учениками уровневых заданий трехмерного содержания, переходящих от репродуктивного
уровня к продуктивному.

В использовании трехмерной методической системы обучения ключевую роль играет раз-
работка уровневых развивающих заданий на основе таксономии целей Б.Блума, уровней
усвоения В.П.Беспалько и характеристик качества знания соответствующего уровня.

В таблице 1 представлены научно обоснованные требования к отбору содержания уров-
невых развивающих заданий.

Наше исследование показало, что структура уровней мотивации, умений, качества знания
и усвоения также имеет научно обоснованную иерархическую структуру [2,3,6].

Таблицу их взаимосвязи с трехмерной методической системой обучения, компоненты ко-
торой связаны между собой и по вертикали, и по горизонтали, мы назвали– дидактической
матрицей (см. рисунок1).

Дидактическая матрица предоставляет возможность структурировать образователь-
ный процесс, охватывая его мотивационный, содержательно-методический и контрольно-
оценочный компоненты. В соответствии с трехмерной методической системой обучения, ее
остальные компоненты тоже приобретают трехмерную структуру, которая подразумевает
динамику образовательного процесса, направленную вверх. Традиционное знаниецентри-
ческое обучение в основном реализуется на первых двух уровнях дидактической матрицы.
Качество обучения определяется соотношением между поставленными целями и достиг-
нутыми результатами. Очевидно, что дидактическая матрица полностью охватывает зону
"ближайшего развития"ученика.

Поскольку мыслительные операции, такие как анализ, синтез, сравнение, выделение глав-
ного, обобщение и другие, применяются на различных уровнях усвоения (знание, пони-
мание, применение и т.д.) с разной степенью сложности, мы включили в дидактическую
матрицу – уточненный вариант таксономии целей Б.Блума, разработанный Л.Андерсоном
и Д.Кратволем. Мы объединив "анализ "синтез"и "оценку сформулировали цель – "созда-
ние". Создание (творчество), которое не было включено в предыдущую таксономию, пред-
ставляет самый высокий уровень в новой версии. Цель «создание» включает интегриро-
ванную характеристику целей «анализ», «синтез», «оценка», а также предполагает на ос-
нове творческой созидательной деятельности получение новой продукции, открытие нового
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(субъективного или объективного), создание запланированного объекта. Для выполнения
творческих заданий учащиеся генерируют, планируют и создают [2,3].

По нашему мнению, только такая таксономия целей (знание, понимание, применение,
создание) адекватно соответствует иерархии уровня усвоения (результата обучения), пред-
ложенной академиком В.П.Беспалько, и способствует объективной (критериальной) оценке
результатов обучения.

Выполнение заданий на первых двух уровнях (знание, понимание) способствует форми-
рованию прочной основы фундаментальных знаний по предмету, за что традиционно ста-
вятся оценки "4"и "5". Выполнение заданий этих уровней, а также уровня "применение со-
здает основу предметной компетенции и функциональной грамотности. Содержание зада-
ний на уровне "применение"включает в себя интеграцию предметов внутри одной предмет-
ной области, которая должна быть усвоена не ниже "алгоритмического"уровня. Это может
представляться в виде лабораторных работ, учебно-экспериментальных заданий, которые
предполагают применение интегрированного содержания для исследования явлений. Инте-
грированное содержание, необходимое для решения проектных и учебно-исследовательских
задач, составляет основу содержания уровней "применение"и "создание". При этом содер-
жание заданий на уровне "создание"представляет собой интегрированное содержание пред-
метов, необходимых для решения поставленных исследовательских (проектных) задач, ко-
торое ученики должны освоить не ниже "эвристического"уровня.

Выполнение заданий на уровне "создание"формирует метапредметные компетенции и
инженерно-технологические навыки [4].

В работе [5] доказано, что качество обучения характеризуется как соотношение цели и
результата, как меры достижения целей при том, что цели (результаты) заданы только
диагностично и спрогнозированы в зоне ближайшего развития ученика. Дидактическая
матрица позволяет, исходя из этого, наглядно и иерархически расположить качество знаний
учащихся [2,3,6] (см. рис. 1).

Традиционно оценка качества знаний учащихся осуществляется на основе приближенной
оценки "на глаз". Ученики часто получают хорошие оценки за правильное повторение и пе-
ресказ учебного материала. Оценка качества обучения определяется количеством учеников,
получивших таким образом высокие оценки. Такое необъективное оценивание является ре-
зультатом отсутствия четкой постановки целей обучения и объективной оценки различных
аспектов качества знаний. Дидактическая матрица позволяет определить качество знания
на основе критериев и осуществить объективную оценку.

Группа исследователей под руководством М.М. Поташника предлагает следующее опре-
деление "качества знания"[5]: это соотношение между поставленной диагностической целью
и результатами, достигнутыми учениками в ходе самостоятельной познавательной деятель-
ности. Например, если целью является узнавание, то результатом учения является уче-
ническое усвоение. Схематично это можно представить так: Цель (знание) - Соотношение
(правильность, полнота = качество знания) - Результат (ученический уровень усвоения).
Соотношение следующих целей в их иерархии и их результатов характеризируется мно-
жеством качеств знаний, имеющих интегральные свойства, которые включают свойства
качеств знаний предыдущих уровней. Например, Цель (понимание) - Соотношение [дей-
ственность, осознанность] - Результат (алгоритмический уровень усвоения). Далее, Цель
(применение) - Соотношение[ систематичность, глубина, оперативность, гибкость] - Резуль-
тат (эвристический уровень усвоения). Цель (создание) - Соотношение [системность, проч-
ность] - Результат (творческий уровень усвоения).

Следует отметить, что качество знаний формирует иерархию, где каждый последую-
щий уровень включает в себя качество предыдущего уровня. Таким образом, иерархическое
представление целей и результатов позволяет четко, по критериям и объективно оценивать
качество знаний. При этом критериями оценивания служат описания целей обучения, так
как диагностично поставленная цель является четко описанным желаемым результатом.
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В развивающем обучении процесс формирования мотивации имеет иерархическую струк-
туру. Мотивация возникает при постановке задачи, содержащей противоречие, удивление
или недоумение, что побуждает человека к разрешению задачи. Постепенное продвижение
ученика по дидактической матрице обеспечиваются мотивами соответствующего уровня.
В этом контексте мы опираемся на концепцию иерархии потребностей А. Маслоу, согласно
которой человек стремится к обеспечению среды (группы, класса), уважению к себе (стрем-
ление к лидерству) и достижению своего полного потенциала (творческое самовыражение)
[15].

Таким образом, дидактическая матрица является синтезом всех компонентов дидактиче-
ского процесса и методической системы обучения, представленных в иерархическом виде.
Она позволяет отобразить эти компоненты во взаимосвязи, динамике и охватывает мотива-
ционные, содержательно-методические, оценочные, процессуальные и развивающие аспек-
ты учебного процесса.

Под технологией трехмерной методической системой обучения понимается педагогиче-
ская система, основанная на дидактической матрице (включая трехмерную методическую
систему). Она позволяет проводить исследовательскую работу учащихся, интегрировать
коллективные и индивидуальные формы обучения, а также гарантировать достижение ре-
зультата обучения для каждого ученика, который может быть объективно оценен по кри-
териям.

Дидактическая матрица является моделью ТТМСО, проектом деятельностно-
развивающего образовательного процесса.

Технология трехмерной методической системы обучения интегрирует инновацонный по-
тенциал двух основных трендов педагогических технологий: технологии, ориентированной
на исследование и технологии, ориентированной на достижение результата.

В синектической части ТТМСО применяются активные и интерактивные методы обу-
чения. Наш опыт также подтверждает эффективность использования технологии критиче-
ского мышления при решении проектных и исследовательских задач в синектической части
ТТМСО, которая состоит из трех этапов: вызова, осмысления и рефлексии [2,3].

Структура ТТМСО может показаться сложной на первый взгляд. Однако исследова-
тельская часть ТТМСО полностью реализуется при решении учебно-исследовательских и
проектных задач. На практике во многих случаях в этой части ТТМСО используются ме-
тоды мозгового штурма и постановки проблемных задач, где дети в коллективе погружа-
ются в процесс исследования изучаемой проблемы. Затем учитель предоставляет ученикам
развивающие уровневые задания для закрепления знаний, полученных в первой части и
самостоятельного изучения учебного материала, углубляясь в его суть в процессе выполне-
ния уровневых заданий, двигаясь вверх по лестнице дидактической матрицы. Выполнение
заданий уровня «создание» предполагает приоритетное использование исследовательских
умений учащихся, приобретенных в синектической части технологии, а также опорного
знания на уровне «применение», полученного в части, ориентировнной на результат. Та-
ким образом, реализация цели «создание» требует интеграции дидактического потенциала
обеих частей ТТМСО.

Взаимодополняющие друг друга две части ТТМСО способствуют успешному достиже-
нию главной задачи в современной педагогике – формированию предметных и метапред-
метных компетенций, которые отражают высокий уровень качества обучения, соответству-
ющий мировым стандартам знаний.

Отметим, что при реализации ТТМСО, относительно результата обучения каждая по-
следующая ступень иерархии сужается, поэтому логико-структурная модель ТТМСО при-
обретает вид пирамиды (см. рисунок 2) [2,3].

Гуманистическая парадигма образования и здоровьесберегающий подход к обучению
предъявляют дидактике ХХI века задачу изменения концептуальных основ педагогической
квалиметрии.
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Рис. 2. Логико-структурная модель ТТМСО

Рис. 3. а) оценка методом вычитания; б) оценка методом сложения

В ТТМСО используется новая концепция оценивания, которая позволяет не только объ-
ективно оценивать учебные достижения учащихся, но и стимулирует успешность. ТТМСО
предполагает переход от принципа "оценка-наказание за ошибки"к принципу "оценка-
стимул к успеху". Метод оценивания "вычитания"заменяется методом "сложения".

В рамках применения педагогической технологии, основанной на трехмерной методиче-
ской системе обучения, используется метод оценивания "сложения где точкой роста служит
минимальный уровень общего образования – «знание».

Достижение этого уровня является обязательным для каждого учащегося. Переход от ме-
тода "вычитания"к методу "сложения"осуществляется введением единицы измерения "за-
чет"(см.рис.3).

Для оценки деятельности учащихся, достигших минимального уровня обязательной под-
готовки, используется отметка "зачтено"или "не зачтено". Отличие "незачета"от оценки
"двойка"заключается в том, что незачет подлежит пересдаче в случае негативного резуль-
тата.

Зачет проводится по каждой теме, а их содержание подбирается таким образом, чтобы
обязательные результаты обучения были представлены полностью. Зачет считается прой-
денным, если ученик выполнил все задания обязательного уровня, обеспечивая качество
знаний уровня «знание» (правильность и полнота знаний).

При применении ТТМСО "зачет"присваивается за выполнение заданий ученического
уровня [2,3]. Выполнив задания ученического уровня в своем темпе, каждый ученик получа-
ет возможность последовательного выполнения заданий алгоритмического, эвристического
и творческого уровней, получая соответствующую оценку в зависимости от достигнутого
уровня освоения.
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Рис. 4. Учебные успехи класса по четвертям учебного года

Успехи учеников при выполнении заданий отмечаются в "прозрачном журнале"с по-
мощью знаков "+". Самостоятельно (после одобрения учителем) ученики отмечают свои
достижения на "прозрачном журнале"[2,3].

Использование "прозрачного журнала"создает позитивную мотивацию и наглядно фик-
сирует учебные достижения учеников по мере выполнения ими уровневых заданий. В клас-
се на краю доски вывешивается специально подготовленная таблица "прозрачного журна-
ла"[2,3].

В процессе фиксации выполненных заданий каждым учеником в журнале, они могут на-
блюдать за продвижением друг друга и получать информацию о степени завершения уров-
невых заданий. Это позволяет видеть динамику прогресса учеников в освоении трехмерного
содержания. В процессе последовательного освоения учебного материала, самостоятельное
обучение принимает форму игры, где учащиеся соревнуются в выполнении многочисленных
уровневых заданий.

Оценивание, которое стимулирует к новым достижениям, создает благоприятную и ком-
фортную образовательную среду.

Таким образом, самая стрессовая часть учебного процесса – контрольно-оценочный этап
становится торжественной частью УВП, характеризующейся поощрением и наградой за
успешный труд, исключая негативные последствия традиционного оценивания, такие как
«боязнь неуспеха» и «синдром отличника».

В результате применения этой конструктивной модели обучения, ученики чувствуют себя
уверенно и активно участвуют в дискуссиях, свободно выражая свои мнения. После этого
оценки учеников заносятся в официальный классный журнал.

Применение интерактивных методов, последовательное усложнение уровневых заданий и
стимулирующее оценивание способствуют активной деятельности и высокому внутреннему
мотиву учеников в рамках ТТМСО.

При использовании этой технологии цели первых двух уровней (знание, понимание) до-
стигаются на 100%, а показатели уровней "применение"и "создание"динамически растут
(см.рис.4) [2,3]. Такая результативность обусловлена строгой последовательностью услож-
нения уровневых заданий, высоким внутренним мотивом и активностью учащихся, а также
использованием стимулирующего метода оценивания.

При использовании педагогической технологии обучения, основанной на трехмерной ме-
тодической системе, можно оценить результаты учебной деятельности всего класса в тече-
ние одного учебного года, которые вяглядят следующим образом по определенному пред-
мету (см. рис.4).

Эти результаты представлены на рисунке 4, который позволяет не только оценить про-
центное соотношение усвоения материала, но и сравнить эти показатели по четвертям, уви-
деть их рост и развитие. Наш практический опыт подтверждает, что ТТМСО имеет высокий
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развивающий потенциал и эффективное технологическое свойство, которое обеспечивает
гарантированные учебные успехи всех учеников не ниже уровня "понимания а также дина-
мичный рост количества учеников, освоивших уровни "применение"и "создание"в течение
одного учебного года.

Ключевые слова: Инновационные подходы к развитию образования, новые принципы отбора содержания
образования, трехмерная методическая система обучения, дидактическая матрица, технология трехмерной
методической системы обучения, критериальная система и стимулирующий подход оценивания.
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